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1 Effects of dissipation on collective behaviour
Coherently driven JCHM (Mean-Field)
Parametrically driven BHM (MF and MPO)
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Coherently pumped JCHM

H = −J
z

∑
ij

ψ†i ψj +
∑

i

∆

2
σz

i + g(ψ†i σ
−
i + H.c.)+f (ψieiωLt + H.c.)

∂tρ = −i[H, ρ]−κ
2

Lψ[ρ]− γ

2
Lσ− [ρ]
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Coherently pumped single cavity [Bishop et al. Nat. Phys ’09]

g H =
∆

2
σz + g(ψ†σ− + H.c.)+f (ψeiωpump t + H.c.)

∂tρ = −i[H, ρ]−κ
2

Lψ[ρ]− γ

2
Lσ− [ρ]

Anti-resonance in |〈ψ〉|.
Effective 2LS:
|Empty〉, |1 polariton〉

Increasing P
um

ping
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Coherently pumped dimer & array
Chose detuning a la Dicke model
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Evolution of anti-resonance vs J.
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ωpump/g

Bistability at intermediate J
I More/less localised states
I Connects to Dicke limit

[Nissen et al. PRL ’12]
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Coherent pumped array – disorder

Effect of disorder, ∆→ ∆i
I Distribution of ψ – Washes out bistable jump

Bistability near resonance — phase of ψ depends on ∆i

Complex ψ distribution
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Coherent pumping beyond Mean Field

Crucial question: what can we expect from true ρ ?
I No bistability (replaced by bimodality)

ρSS =
∑

i

WiρMFi

I Slow approach to steady state.

[Lugiato, Prog. Opt. 1984; Mendoza-Arenas . . . Jaksch 1510.06651]

But...
I Density matrix is ensemble average of experiments
I cf Interference fringes of BEC. [Leggett, RMP ’01]
|ψ1(r) + ψ2(r)|2 = . . .+

√
I1I2 cos(kr + ∆φ)

F Experiment: yes.
F Density matrix: no. ∆φ, 〈cos(kr + ∆φ)〉∆φ = 0.

I Measuring system collapses to state

Need higher order correlations — probability/Wigner distribution
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Parametrically pumped BHM

J J J J
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κ κ κ κ κ

H = −J
z

∑
<ij>

ψ†i ψj+
∑

i

[
ωcψ

†
i ψi + Uψ†i ψ

†
i ψiψi − Ω

(
ψ†i ψ

†
i+1e−2iωp t + H.c.

)]

Rotating frame, blockade approximation, rescale:

H = −J
∑[

τ+
i τ
−
i+1 + τ+

i+1τ
−
i + gτ z

i + ∆
(
τ+

i τ
+
i+1 + τ−i+1τ

−
i

)]

∂tρ = −i[H, ρ] +
∑

i

κL[τ−i ]

[Bardyn & Immamoglu, PRL ’12]
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Parametric pumping – open system

H = −J
∑[

τ+
i τ
−
i+1 + τ+

i+1τ
−
i + gτ z

i + ∆
(
τ+

i τ
+
i+1 + τ−i+1τ

−
i

)]
∂tρ = −i[H, ρ] +

∑
i

κL[τ−i ]

Mean-field EOM: ∂t〈ταi 〉 = Fα(〈τβi−1〉, 〈τ
β
i 〉, 〈τ

β
i+1〉)

Dynamical attractors, linear stability:
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Why AFM/FM attractors
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N ' 2|hb̂n/2b̂n/2+ii|

Nn/2,n/2+1 Nn/2,n/2+1 g

Linear stability, fluctuation ∼ exp(−iνk t + ikri) Linear stability

νk = −iκ± 2J
√

g2 + 2g cos k + (1−∆2) cos2 k

g � −1, Dissipation matches ground state
I Most unstable mode, k = 0

g � +1, Dissipation matches max energy
I Most unstable mode, k = π

[Joshi, Nissen, Keeling, PRA ’13]
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Beyond mean-field

MPO for density matrices.
Steady state only, 40 cavities, numerically converged
No broken symmetry — correlators: ∆ = 1, κ = 0.5J:
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hb̂n/2b̂n/2+ii = ��(Z⇤)i�1 (2)

N ' 2|hb̂n/2b̂n/2+ii|

Nn/2,n/2+1 Nn/2,n/2+1 g
4−2
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σN/2
x """σ x
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Correlations

AFM vs FM from sign of g (∆ = 1)
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Effects of dissipation on collective behaviour

1 Effects of dissipation on collective behaviour
Coherently driven JCHM (Mean-Field)
Parametrically driven BHM (MF and MPO)
Parametrically driven RHM (MF and MPO)

2 Effects of collective behaviour on dissipation
Coupled qubit-cavity systems
Collective coupling to baths
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Rabi Hubbard model

H = −J
∑
〈ij〉

ψ†i ψj +
∑

i

hRabi
i

hRabi = ωψ†ψ +
ω0

2
σz +

[
ψ†(gσ− + g′σ+) + H.c.

]
ω = ωcavity − ωpump

g,g′ separately tunable

ρ̇ = −i[H, ρ] +
∑

i

κL[ψi ] + γL[σ−i ]
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Rabi Hubbard model – equilibrium

Discrete Z2 symmetry
I Parity Mott lobes g = g′, never degenerate —

never superfluid

[Schiró et al. PRL ’12]
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Driven-dissipative system — linear stability
Mean field theory — still large Hilbert space.

Normal state + fluctuations: ρ = ⊗n(ρss +
∑

k δρkeik·n−iνkt + H.c.)
νk Eigenvalues of M = M0 − tkM1, tk = −2J cos(k)

Unstable if =[νk] > 0

Follow [Boité et al. , PRA 2014]

 M
ax

[I
m

(ν
k
)]

2Jcos(k)

g=g´=1

-0.2
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 0

 0.1
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-1 -0.5  0  0.5  1

Given J, |tk| < 2J
First instability k = 0, π
k → π/2 at large J
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Rabi-Hubbard model — linear stability

Stability phase diagram:
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[Schiró et al. arXiv:1503.04456]

Steady state correlations:

-0.2

 0

 0.2

 0.4

 0.6

 0  0.25  0.5  0.75

〈σ
x n
σ
x n

+
1
〉

J

g=1.5

. . . vs |i − j | = l

-0.2

 0

 0.2

 0.4

 0.6

0 4 8 12 16

〈σ
x n
σ
x n

+
1
〉

Separation, l

J=0.4

Jonathan Keeling Collective dissipative behaviour Vienna, January 2016 19



Rabi-Hubbard model — linear stability

Stability phase diagram:

 0

 0.5

 1

 1.5

 2

 0  0.25  0.5  0.75  1

g
=

g
´

J

 0

π/2

π

M
o
st

 u
n
st

ab
le

 k
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Linear stability – limit cycles

If νk = ±ν ′k + iν ′′k at instability→ Limit Cycle
[Lee et al. PRA ’11, Jin et al. PRL ’13, Ludwig & Marquard PRL ’13, Chan et
al. arXiV:1501.00979]
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Phase-boundary Effective model

Compare phase boundaries
Ground state: Driven dissipative:

Normal

Ordered

 0  0.2  0.4  0.6  0.8  1

J/ω0

 0
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g/ω0

Ground state, Jcrit ∼ e−2g2/ω2
at g � ω

Dissipation means Jcrit > Jmin
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Phase-boundary Effective model

Consider effective spinor model

H =
∑

i

∆

2
τ z

i −
∑
〈ij〉

J̃xτ
x
i τ

x
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i τ
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g′ 6= g, Level crossings
For g′ 6= g, ∆ can swap sign

. . . and loss can invert populatoin
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Collective dissipation

1 Effects of dissipation on collective behaviour
Coherently driven JCHM (Mean-Field)
Parametrically driven BHM (MF and MPO)
Parametrically driven RHM (MF and MPO)

2 Effects of collective behaviour on dissipation
Coupled qubit-cavity systems
Collective coupling to baths
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Collective dephasing
Real environment is not Markovian

I [Carmichael & Walls JPA ’73] Requirements for correct equilibrium
I [Ciuti & Carusotto PRA ’09] Dicke SR and emission

Cannot assume fixed κ, γ
Phase transition→ soft modes

Example: Dicke model linewidth:

H = ωψ†ψ +
N∑

i=1

ω0

2
σz

i + g
(
σ+

i ψ + h.c.
)

+
∑

i

σz
i

∑
q

γq

(
b†q + bq

)
+
∑

q

βqb†iqbq.

Bath density of states J(ν) =
∑

q γ
2
qδ(ν − βq) ∝ 1/ν

Spectrum εα of H0: Linewidth ∝ J(εα − εβ)

[Nissen, Fink et al. PRL ’13]
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Collective dephasing of transmons
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Effects of collective behaviour on dissipation

1 Effects of dissipation on collective behaviour
Coherently driven JCHM (Mean-Field)
Parametrically driven BHM (MF and MPO)
Parametrically driven RHM (MF and MPO)

2 Effects of collective behaviour on dissipation
Coupled qubit-cavity systems
Collective coupling to baths
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Toy problem: two bosonic modes

Basic problem: Emission from thermal bath

 Bath

νJ(  )

ν

Mode b

Mode a

H = ωaψ̂
†
aψ̂a + ωbψ̂

†
bψ̂b + HBath

+ (ϕ∗aψ̂
†
a + ϕ∗bψ̂

†
b)
∑

i

gi ĉi + H.c.
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Toy problem: naı̈ve solutions
Two “expected” behaviours:

I At resonance: “weak lasing” — coupling to bath dominates

d
dt
ρ = Γ↓L[ϕaψ̂a + ϕbψ̂b] + Γ↑L[ϕ∗aψ̂

†
a + ϕ∗bψ̂

†
b]

I Far from resonance: pointer states are eigenstates

d
dt
ρ =

∑
i=a,b

Γ↓i L[ψ̂i ] + Γ↑i L[ψ̂†i ]

Explicit derivation→ Redfield theory

∂tρ = −i[Ĥ, ρ] +
∑

ij

L↓ij
(

2ψ̂jρψ̂
†
i − [ρ, ψ̂†i ψ̂j ]+

)
+
∑

ij

L↑ij
(

2ψ̂†j ρψ̂i − [ρ, ψ̂i ψ̂
†
j ]+
)
.
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Toy problem: exact solution

Solve via Laplace transform. Find Fij(t) = 〈ψ̂†i (t)ψ̂j(t)〉
Steady state:

I Singular at ∆ = 0

Time evolution —
Fab(t) ∼ exp(−α∆2t)

 0

 500

 1000

 1500

 2000

-0.4 -0.2  0  0.2  0.4

T
im

e

∆=2(ωa-ωb)

 0  0.05  0.1Fab

0

1×10
-2

2×10
-2

R
e
[F

a
b
]

Fab

0

0.2

-0.4 -0.2 0 0.2 0.4

F
a
a
, 

F
b

b

-∆=2(ωb-ωa)

Faa
Fbb

Always some coherence
I (individual always wrong)

Fab ∼ Faa,Fbb only at ∆ = 0
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Toy problem: Redfield theory
Unsecularised Redfield theory:

∂tρ = −i[Ĥ, ρ] +
∑

ij

ϕ∗i ϕj

[
K ↓ij
(

2ψ̂jρψ̂
†
i − [ρ, ψ̂†i ψ̂j ]+

)
+ K ↑ij

(
2ψ̂†j ρψ̂i − [ρ, ψ̂i ψ̂

†
j ]+
)]
.

Compare to exact solution: Fij = 〈ψ̂†i ψ̂j〉
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Toy problem: Secularisation and stability

Non-Linblad form: negative eigenvalues of L↑,↓ij .
→ Non-positivity of density matrix,
→ Unstable (unbounded growth).

Check stability: consider f = (Faa,Fbb,<[Fab],=[Fab])

∂t f = −Mf + f0

Eigenvalues of M exist in closed form:

I Unstable (negative only if dJ(ν)/dν � 1
— Markov breakdown)
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J(
ν
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ν
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Beyond Redfield: Schrödinger picture Bloch Redfield

Is BR the best (time-local) theory we can find?
Hints it is not:
I Eigenvalues of M vs exact sol’n near ∆ = 0.
I Sum rule [Salmilehto et al. PRA ’12; Hell et al. PRB ’14]:

“For X̂ s.t. [X̂ , Ĥsystem-bath] = 0, then ∂t〈X̂ 〉 should match closed system.”

I Here, 〈X̂ 〉 = ϕ2
bFaa + ϕ2

aFbb − 2ϕaϕbF ′ab. Fails
Alternate approach:
I BR assumes ρ̃(t) is “slow” in

interaction picture
I Asymptotically ρ(t) is steady in

Schrödinger picture
I Assume instead ρ(t) is slow in

Schrödinger picture
“Schrödinger picture Bloch Redfield.”
I Correct ∆2 expansion
I Satisfies sum rule
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“For X̂ s.t. [X̂ , Ĥsystem-bath] = 0, then ∂t〈X̂ 〉 should match closed system.”

I Here, 〈X̂ 〉 = ϕ2
bFaa + ϕ2

aFbb − 2ϕaϕbF ′ab. Fails
Alternate approach:
I BR assumes ρ̃(t) is “slow” in

interaction picture
I Asymptotically ρ(t) is steady in

Schrödinger picture
I Assume instead ρ(t) is slow in

Schrödinger picture
“Schrödinger picture Bloch Redfield.”
I Correct ∆2 expansion
I Satisfies sum rule

0

1×10
-2

2×10
-2

R
e[

F
ab

]

Exact BR SpBR

0

0.2

-0.4 -0.2 0 0.2 0.4

F
aa

, 
F

b
b

-∆=2(ωb-ωa)

Faa
Fbb

(NB Large J0)

Jonathan Keeling Collective dissipative behaviour Vienna, January 2016 33



Beyond Redfield: Schrödinger picture Bloch Redfield

Is BR the best (time-local) theory we can find?
Hints it is not:
I Eigenvalues of M vs exact sol’n near ∆ = 0.
I Sum rule [Salmilehto et al. PRA ’12; Hell et al. PRB ’14]:
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Summary

Transverse field Ising model
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Rabi Hubbard model
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Collective effects in dephasing
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Questions

Collective dynamics beyond local dissipation.
I Many site analogues of Spin-Boson transitions?
I Critical behaviour in open lattice models — demonstrate non

Hohenberg-Halperin classes of models.

Bistability, limit cycles, beyond mean-field
Organizing principles of driven-dissipative system attractors
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