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Dicke model and Dicke-Hepp-Lieb transition

⇔

H = ωâ†â +
∑
α

ω0

2
σz
α + g(â + â†)(σ+α + σ−α )

= ωâ†â + ω0Sz + g(â + â†)(S+ + S−)

Coherent state: |Ψ〉 → eλâ†+ηS+ |Ω〉
Small g, min at λ, η = 0

Non-zero cavity field if: 4Ng2 > ωω0

0
0

ω

g-√N

⇓ SR

[Hepp, Lieb, Ann. Phys. ’73]
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“Textbook” Laser: Maxwell Bloch equations
H = ωâ†â +

∑
α

ω0

2
σz
α + g

(
âσ+α + â†σ−α

)

Maxwell-Bloch eqns: α = 〈â〉 ,P = −i〈σ−〉,N = 2〈σz〉
∂tα = −iωα− κ

2
α +

∑
α gPα

∂tPα = −iω0Pα − γtPα + gαNα

∂tNα = γ(N0 − Nα)− 2g(α∗Pα + P∗αα)

κ

N

g

γN0γ

N
α

|ψ
|2

Pump: N0

2γκ/g
2

0

2γκ/g
20

0

N
α

|ψ|
2

|α|2 > 0 if 2N0g2 > γtκ

Requires inversion
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“Textbook” Laser: Semiclassical equations
Semiclassical laser theory n =

〈
â†â
〉

∂tn = γN0
2g2(n + 1)

γγt + 4g2(n + 1)
− κn

I MF Transition at N02g2/γt = κ
I No symmetry breaking

Spontaneous emission: finite “size” corrections

n =
1

2β

N0

Nc
− 1±

√(
N0

Nc
− 1
)2

+ 4β
N0

Nc


β ' 4g2/γγt

|ψ
|2

Pump: N0

β=10
-4

β=10
-3

β=10
-2

β=10
-1

[Haken, RMP, 1975]
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â†â
〉

∂tn = γN0
2g2(n + 1)

γγt + 4g2(n + 1)
− κn

I MF Transition at N02g2/γt = κ
I No symmetry breaking

Spontaneous emission: finite “size” corrections

n =
1

2β

N0

Nc
− 1±

√(
N0

Nc
− 1
)2

+ 4β
N0

Nc


β ' 4g2/γγt

|ψ
|2

Pump: N0

β=10
-4

β=10
-3

β=10
-2

β=10
-1

[Haken, RMP, 1975]
Jonathan Keeling Lasing and superradiant phases PCS, 2017 4



“Textbook” Laser: Semiclassical equations
Semiclassical laser theory n =

〈
â†â
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Raman driven Dicke model [Dimer et al. PRA ’07 ]

Ω Ω

2 level system

ω
0

0g

∆ ∆

ψ H = ω0Sz + g(â + â†)(S− + S+) + ωâ†â

2 Level system, | ⇓〉, | ⇑〉

Coupling g =
g0Ω

2∆
Rotating frame of pump, ω = ωcavity − ωpump

Imbalanced case (internal states):
H = ω0Sz + g(âS+ + â†S−) + g′(âS− + â†S+)

+ ωâ†â + Uâ†âSz

Imbalance: g =
g0Ωb

2∆b
6= g′ =

g0Ωa

2∆a

New “feedback” term U =
g2

0
2∆b

−
g2

0
2∆a

Ω

2 level system
ω0

0g
Δ Δ

ψ

Ωa b

a b
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2 Level system, | ⇓〉, | ⇑〉

Coupling g =
g0Ω

2∆
Rotating frame of pump, ω = ωcavity − ωpump

Imbalanced case (internal states):
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Open Dicke model theory

Momentum degrees of freedom:
ψ = ψ⇓ + ψ⇑ cos(kx) cos(kz)

Effective 2LS (ψ⇓, ψ⇑)

Heff = ωâ†â +
∑

n

ω0

2
σz

n + geffσ
x
n(â + â†) + Uσz

n â†â

κ

Pump

κ

x

z

Extra “feedback” term U, cavity loss κ
Single mode – mean-field EOM, α = 〈â〉,S =

∑
n σn/2.

Ṡ− = −i(ω0+U|α|2)S− + 2igeff(α + α∗)Sz

Ṡz = igeff(α + α∗)(S− − S+)

α̇ = − [κ+ i(ω+USz)]α− igeff(S− + S+)
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Classical dynamics
Changing U:
U = 0
U < 0
U > 0

2 Level System

Ω

gψ
0

U ∝
g2

0
ωc − ωa

-40

-20

 0

 20

 40

0 0.5 1 1.5

ω
 (

M
H

z)

g√N (MHz)

⇓

⇑

SR

SR

UN=0

0 2 4 6 8 10 12 14 16 18
t (ms)
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|ψ
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1 Introduction: Open Dicke model reminder
Dicke superradiance vs lasing
Driven Dicke model

2 Behaviour with dephasing
Mean field theory problem
Exact solution and cumulant expansion

3 Lasing vs superradiance: competition
Basic phase diagram
Signatures of states
Blue detuned pump
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Individual dephasing

κ

Extra loss terms

∂tρ = −i[H, ρ] + κL[â] +
∑
α

Γ↓L[σ−α ] + ΓφL[σz
α]

L[X ] = XρX † − (X †Xρ+ ρX †X )/2

Γ↓, Γφ break S conservation.
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MFT/Maxwell-Bloch: limiting cases
Denote: α = 〈â〉 , si =

〈
σi〉.

∂tα = −iωα− igNsx − κα/2
∂tsx = −2ω0sy − 2(Γφ + Γ↓/4)sx

∂tsy = 2ω0sx − 2g(α + α∗)sz − 2(Γφ + Γ↓/4)sy

∂tsz = 2g(α + α∗)sy − Γ↓(sz + 1)

Normal state: α = sx = sy = 0, OK if Γ↓(sz + 1) = 0.
If Γ↓ = Γφ = 0: sy = 0. Normal transition
If Γ↓ 6= 0, transition at:

2g2N >
−1
sz

(
ω2 + (κ/2)2

ω

)(
ω2

0 + (Γφ + Γ↓/4)2

ω0

)
If Γ↓ = 0, Γφ 6= 0 no SR state:

I Normal state any sz

I sz → 0 stable for all g
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∂tsy = 2ω0sx − 2g(α + α∗)sz − 2(Γφ + Γ↓/4)sy

∂tsz = 2g(α + α∗)sy − Γ↓(sz + 1)

Normal state: α = sx = sy = 0, OK if Γ↓(sz + 1) = 0.
If Γ↓ = Γφ = 0: sy = 0. Normal transition
If Γ↓ 6= 0, transition at:

2g2N >
−1
sz

(
ω2 + (κ/2)2

ω

)(
ω2

0 + (Γφ + Γ↓/4)2

ω0

)
If Γ↓ = 0, Γφ 6= 0 no SR state:

I Normal state any sz

I sz → 0 stable for all g
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Exact solution

Wigner function W (â = x + ip),

N = 30,g > gc
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Finite N: no symmetry breaking
I Superradiance: bimodal state

Γφ only unimodal
Suggestive, inconclusive:

[Kirton & JK, PRL ’17]
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Asymptotic behaviour

Proof of transition: Finite size scaling
I Superradiant:

〈
â†â
〉
∝ N

I Normal:
〈
â†â
〉
∝
√

N

Very suggestive — large N?

101 102

0.1

0.2

0.3

0.4

0.5

0.6

Cumulant expansion: 〈â†â〉, 〈ââ〉, 〈σz〉, 〈âσx ,y 〉, 〈σx ,y
α σ

x ,y
β 6=α〉.

I Respects symmetry: cf Laser rate equations
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Cumulant expansion
Cumulant expansion:

I Verified at N ' 30
I Preserves symmetry: 〈σx〉 = 〈σy 〉 = 〈â〉 = 0.
I Connect to finite β ∼ 1/N laser

Efficient method: g dependence
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1 Introduction: Open Dicke model reminder
Dicke superradiance vs lasing
Driven Dicke model

2 Behaviour with dephasing
Mean field theory problem
Exact solution and cumulant expansion

3 Lasing vs superradiance: competition
Basic phase diagram
Signatures of states
Blue detuned pump
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Raman driven Dicke model
Imbalanced Hamiltonian, from above:

H = ω0Sz + g(âS+ + â†S−) + g′(âS− + â†S+)

+ ωâ†â + Uâ†âSz

g =
g0Ωb

2∆b
6= g′ =

g0Ωa

2∆a

Ω

2 level system
ω0

0g
Δ Δ

ψ

Ωa b

a b

Non-cavity Raman processes — pumping and loss
∂tρ = −i[H, ρ] + κL[â] +

∑
α

Γ↓L[σ−α ] + ΓφL[σz
α] + Γ↑L[σ−α ],

Interpolate between:
I g′ = 0, “textbook” laser
I Γ↑ = 0, lossy superradiance
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Lasing and superradiance phase diagram

Cumulant calculation. (ΓT = Γ↑ + Γ↓)
Mean field stability phase-diagram — # unstable modes
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1 Introduction: Open Dicke model reminder
Dicke superradiance vs lasing
Driven Dicke model

2 Behaviour with dephasing
Mean field theory problem
Exact solution and cumulant expansion

3 Lasing vs superradiance: competition
Basic phase diagram
Signatures of states
Blue detuned pump
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Signatures of states: Photon number distribution

Can SR/Lasing be distinguished by photons?
Coherent state — similar P(n)
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Signatures of states: Fluoresence spectrum

Fluoresence/emission — driven system

S(ν) =

∫ ∞
−∞

〈
â†(t)â(0)

〉
eiνt dt
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(a) Lasing

(b) Crossover

(c) SR

Laser peak at ν ' ω
SR peak at ν ' 0

Jonathan Keeling Lasing and superradiant phases PCS, 2017 20



Signatures of states: Fluoresence spectrum

Fluoresence/emission — driven system

S(ν) =

∫ ∞
−∞

〈
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Blue detuned pumping photon
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Large Γ↑ phase similar to inverted SR
Small Γ↑ phase inverted laser
Speckle/noise — absence of steady state
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Blue detuned pumping photon
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Chaotic dynamics
MF bifurcation diagram: Im(α) at Re(α) = 0,Re(α̇) > 0 (g′ = 2.3g)
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Summary

Open Dicke model, κ, Γφ, Γ↓, Exact numerics & cumulants
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Laser/Dicke crossover model
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Exact solution

No fixed S =
∑

i σi : Dim[H] = 2N vs N

But: Permutation symmetry of ρ remains
I Define R({ςi}) = 〈{sL

i }|ρ|{sR
i }〉 ςi = sL

i + 2sR
i

I R(. . . ςn . . . ςm . . .) = R(. . . ςm . . . ςn . . .)

I Need only ordered list of 0 ≤ ς < 4

Evolve projected ρ: size N4 × (nphot,max)2.

[Kirton & JK, PRL ’17]
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Green’s function as common language
Green’s function: Response to weak perturbation[

DR(ν)
]−1

= ν − ω + i
κ

2
+

g2N0

ν − ω0 + iΓ

I Normal modes
I Linear stability
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Bosons beyond Dicke — single mode
So far Ψ(r) = χ0 + χ12 cos(qx) cos(qz) −→ S = χ†σχ.
Generally Ψ(r) =

∑
n χneiqn·r .

i∂tχn = ωr

(
|n|2δn,n′ − Vn,n′(α)

)
χn

i∂tα = (ω − E0
∑
n,n′

χ∗nm(2)
n,n′χn′ − iκ)α− ηE0

∑
n,n′

χ∗nm(1)
n,n′χn′

Truncate |n| < nM — Hysteresis at intermediate ω
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Bosons beyond Dicke — chaos

Near resonance: irregular dynamics
(NB ωPump − ωcavity = −ω)
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Bosons beyond Dicke — chaos

Near resonance: irregular dynamics
(NB ωPump − ωcavity = −ω)
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