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Dicke model and Dicke-Hepp-Lieb transition
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Dicke model and Dicke-Hepp-Lieb transition
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Dicke model and Dicke-Hepp-Lieb transition
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@ Small g, minat \,n =0
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Non-zero cavity field if: 4Ng? > wwy J [Hepp, Lieb, Ann. Phys. '73]
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“Textbook” Laser: Maxwell Bloch equations
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“Textbook” Laser: Maxwell Bloch equations

H=wyly +> %aé +9 (m +wTa;)

Maxwell-Bloch egns: P = —i{(o™), N = 2(c?)

Orp = —iwnp = S0+ Y, GPa
0tPo = —iwgPa — VtPa + gy Ny
OtNo, = v(No — No) — 29(¥* P + Piap)
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“Textbook” Laser: Maxwell Bloch equations
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Maxwell-Bloch egns: P = —i{(o™), N = 2(c?)

Orp = —iwnp = S0+ Y, GPa

Na) - 29(¢*Pa + Pgﬂ/})

0tPo = —iwoPo — 7tPo + 9N,
al‘Na = ’Y(NO -
2yK/g’ —
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“Textbook” Laser: Maxwell Bloch equations

Maxwell-Bloch egns: P = —i{(o™), N = 2(c?)
Orp = —iwnp = S0+ Y, GPa

—W’I,/JT’L/J—FZ—O' +g<¢0 +¢lo >

0tPo = —iwoPo — 7tPo + 9N,
al‘Noz = ’Y(NO -
Ny ——

.
2yKlg?

Jonathan Keeling & Peter Kirton

Na) - 29(¢*Pa + Pgﬂ/})

@ Requires inversion
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T e [Y2>0if2Ngg? > yik

Madrid, 2017

3



“Textbook” Laser: Semiclassical equations
@ Semiclassical laser theory n = (i1))

2g%(n+1)
— KN
Yy +49%(n+1)

oih = ’yNo

[Haken, RMP, 1975]
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“Textbook” Laser: Semiclassical equations
@ Semiclassical laser theory n = (i1))
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» MF Transition at Ng29?/7; = «
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“Textbook” Laser: Semiclassical equations
@ Semiclassical laser theory n = (i1))

2g%(n+1)
on = vN, — kN
Ty rag2(n+1) "

» MF Transition at Ng29?/7; = «
» No symmetry breaking

@ Spontaneous emission: finite “size” corrections

B~ 492 vyt
[Haken, RMP, 1975]
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“Textbook” Laser: Semiclassical equations
@ Semiclassical laser theory n = (i1))

2g%(n+1)
on = vN, — kN
Ty rag2(n+1) "

» MF Transition at Ng29?/7; = «
» No symmetry breaking

@ Spontaneous emission: finite “size” corrections

g e
1 No No b Be10? —
= |2y (22— 480 o | B0
25 | N, \/<N ) Ne|
B = 492/7'71‘ Pump: Ny

[Haken, RMP, 1975]

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017



0 Introduction: Open Dicke model reminder
@ Dicke superradiance vs lasing
@ Driven Dicke model

e Behaviour with dephasing
@ Mean field theory problem
@ Polynomial algorithm for exact solution
@ Cumulant expansion and N — oo

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017



@ Introduction: Open Dicke model reminder

@ Driven Dicke model

Jonathan Keeling & Peter Kirton
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Raman driven Dicke model

B W Hewst

@ 2 Level system, | |}), | )

/N
7§,

0
2 level'system

[Dimer et al. PRA’07 ]
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Raman driven Dicke model

H=wpS +g(v +¢1)(S™ + ST)
@ 2 Level system, | |l),] 1)
902

@ Coupling g = N

7§,

0
2 level'system

[Dimer et al. PRA’07 ]
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Raman driven Dicke model

H=woS% + g(th + ¥1)(S™ + ST + wiplep
@ 2 Level system, | |l),] 1)

Q
Q
A @ Coupling g = 9o
¥ b X . 2A
system @ Rotating frame of pump, w = weavity — Wpump

2 level

[Dimer et al. PRA’07 ]
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Raman driven Dicke model

A
P H=woS* +g( +41)(S™ + 87) +wily
@ 2 Level system, | |),| )
@ - o2
@ Coupling g = N

74 % A :
2 lovel S‘; stem @ Rotating frame of pump, w = weavity — Wpump

@ Imbalanced case (internal states):
H=woS?+g(vSt +¢TS7)+ g (¥S™ +¢1S+) +wily

908 , ,  9ofla

@ Imbalance: g = = A
a

79

21,

74 %) L
2 level'system
[Dimer et al. PRA’07 ]
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Raman driven Dicke model

A
P H=woS* +g( +41)(S™ + 87) +wily
@ 2 Level system, | |),| )
@ , 902
@ Coupling g = N

7§,

2 lovel S‘; stem @ Rotating frame of pump, w = weavity — Wpump

@ Imbalanced case (internal states):
H=woS? +g(ST +¢tS™)+ g (S~ +91SH) +wyptey + Uyt S?

Ja T
. . gOQb !/ goQa
@ Imbalance: g = oA, 79 = 21,
% _ 9% )
@ New “feedback” term U = 20, 2A. 7% %,0 L
2 level'system

[Dimer et al. PRA’07 ]
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Open Dicke model theory

I
@ Momentum degrees of freedom: P :
¥ = oy, + b4 cos(kx) cos(kz) ‘ :

o Effective 2LS (v, vq) j_> (=
X Pump

Het = wip') +Z =%+ Getion (¥ + ) + Uohyply

@ Extra “feedback” term U, cavity loss
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Open Dicke model theory

I
@ Momentum degrees of freedom: P :
¥ = oy, + b4 cos(kx) cos(kz) * :

o Effective 2LS (v, vq) j_> (=
X Pump

Hetf = wiTy) + Z 505+ Geiton (¥ + 1) + UofyTy

@ Extra “feedback” term U, cavity loss
@ Single mode — mean-field EOM, o = (), S' = 3, o, /2.
§™ = —i(wo+U|a?)§™ + 2igesi(a + a*)S”
8 = igei(a +a*) (S — S*)
— [k + i(w+US?)] a — igei(S™ + ST)
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Classical dynamics

Changing U:
u=o0
40 UN=0
200 4 SR
g 0 —_—
B X |
20 M SR
-40
0 0.5 1.5

1
2N (MHz)
[JK et al. PRL ’10, Bhaseen et al. PRA '12]

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017 9



Classical dynamics

Changing U:

2
Uos %0
U<0 We — Wa
40 ‘ UN=-40
4 SRA
20
S of s SRB
3
20
] \ SRA
40 ‘
0 0.5 1 L5
2N (MHz)

[JK et al. PRL ’10, Bhaseen et al. PRA '12]

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017



Classical dynamics
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Classical dynamics

Changing U: &
Uox —20
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40 / UN=40 1200
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[JK et al. PRL ’10, Bhaseen et al. PRA ’'12]
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9 Behaviour with dephasing
@ Mean field theory problem
@ Polynomial algorithm for exact solution
@ Cumulant expansion and N — oo
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Individual dephasing

2
7 ok
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Individual dephasing

7 ok
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Individual dephasing

7 ok

@ Extra loss terms
Otp = —Ii[H, p] + KL[Y] + Z M Llog]+TeLlof]

LIX] = XpXT — (XTXp + pXiX)/2
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Individual dephasing

7 ok

@ Extra loss terms
Otp = —Ii[H, p] + KL[Y] + Z M Llog]+TeLlof]
L[X] = XpXt — (XTXp + pXTX)/2

@ I, I, break S conservation.
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Effect of incoherent losses

@ Adding other loss terms
Orp = —i[H, p] + KLY + > T L[]+ Lol

LIX] = XpXT — (XTXp + pXtX)/2
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Effect of incoherent losses

@ Adding other loss terms
Op = —i[H, p] + KLY + Y T Loy ] + T L[o7]
LIX] = XpXT — (XTXp + pXtX)/2

@ Mean-field theory: Maxwell-Bloch equations (¢), (oa”"%)

O (1) = —iw () — igN (0”) — 1 (1)) /2
01 (0¥) = —2uwp (0”) —2(Ty +Ty/4) (%)
Or(o”) = 2w (o) —29((¥) + (¥)") (%) = 2(Ty + T, /4) (0”)
O (0%) = 2g((v) + (¥)") (@) = Ty ((0%) + 1)
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Effect of incoherent losses

@ Adding other loss terms
Op = —i[H, p] + KLY + Y T Loy ] + T L[o7]
LIX] = XpXT — (XTXp + pXtX)/2

@ Mean-field theory: Maxwell-Bloch equations (¢), (oa”"%)

O (1) = —iw () — igN (0”) — 1 (1)) /2
01 (0¥) = —2uwp (0”) —2(Ty +Ty/4) (%)
Or(o”) = 2w (o) —29((¥) + (¥)") (%) = 2(Ty + T, /4) (0”)
O (0%) = 2g((v) + (¥)") (@) = Ty ((0%) + 1)

@ Steady state and Linear stability

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017
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Maxwell-Bloch: limiting cases

O () = —lw () — IigN (%) — K () /2

O (%) = —2uwp (o) —2(Ty +T1/4) (%)
O (0¥) = 2wo (0%) —29(() + (¥)") (%) —2(Ty + T, /4) (0”)
O (0%) = 29((¢) + ()") (¥) =Ty ({0%) + 1)

@ Normal state: (¢) = (0*) = (¢¥) =0, OKIif I'|((c%) +1) = 0.
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Maxwell-Bloch: limiting cases

O () = —iw () — igN (0*) — K (1) /2

Ot (0*) = —2wq (0¥) —2(Fy + 1y /4) (0%)
Ot (0¥) = 2w (o) —29((¥) + (¥)*) (0%) —2(Ty + T /4) (¢”)
Ot (0%) = 29((¥) + (¥)) (o¥) =T ({o%) + 1)

@ Normal state: (¢) = (0*) = (¢¥) =0, OKIif I'|((c%) +1) = 0.
@ If Iy # 0, transition at:

22N> =] <w2+(/€/2)2> <w§+(r¢+r¢/4)2>

w wo

{0%)
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Maxwell-Bloch: limiting cases

O () = —iw () — igN (0*) — K (1) /2

Ot (0*) = —2wq (0¥) —2(Fy + 1y /4) (0%)
Ot (0¥) = 2w (o) —29((¥) + (¥)*) (0%) —2(Ty + T /4) (¢”)
Ot (0%) = 29((¥) + (¥)) (o¥) =T ({o%) + 1)

@ Normal state: (¢) = (0*) = (¢¥) =0, OKIif I'|((c%) +1) = 0.
@ If Iy # 0, transition at:

22N> =] <w2+(/€/2)2> <w§+(r¢+r¢/4)2>

w wo

(%)
@ IfI) =Ty =0:(d¥) = 0. Normal transition
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Maxwell-Bloch: limiting cases

O () = —iw () — igN (0*) — K (1) /2
Ot (0*) = —2wq (0¥) —2(Fy + 1y /4) (0%)
O () = 2w (o) —29({(¢) + (1)) (0%) = 2(Ty + T /4) (o)
Ot (0%) = 29((¥) + (¥)) (o¥) =T ({o%) + 1)

@ Normal state: (¢) = (0*) = (¢¥) =0, OKIif I'|((c%) +1) = 0.
@ If Iy # 0, transition at:

22N> =] <w2-|-(/£/2)2> <w§+(r¢+r¢/4)2>

(0%) w wo

@ Ifry =TIy =0: (¢¥) = 0. Normal transition
@ IfI) =0,I, # 0 no transition:

» Normal state any (o)

» (o%) — 0 stable for all g
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Maxwell-Bloch: limiting cases

O () = —lw () — IigN (%) — K () /2
O (%) = —2uwp (o) —2(Ty +T1/4) (%)
O (o) = 2wo (%) —29((¢) + (¥)7) (0%) = 2(Ts + T, /4) (o)
O (0%) = 29((4) + (¥)") (@) = T4 ((0%) + 1)

@ Normal state: (¢) = (0*) = (¢¥) =0, OKIif I'|((c%) +1) = 0.
@ If Iy # 0, transition at:

22N > ] <w2+(/€/2)2) <w§+(r¢+r¢/4)2)

(0%) w wo

@ Ifry =TIy =0: (¢¥) = 0. Normal transition
@ IfI) =0,I, # 0 no transition:

» Normal state any (o)

» (o%) — 0 stable for all g

@ Degenerate normal state — artefact of MFT.
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N

[Kirton & JK, arXiv:1611.03342]
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N

@ But: Permutation symmetry of p remains

[Kirton & JK, arXiv:1611.03342]
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N

@ But: Permutation symmetry of p remains
> Define R({ci}) = ({si}lpl{s/'}) < =sf+2s

[Kirton & JK, arXiv:1611.03342]
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N
@ But: Permutation symmetry of p remains

-+ Define R({s}) = ({stHpl{s}) = st + 27
» R(...cn-sm--)=R(...sm-..sn...)

[Kirton & JK, arXiv:1611.03342]
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N

@ But: Permutation symmetry of p remains
> Define R({s;}) = ({si}Ipl{s}) < =sf+2s]
» R(...cn-sm--)=R(...sm-..sn...)
» Need only ordered listof 0 < ¢ < 4

[Kirton & JK, arXiv:1611.03342]
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Exact solution

@ Nofixed S = 3", 0;: Dim[H] = 2V vs N

@ But: Permutation symmetry of p remains
> Define R({s;}) = ({si}Ipl{s}) < =sf+2s]
» R(...cn-sm--)=R(...sm-..sn...)
» Need only ordered listof 0 < ¢ < 4

@ Evolve projected p: size N* x (Nphot,max)?-

[Kirton & JK, arXiv:1611.03342]
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Exact solution

Wigner function W(y = x + ip),

[Kirton & JK, arXiv:1611.03342]
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Exact solution

Wigner function W(y = x + ip),

[Kirton & JK, arXiv:1611.03342]

@ Finite N: no symmetry
breaking
» Superradiance: bimodal
state
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Exact solution

Wigner function W(y = x + ip),

N=30,9 > gc @ Finite N: no symmetry
breaking
J @ -l Iy » Superradiance: bimodal
. state
.
r @&k, Iy (d) s, T, Ty

=6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

x
[Kirton & JK, arXiv:1611.03342]

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017



Exact solution

Wigner function W(y = x + ip),

N=230,9> gc @ Finite N: no symmetry

breaking

| @ ®x, I » Superradiance: bimodal

2 - -

. state

- ®

P
J @K, Ty (dr, I'y, Ty

=6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

x
[Kirton & JK, arXiv:1611.03342]
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Exact solution

Wigner function W(y = x + ip),

N=30,9 > gc @ Finite N: no symmetry
breaking
@r a ® I, » Superradiance: bimodal
® state
- -

@ [, only unimodal

p
(Q) K, F¢ (d) ~, Flv F¢

-

6
4
2
0
-2
-4
-6
6
4
2
0
-2
-4
-6

=6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

x
[Kirton & JK, arXiv:1611.03342]
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Exact solution

Wigner function W(y = x + ip),

N=230,9> gc @ Finite N: no symmetry
breaking
@r ®r, T, » Superradiance: bimodal
. -
state
- -

@ [, only unimodal
@~ Iy (@ 5, Ty, Ty @ Suggestive, inconclusive:

- -

p

6
4
2
0
-2
-4
-6
6
4
2
0
-2
-4
-6

=6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

x
[Kirton & JK, arXiv:1611.03342]
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Asymptotic behaviour

@ Proof of transition: Finite
size scaling

» Superradiant:
(1) < N
» Normal: (¢T¢) o< VN

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017 16



Asymptotic behaviour

@ Proof of transition: Finite
size scaling
» Superradiant:
(¥Tp) oc N
» Normal: (¢T¢) o< VN

Jonathan Keeling & Peter Kirton

°...°'\ ..K, Fi? F¢

eccosssmun & O X XX X XX

.oo...\ .o K‘/’ F*li

o... 5:, F(z)

Superradiance with dephasing and decay

—

10 102

N

Madrid, 2017
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Asymptotic behaviour

0.6
PPTY L o0 XXX XXX
@ Proof of transition: Finite Z osp e et
size anlmgd. t DUy
» Superradiant: = |
<¢T¢> o« N "’6 0.3k . - ee L F‘L
» Normal: (¢T¢) o< VN ) ..
@ Very suggestive — large Tt 1
N? oL T )
.\ *e . 5:, F(z)
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Asymptotic behaviour

@ Proof of transition: Finite
size scaling
» Superradiant:
(Wl o N
» Normal: (¢T¢) o< VN
@ Very suggestive — large
N?

ecesessmm o & X XX X XX

- ‘o.....\.. H, FJ,
\ A R O
.\o. o 5:, Fd)

@ Cumulant expansion: (1), (), (0%), (oY), (oa”ay),).
» Respects symmetry: cf Laser rate equations

Jonathan Keeling & Peter Kirton
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Asymptotic behaviour

0.6 1
K
---W—
@ Proof of transition: Finite Z osp e e |
size scaling . SN |
» Superradiant: < | e, .
<"/}T'¢> x N = sl . ~erenm . . K, J/
» Normal: (¢T¢) o< VN S B

@ Very suggestive — large SN 1
v N \K’iﬂﬁ

K, F¢>

101 102

@ Cumulant expansion: (1), (), (0%), (oY), (oa”ay),).
» Respects symmetry: cf Laser rate equations
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Cumulant expansion

@ Cumulant expansion:

» Verified at N ~ 30
» Preserves symmetry: (o) = (¢¥) = () = 0.

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay Madrid, 2017 17



Cumulant expansion

@ Cumulant expansion:
» Verified at N ~ 30
» Preserves symmetry: (c*) = (¢¥) = (¢) = 0.
» Connect to finite 8 ~ 1/N laser
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Cumulant expansion

@ Cumulant expansion:
» Verified at N ~ 30

» Preserves symmetry: (o) = (¢¥) = () = 0.

» Connect to finite 8 ~ 1/N laser
@ Efficient method: g dependence
0.6

0.5

0.4

<]
—

3 0.3
3
S

0.1

0.0

Jonathan Keeling & Peter Kirton

Superradiance with dephasing and decay
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Further applications

op = —i[H, p] + KL[Y] + Z riﬁ[a;] + r¢£[a§]+FT£[0;],

H=.. . +gylo; +gvioh +He +...

u]
i}

I
ul
it
"
S
el
]

Jonathan Keeling & Peter Kirton Superradiance with dephasing and decay



Further applications
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Summary

@ Open Dicke model, v, Ty, T}

N

@ Exact numerics: permutation symmetry of p

e T,
-

-
- -
Lo Ts T

@ Cumulant expansion — connegction to Iaser rate equatlon

(a'a
a)

[{(a +al)o™)|

T o

[Kirton & JK, arXiv:1611.03342]
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Green’s function as common language

@ Green’s function: Response to weak perturbation

[DR(V)} e —w+ity g°No

2 v—uwy+il
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Green’s function as common language

@ Green’s function: Response to weak perturbation

1 2N
R o K g~No
[D (y)} - w+12+y—wo+il'

» Normal modes
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Green’s function as common language

@ Green’s function: Response to weak perturbation
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Green’s function as common language

@ Green’s function: Response to weak perturbation

1 2N
R o K g No
[D (V)} - w+/2+y—wo+il'

» Normal modes
» Linear stability

Ground-state transition Laser

— — Zero of Im
Zero of Re

/ S
~
-1 ‘\\\~
Ob—m———— e e S —— Zeroof Re
— — Zeroof Im
\ -2 >

QY 2plg

Inversion, Ny

gc\/N
Coupling, gN
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