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Coherent states of matter and light

Atomic BEC T ~ 107K
B “"r

[Anderson et al. Science "95]
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Coherent states of matter and light
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Photon Condensate
T ~ 300K
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[Klaers et al. Nature, '10]
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Coherent states of matter and light

Atomic BEC T ~ 107K Polariton Condensate T ~ 20K
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[Kasprzak et al. Nature, '06]
[Anderson et al. Science "95]

Photon Condensate Laser
T ~ 300K T~?7,<0,00

00um

[Klaers et al. Nature, '10]
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Coherent states of matter and light
~ 107 Polari T ~ 20K
Atomic BEC T 10 K olariton Condensate 0
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[Kasprzak et al. Nature, '06]
[Anderson et al. Science "95]

Photon Condensate  Laser Superradiance transition
T ~ 300K T ~?7,<0,00 T~0

f\[pump

[Klaers et al. Nature, '10] [Baumann et al. Nature, '10]
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Driven systems
Open quantum system

owp=—ilH, o] + > miLlX], LX) =2XpX] — X[ Xp— pXI X,
i

Need drive to balance loss
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Driven systems
Open quantum system

op=—ilH,p) + > wiLlX],  LIX]=2XpX — X[ Xp— pXI X;
i

Need drive to balance loss

@ External coherent drive:

H — H+ Vcos(Qt)
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Driven systems
Open quantum system

op=—ilH,p) + > wiLlX],  LIX]=2XpX — X[ Xp— pXI X;
i

Need drive to balance loss

@ External coherent drive:

ho Vo1 COS(€21)
ﬁ B vg1 cos(Qt) hy v,, COS(£2t)
- 0 vl, cos(Qt)
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Driven systems
Open quantum system

op=—ilH,p)+ > miLlX],  LIX]=2XpX — X[ Xp— pX X;
i

Need drive to balance loss
@ External coherent drive:

B -2 v,

H=1l0o v, m-20

> ﬁ — e—iNtfeiolt _ o fy

» Neglect fast €¥* terms — fast
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Driven systems
Open quantum system

op=—ilH,p)+ > miLlX],  LIX]=2XpX — X[ Xp— pX X;
i

Need drive to balance loss

@ External coherent drive:

o -2 v

H=1l0o v, m-20

> ﬁ/ — e—iNtfeiolt _ o fy
» Neglect fast €¥* terms — fast
» Rotating frame — breaks detailed balance with bath.
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Non-equilibrium steady state

@ External i[icoherent driV(A-:-: .
ap = —ilH, p) + > millX] + Y wiLlX]
i i

Energy flow

Pump Y
bath

K Decay

 System bath
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Non-equilibrium steady state

@ External i[icoherent driV(A-:-: .
Oip = —ilH, p] + 3 mil[X] + > 7iLlX]]
i i

Energy flow

Pump Y
bath

K Decay

 System bath
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Non-equilibrium steady state

@ External ipcoherent drivg: A
Oip = —ilH, o] + Y wil[X]+ > iL[X]]
i i

Energy flow

Pump Y
bath

K Decay
bath

 System

@ Energy flow through system
—/

Yy

W

@ Not thermodynamics — attractors of dynamics

» Stationary points — extrema of energy?
» Nontrivial attractors
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Microcavity polaritons

cavityr Quantum Wells
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Microcavity polaritons

Quantum Wells

\\*

Exciton

Energy

In-plane momentum
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Microcavity polaritons

Cavityr ] Quantum Wells ok

i ___________ Exciton ___,

In—plane momentum

I/\/\/\'
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Microcavity polaritons

In—plane momentum

Quantum Wells 7

I/\/\/\'

Kasprzak, et al. Nature
Keeling
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Non-equilibrium phases of matter & li
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Photon Condensates

Pump beam Mirror

Dye

Vixy)

vl

Camera/
spectrometer

[Klaers et al. , Nature '10, Kirton & JK, PRL '13, PRA '15]
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Photon Condensates

Pump beam Mirror
Dye
= e
- l
b3
Camera/
spectrometer

>

S —— [
-100pm 0 100um -100pm 0 100um

[Klaers et al. , Nature '10, Kirton & JK, PRL '13, PRA '15]
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Photon Condensates

Pump beam Mirror
Dye
=
: -
b3 <
Camera/
spectrometer

>

W) - —
vibrational
coordinate
T(~)W
GOV L

S —— [
-100pm 0 100um -100pm 0 100um

[Klaers et al. , Nature '10, Kirton & JK, PRL '13, PRA '15]
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Atoms and light

@ Cold atoms, optical lattice: static light, dynamic matter
@ Quantum optics: (Static) atoms, quantum dynamics of light.
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Atoms and light

@ Cold atoms, optical lattice: static light, dynamic matter
@ Quantum optics: (Static) atoms, quantum dynamics of light.
@ Coupling atomic motion to optical cavity

AVARRE oV

] -
a (\fPump

[Experiments: MIT, ETH, CQT Singapore, Stanford, Hamburg]
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Overview

° Non-equilibrium phases of matter-light systems
@ Physical systems

e Cold atoms in optical cavities — Dicke model
@ Superradiance and the Dicke model
@ Cold atoms & open Dicke model
@ Dynamics and attractors
@ Beyond Dicke: Chaotic dynamics

© Beyond mean-field theory
@ Coupled cavity arrays
@ Multimode cavities
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Cold atoms in optical cavities — Dicke model

e Cold atoms in optical cavities — Dicke model
@ Superradiance and the Dicke model
@ Cold atoms & open Dicke model
@ Dynamics and attractors
@ Beyond Dicke: Chaotic dynamics
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
New relevance

@ Superconducting qubits = =

@ Quantum dots & NV centres “
@ Ultra-cold atoms “ﬁ - ﬁhm

@ Rydberg atoms/polaritons @

A

@ Microcavity Polaritons &

Jonathan Keeling
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wala+y wSf+9g(a+a) (s +85))

1

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wala+y wSf+9g(a+a) (s +85))
i

= wad'a+wpS?+g(a+a") (St +8)

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wala+y wSf+9g(a+a) (s +85))
i

= wad'a+wpS?+g(a+a") (St +8)
@ Coherent state: |3) — e*&'+7157|Q)

[Hepp, Lieb, Ann. Phys. '73]

Jonathan Keeling Non-equilibrium phases of matter & light Potsdam, October 2015 11



Dicke model and Dicke-Hepp-Lieb transition

KRR R AR

H=wala+y wSf+9g(a+a) (s +85))
i

=wald+weS? +g(a+a)(st+5) Y SR

@ Coherent state: |3) — e*&'+7157|Q) 0

@ Smallg, minata,n=0 N

Non-zero cavity field if: 4Ng? > wwy J [Hepp, Lieb, Ann. Phys. '73]
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Raman scheme, decoupling g, wo

B W Hews

@ 2 Level system, | |l),] 1)

%} QY
0
2 level'system

[Dimer et al. PRA 07 ]
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Raman scheme, decoupling g, wo

da o A NSt gasa)(S + S

@ 2 Level system, | |}), | 1)

@ Coupling g = %

l"

0
2 level'system

[Dimer et al. PRA 07 ]
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Raman scheme, decoupling g, wo

T8 LS i g(as A)(S 4 STt wila

@ 2 Level system, | 1), | )

@ Coupling g = QZOA

@ Rotating frame of pump, w = weavity — Wpump

%} QY
0
system

2 level

[Dimer et al. PRA 07 ]
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Raman scheme, decoupling g, wo

A
T8 LS i g(as A)(S 4 STt wila

@ 2 Level system, | 1), | )

@ Coupling g = QZOA

@ Rotating frame of pump, w = weavity — Wpump

-
system

Open system Dicke transition
(w? + K?)
w

2 level

wo

® 4Ng? >

@ Need H=...+g(S*Tal +Hc.)+
[Dimer et al. PRA 07 ]
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Mapping transverse pumping to Dicke model

He g

(\rPump '

lL

Reduced basis: V(x, z) « 1
cos(gz)cos(qz) 1

H=wala+wS?+g(a+a)(s +8Sh)

[Baumann et al Nature '10 ]
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Mapping transverse pumping to Dicke model

fﬁ%

(\rPump

U

Reduced basis: V(x, z) « 1
cos(gz)cos(qz) 1

H=wala+wyS?+g(a+a)(sS +Sh+us.aa

2
“Feedback” due to extra states U = —49—2

[Baumann et al Nature '10 ]
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Experimental phase diagram

—20 0

Pump-cavity detuning (MHz)

50 o Mean photon number i

| |
0 200 400

@ Pump power g x v/ Power

@ NB wpymp — Weavity = —w

Jonathan Keeling

Pump lattice depth (E;)

Time (ms) Time (ms)

|
600
Pump power (UW)

| | |
800 1000 1200

[Baumann et al Nature '10 ]
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Cold atoms in optical cavities — Dicke model

@ Cold atoms in optical cavities — Dicke model

@ Dynamics and attractors

Jonathan Keeling Non-equilibrium phases of matter & light Potsdam, October 2015 15



Classical dynamics of the extended Dicke model

Open dynamical system:

H=wid'a+wS*+g(a+a)(S +Sh)+US a'a
Op = —i[H, p]+rL[E]
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Classical dynamics of the extended Dicke model

Open dynamical system:

H=wid'a+wS*+g(a+a)(S +Sh)+US a'a
dip = —i[H, p]+~rL[E]

Classical EOM & = —i(wo+Uaf?)S™ + 2ig(a + a*) &

(IS[=N/2>1) S? = jg(a+a*)(S™ — ST)
& = — [k + i(w+US?)] a—ig(S™ + ST)
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Steady state phase diagram

UN=0, k=0
0 = i(wo+Ul|al?)S™ + 2ig(a + o) S? s y SR
0=igla+a")(S" - S7)

0=—[rk+i(w+tUSH)]a—ig(S™ +ST) °, o

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

0 = i(wo+Ul|al?)S™ + 2ig(a + o) S?
0=ig(a+a’)(S” -S")
0=—[n+i(wtUS)]a—ig(S +S)

10 ‘ UN=0 Y
20 A SR
g 0 —_—
H S
20 \ SR
-40 :
0 0. 1 1.5
2N (MHz)

UN=0, k=0
4 SR
N
SR(A): Sy =0

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

0 = i(wo+Ulal*)S™ +2ig(a + a*)S?

0=ig(a+a*)(S —S")

0=—[r+i(wtUS?)]a—ig(S™ + S

40 :
SR A<ﬂ/ UN=-40
i U SRA
- SRB+1
S o| Uit B SRB
e SRB+1
-20
i SRA
SRA+!
-40 ‘
0 0. 1 1.5
2N (MHz)

UN=0, ¥=0

U

SR

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Regions without fixed points

Changing U: A Q

® (MHz)

40

20

-20

40

‘ UN=-40
4 SRA
BRiE)) SRB
N \ SRA
0.5 1 1.5
2N (MHz)
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Regions without fixed points

. o
Changing U: Uox —2
We — Wga
40 ‘ UN=-40
U SRA
20
S of st SRB
3
-20
] \ SRA
-40
0 0.5 1.5

1
2N (MHz)
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Regions without fixed points

. o
Changing U: Uox —2
We — Wga
40 UN=0
200 A SR
g 0 —
s X |
20 b SR
-40
0 1.5

1
2N (MHz)
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Regions without fixed points

. o
Changing U: Uo —20
We — Wa
40 / UN=40
% W SRA
£
3
-20
X\ SRA
\
0 0.5 1.5

1
2N (MHz)
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Regions without fixed points

2
Changing U: U _ %
We — Wa
0 / UN=40 1200
N e SRA | 1000 0
. 800 |
z . I oo |
= 0 Persistent Oscillations { Z 00
] 400
1
8 10 12 14 16 18
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Bosons beyond Dicke — single mode
So far W(r) = xo + x12c0s(gx) cos(qz) — S = x'dx.
Generally W(r) = >, xn€9"".

Pump lattice depth (E,)

Pump-cavity detuning (MHz)

600 1000 1200
Pump power (W)
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Bosons beyond Dicke — single mode
So far W(r) = xo + x12c0s(gx) cos(qz) — S = x'dx.
Generally W(r) = >, xn€9"".

[O0txn = wr <|n|25n,n’ - Vn,n’(a)) Xn

Pump lattice depth (E,)

Pump-cavity detuning (MHz)

600 1000 1200
Pump power (W)
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Bosons beyond Dicke — single mode
So far W(r) = xo + x12c0s(gx) cos(qz) — S = x'dx.
Generally W(r) = >, xn€9"".

[O0txn = wr <|n|25n,n’ - Vn,n’(a)) Xn

00 = (w— Eo Y xamonxn — ik)a —1E > Xamip e

n,n’ n,n’

Pump lattice depth (E,)

Pump-cavity detuning (MHz)

600 1000 1200
Pump power (W)
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Bosons beyond Dicke — single mode

So far W(r) = xo + x12c0s(gx) cos(qz) — S = x'dx.
Generally W(r) = >, xn€9"".

[O0txn = wr <|“|25n,n’ - Vn,n'(a)) Xn
. 2 . 1
B = (w — Eo 3 xamPh o — i) — 1o > xhmih v
n,n’ n,n’

Truncate |n| < ny — Hysteresis at intermediate w
3 T

/ T T Pump lattice depth (E }
]3,1405 ___ yd B=26 |
@ 25 g3 e .- Ve s
=3 Ny=S e K -
g meo ==/ T
Z , . :
= .l /. ]
=2 1 /,I’ z
3 AN
O I £
05 ¢ i ,r
il {
0 1 L .
0.4 0.5 0.6 0.7 0.8 | ‘
1000
Pump field, n o

Pump power (uW)
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Bosons beyond Dicke — single mode

So far W(r) = xo + x12cos(gx)cos(qz) — S =

—i-—»
X'oX-
Generally W(r) = >, xn€9"".

i0txn = wr <|n|25n,n’ - Vn,n’(a)) Xn

(w— Eg an n/Xn/ —ik)a —nky ZXn

n,n’ n,n’

iOrx =

Truncate |n| < ny — Hysteresis at intermediate w
3

Dicke /7 T
a5 | M2 ——— // ®=2.6 4
o 7 ny=3 ---- 4 ,//
= ) Ny=S eeeenees ’I' i
= [ =10 —-—/ , H
815+ / / -7 £
8 K - H
| Vi £
5 2P .
0.5 r I ,r
il {
0 1 . .
0.4 0.5 0.6 0.7 0.8

600

Pump field,

Jonathan Keeling

Non-equilibrium phases of matter & light

Pump power (uW)

Pump lattice depth (E,)

800

n’X"/

1000

Potsdam, October 2015
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Bosons beyond Dicke — chaos

Near resonance: irregular : |
dynamics
(NB WPump — Weavity = —w)

800

600
Pump power (uW)

'

i Lim 1Rl
T e

‘H-;lq \ N!lll‘l"ﬂ‘
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Bosons beyond Dicke — chaos

Near resonance: irregular
dynamics
(NB WPump — Weavity — —w)

'

600
Pump power (uW)

800

Lim 1Rl
T T R

‘H-;lq \ N!lll‘l"ﬂ‘

)
N
<
e
:

s

Jonathan Keeling Non-equilibrium phases of matter & light
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Beyond mean-field theory

© Beyond mean-field theory
@ Coupled cavity arrays
@ Multimode cavities
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Coupled cavity arrays
@ Control photon dispersion — lattice

BT

[Hartmann et al. Nat. Phys. '06; Greentree et al. ibid 06; Angelakis et al. PRA "07]
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Coupled cavity arrays
@ Control photon dispersion — lattice

BT

[Hartmann et al. Nat. Phys. '06; Greentree et al. ibid 06; Angelakis et al. PRA "07]
@ X-Hubbard Model, H =" Ax e —J>_ &5,
; -

(if)
[X=Bose, Jaynes-Cummings, Rabi, ...]
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Coupled cavity arrays
@ Control photon dispersion — lattice

BT

[Hartmann et al. Nat. Phys. '06; Greentree et al. ibid 06; Angelakis et al. PRA "07]

@ X-Hubbard Model, H = Z Axsie —J>_ a3

(i)
[X=Bose, Jaynes-Cummmgs, Rabi, ...]

En

Dielectric
Coupling|

) mirror \
i
waveguide|
heaters
: Iew ) ( )
mirror (o \ /
Atoms .4*,:

il N
<- ¥ K \x A \\
= IRCARCARC AR AT

[Lepert et al. NJP ’11; APL "13]

Dielectric

[Underwood et al. PRA '12; Nat. Phys ’'12]

Jonathan Keeling Non-equilibrium phases of matter & light Potsdam, October 2015 22



e.g. Parametric pumping — Ising model

i

N A+ A— 4
[T' Tip1 T 7 197

[Bardyn & Immamoglu, PRL '12]

+
>
>

Yot L oA— a-
i Tid1 T 7T )]

[Joshi, Nissen, Keeling. PRA *13]
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e.g. Parametric pumping — Ising model

N A+ A— 4
[Ti Tip1 T T 97

[Bardyn & Immamoglu, PRL '12]

+
>
>

fat L oa— A
i Tid1 T 7T )]

Ground state:

PM PM

M,

- 0 1 g

FMy

[Joshi, Nissen, Keeling. PRA *13]
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e.g. Parametric pumping — Ising model

& At A— At A— ~Z
H = JZ[T/' Tip1 P77 197

[Bardyn & Immamoglu, PRL ’12] A At A A
+A <Ti Tiv1 T T4 7 )

Ground state: Open system:
Oip = —i[H, p] + Z KL[7]
i

PM PM

M,

- 0 1 g

FMy
[Joshi, Nissen, Keeling. PRA *13]
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[Kollar et al. NJP '15]

=] = = E == DA
Jonathan Keeling Non-equilibrium phases of matter & light



Multimo

k'__. |

[Kollar et al.

de cavity

o
near |, . .
planar |12 2, 2
LeR | ag | 4, A
Iii [T [?
o [}
even " odd n v edd even
confocal O T S T
! L=R 8
| | N+l w

NJP 15]

[m]

ay
. MMWMMLI -
b) A
éa Sl ot e,
iy ')
o . ‘MJWWJU.&W,AM
p Sa T

=)

o
Probe frequency shif (M)

0T 70 T

= DAl
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Multimode cavity

a)
I
a - o -
e |- s awi i
T <L near |, ., . 0 i
: planar 23 z3 z3 I\
<< |||3a, 4, | 7 H
iz lie fiz fo N
L - [ H [ st 18,
e "k. h ‘odd e nk; . id even i“fﬂ} bt VJ“ -------
Y § . R i
confocal| | 1 . o . Uw\\.um‘..u))_mw m
=R T Single mode: L>R
’ - 2! o “‘ | k g

Probe frequency shif (M)

[Kollar et al. NJP '15]
@ Degenerate limit, on-axis pump

2
0w = — Yy +/dr’U(r —r) [|\I!(r’)|2 + ]\U(—r’)]z] w(r),
2m
with U(s) = Up (5(5) 1 S/ £2]>, :>
[Staffini, Lev, Keeling et al. in prep.]

b) Object (1) (2) (3) (4

N S S A

Jonathan Keeling Non-equilibrium phases of matter & light Potsdam, October 2015 24



Multimode cavity

|
e |y 1 )]
: planar |72 2 2 S wsmode ot Lo,
< |l [ R R e ———
; il : | N
even . . “odd even " “odd even ia.vm >>>>>>> A‘. .......
confocal ‘ | : 1 ) ) " U‘W‘.Wulj,u_m;m .
=R B e mode: L>|
i » N | : i S e vE 1 1T
A ’
[Kollar et al. NJP "15]

@ Degenerate limit, on-axis pump

2
0w = — Yy +/dr’U(r — ) [V)P + ()R] (),
2m
with U(s) = Up (3(s) + S1/41), =
[Staffini, Lev, Keeling et al. in prep.]
@ Degenerate limit, transverse pump:

IOtV = [A + )\(|k| — Q)Z} Wy + Ucontact Z wltl_;qwk’wqu
k’',q

b) Object (1) (2 (3) )

[Gopalakrishnan, Lev, Goldbart. N. Phys '09]
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Summary
@ Collective behaviour in driven-disspative systems

° Open system d dynamlcs of D|cke model

Jﬁ E\- “L B

(\ﬁ’ ump ' L 4 - -

JK etal. PRL’ 10, Bhaseen et al. PRA 12

@ Beyond Dicke model: hysteresis, chaos
[Staffini et al. in preparation]

° CCA— non equmbrlum transverse field Ising model

Joshi et al. PRA ’13, Schiro et al. arXiv

@ Multimode physics — beyond mean-field theory
[Staffini, Lev et al. in preparation]
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“Textbook” Laser: Maxwell Bloch equations

H=wala+3 " cao? + guk (éa; + éfg;)
Maxwell-Bloch eaqns:
o= <é>7 P=—i(c7),N=2(c%)
O = —iwpa — ke + Y, GaPa
atP = —2i€aPa — 2’}’Pa + gaaNa
OtN,, = 29(Ng — N,) — 2ga(a* Py + Pia)
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“Textbook” Laser: Maxwell Bloch equations

H=wala+3 " cao? + guk (éa; + éfg;)
Maxwell-Bloch eaqns:
o= <é>7 P=—i(c7),N=2(c%)
O = —iwpa — ke + Y, GaPa
atP = —2i€aPa — 2’}’Pa + gaaNa
OtN,, = 29(Ng — N,) — 2ga(a* Py + Pia)

5
2yk/g”

Ny =

hyi?

3 ISl

|af? > 0 if Ngg? > 27k J

5 0
0 2yx/g
Pump: N,
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