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Coherent states of matter and light

Atomic BEC T ∼ 10−7K

[Anderson et al. Science ’95]

Polariton Condensate T ∼ 20K

Quantum Wells"Cavity"

[Kasprzak et al. Nature, ’06]

Photon Condensate
T ∼ 300K

[Klaers et al. Nature, ’10]

Laser
T ∼?, < 0,∞

Superradiance transition
T ∼ 0

κ

Pump

κ

x

z

[Baumann et al. Nature, ’10]
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“Textbook” BEC

Non-interacting viewpoint
I BE distribution: µ < ω0

I Tc =
2π~2
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Interacting approach (WIDBG)

H =
∑

k

ωkψ
†
kψk +

g
2V

∑
k ,k ′,q

ψ†k+qψ
†
k ′−qψk+qψk

I Mean field: |ψ|2 = (µ− ω0)/V
I Fluctuations deplete condensate, vanishes at T > Tc
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“Textbook” Laser: Maxwell Bloch equations

H = ω0ψ
†ψ +

∑
α

εασ
z
α + gα,k

(
ψσ+α + ψ†σ−α

)
Maxwell-Bloch eqns: P = −i〈σ−〉,N = 2〈σz〉

∂tψ = −iω0ψ − κψ +
∑

α gαPα
∂tPα = −2iεαPα − 2γPα + gαψNα

∂tNα = 2γ(N0 − Nα)− 2gα(ψ∗Pα + P∗αψ)
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Pump: N0

2γκ/g
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2γκ/g
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|ψ|2 > 0 if N0g2 > 2γκ
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“Textbook” Dicke-Hepp-Lieb superradiance

H = ωψ†ψ +
∑
α

εσz
α + g

(
ψ†σ−α + ψσ+α

)

Coherent state: |Ψ〉 → eλψ
†+ησ+ |Ω〉

Small g, min at λ, η = 0

Spontaneous polarisation if: Ng2 > ωε

0
0

ω

g-√N

⇓ SR

[Hepp, Lieb, Ann. Phys. ’73]
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Microcavity polaritons

Quantum Wells"Cavity"

Cavity

θ

Cavity photons:

ωk =
√
ω2

0 + c2k2

' ω0 + k2/2m∗

m∗ ∼ 10−4me

E
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rg
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Momentum

n=1

n=2

n=3

n=4

Bulk
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Polariton experiments: occupation and coherence

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al. Nature, ’06]
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Condensation-superradiance crossover

Use model that can show lasing and condensation:
Generalised Dicke model:

Hsys =
∑

k

ωkψ
†
kψk +

∑
α

[ ε
2
σz
α + gα,k

(
ψkσ

+
α + ψ†kσ

−
α

)]

Grand canonical equilibrium, Ĥ − µN̂. Dicke superradiance:
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[JK et al, PRL ’04, PRB ’05, Review: Semicond. Sci. Tech. ’07]

Jonathan Keeling Matter-light coupling & organic materials Yale, February 2015 8



Condensation-superradiance crossover

Use model that can show lasing and condensation:
Generalised Dicke model:

Hsys =
∑

k

ωkψ
†
kψk +

∑
α

[ ε
2
σz
α + gα,k

(
ψkσ

+
α + ψ†kσ

−
α

)]

Grand canonical equilibrium, Ĥ − µN̂. Dicke superradiance:
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Lasing-condensation crossover
Generalised Dicke model:

Hsys =
∑
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Matter-Light coupling with organic molecules

What & why?

[Kena Cohen and Forrest, Nat. Photon ’10; Plumhoff et al. Nat. Materials ’14,
Daskalakis et al. ibid ’14] [Klaers et al. Nature ’10]

I Wide variety of systems:
polymers, fluorenes, J-aggregrates, molecular crystals.

I Often large polariton splitting, g
√

N ∼ 0.1 eV↔ 1000K

Theory questions/challenges
I Ultrastrong coupling
I Vibrational modes
I (Partial) thermalisation
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Dicke Holstein Model

Dicke model: 2LS↔ photons
Molecular vibrational mode

I Phonon frequency Ω
I Huang-Rhys parameter S —

coupling strength

Hsys = ωψ†ψ +
∑
α

[ ε
2
σz
α + g

(
ψ + ψ†

) (
σ+α + σ−α

)]

+
∑
α

Ω
{

b†αbα +
√

Sσz
α

(
b†α + bα

)}
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Overview

1 Introduction

2 Weak coupling: Photon BEC
Model & threshold
Time evolution
Pump-spot size dependence

3 Ground state spectrum
Ultra strong coupling & reconfiguration
Vibrational sidebands in spectrum
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Photon BEC experiments

Dye filled microcavity

[Klaers et al, Nature, 2010]
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Modelling

Hsys =
∑

m

ωmψ
†
mψm +

∑
α

[ ε
2
σz
α + g

(
ψmσ

+
α + H.c.

)]
+
∑
α

Ω
{

b†αbα +
√

Sσz
α

(
b†α + bα

)}
2D harmonic oscillator
ωm = ωcutoff + mωH.O.

Incoherent processes: excitation,
decay, loss, vibrational
thermalisation.
Weak coupling, perturbative in g
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Modelling

Master equation

ρ̇ = −i[H0, ρ]−
∑

m

κ

2
L[ψm]−

∑
α

[
Γ↑
2
L[σ+α ] +

Γ↓
2
L[σ−α ]

]
−
∑
m,α

[
Γ(δm = ωm − ε)

2
L[σ+αψm] +

Γ(−δm = ε− ωm)

2
L[σ−αψ

†
m]

]

0

0.2
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Distribution gmnm

Master equation→ Rate equation

∂tnm = −κnm + Γ(−δm)(nm + 1)N↑ − Γ(δm)nmN↓

Bose-Einstein distribution without losses

Low loss: Thermal High loss→ Laser

[Kirton & JK PRL ’13]
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Chemical potential?

Steady state distribution:

nm

nm + 1
=

Γ(−δm)N↑
κ+ Γ(δm)N↓

κ� NΓ(δ), Kennard-Stepanov

nm

nm + 1
= e−βδm+βµ, eβµ ≡

N↑
N↓

=
Γ↑ +

∑
m Γ(δm)nm

Γ↓ +
∑

m Γ(−δm)(nm + 1)

Below threshold, µ = kBT ln[Γ↑/Γ↓]

At/above threshold, µ→ δ0
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Time evolution

1 Introduction

2 Weak coupling: Photon BEC
Model & threshold
Time evolution
Pump-spot size dependence

3 Ground state spectrum
Ultra strong coupling & reconfiguration
Vibrational sidebands in spectrum
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Time evolution

Initial state: excited molecules
Initial emission, follows gain peak
Thermalisation by repeated absorption
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[Kirton & JK arXiv:1410.6632]
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Pump spot size

1 Introduction

2 Weak coupling: Photon BEC
Model & threshold
Time evolution
Pump-spot size dependence

3 Ground state spectrum
Ultra strong coupling & reconfiguration
Vibrational sidebands in spectrum
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Spatially varying pump intensity
Consider effects of pump profile, Γ↑(r) = Γ↑ exp(−r2/2σ2

pump)

Experiments: [Marelic & Nyman, arXiv:1410.6822]

Varying excited density – differential coupling to modes

∂tρ↑(r) = −Γ̃↓(r)ρ↑(r) + Γ̃↑(r)ρ↓(r))

∂tnm = Γ(−δm)Om(nm + 1)− [κ+ Γ(δm)(ρm −Om)] nm

Om =

∫
drρ↑(r)|ψm(r)|2, ρ↑ + ρ↓ = ρm
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Spatially varying pump: below threshold
Far below threshold:

I Excitation: ρ↑(r) ' ρm
Γ↑(r)

Γ↓
� ρm

I If κ� ρmΓ(δm),
nm

nm + 1
' e−βδm ×

∫
dr

Γ↑(r)

Γ↓
|ψm(r)|2

Resulting profile, I(r) =
∑

m nm|ψm(r)|2
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Near threshold behaviour

Large spot, σpump � lHO

Non Boltzmann peak —
BEC
“Gain saturation” at centre
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Saturation of f (r) = 1/(1 + e−βµ) — spatial equilibriation
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1 Introduction

2 Weak coupling: Photon BEC
Model & threshold
Time evolution
Pump-spot size dependence

3 Ground state spectrum
Ultra strong coupling & reconfiguration
Vibrational sidebands in spectrum
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Ultra-strong coupling, changing configuration
Ultra-strong coupling: ω, ε ∼ g

√
N ∝

√
concentration

Normal state: configuration of molecules

[Canaguier-Durand et al. Angew. Chem. ’13 ]
I Polariton vs molecular spectral weight – chemical eqbm
I Temperature dependent

Questions:
I Microscopic picture?
I Vibrationally dressed spectrum + disorder
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Disordered molecules — spectrum

Calculate Green’s function GR(ν):

T (ν) ∝ |GR(ν)|2, A(ν) ∝ −=[GR(ν)] + (interference)

Ultra-strong coupling — renormalised photon
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ν + iκ/2− ωk − g2GR
Exc.(ν)

A(ν) ∼
(κ

2
−=[GR

Exc.]
) ∣∣∣GR(ν)

∣∣∣2
[Houdré et al. , PRA ’96]

Temperature independent (for kBT � g
√

N)
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T (ν) ∝ |GR(ν)|2, A(ν) ∝ −=[GR(ν)] + (interference)

Ultra-strong coupling — renormalised photon
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Molecular reconfiguration

Central peak — depends on g, not T .
Can geff depend on T ?

E fi
eld

θ

Rotational degrees of freedom

H = . . .+
∑
α

[
. . .+ gα,kcos(θα)(ψ†k + ψ−k )σx

α + E0(θα)
]

Schrieffer-Wolff, δH =
∑

α,k gα,k (ψ†kσ
+
α + H.c.):

Heff = . . .+
∑
α

[
K0cos2(θα) + E0(θ)

]
, K0 =

∑
k

g2
k

ωk + ε

I No
√

N enhancement — K0 small, independent of density
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Vibrational reconfiguration

Schrieffer-Wolff – mixes vibrational states

Heff = H0 −
g2N

2(ε+ ω)

{
1− Ω

√
S(b + b†)
ε+ ω

+O

[(
Ω

ε

)2

,
g
√

N
ε

]}

Reduced vibrational offset

S → S(1− 2K1), K1 =
∑

k

g2
k

(ωk + ε)2

⇑

×S   l

l

Photon

nuclear coordinate
⇓

E
n

er
g

y

I Increased effective coupling: g2
eff = g2 exp(−S)

I Again, K1 � 1, independent of density.
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Disordered molecules — vibrational mode

But: spectrum with vibrational sidebands, S = 0.02

 0

 0.1

 0.2

 0.3

 0.4

 1.6  1.8  2  2.2  2.4  2.6  2.8  3  3.2

S
p
ec

tr
al

 w
ei

g
h
t

ω [eV]

g√N=0.3eV
g√N=0.5eV
g√N=0.7eV

Jonathan Keeling Matter-light coupling & organic materials Yale, February 2015 29



Disordered molecules — vibrational mode

But: spectrum with vibrational sidebands, S = 0.02

 0

 0.1

 0.2

 0.3

 0.4

 1.6  1.8  2  2.2  2.4  2.6  2.8  3  3.2

S
p
ec

tr
al

 w
ei

g
h
t

ω [eV]

g√N=0.3eV
g√N=0.5eV
g√N=0.7eV

Jonathan Keeling Matter-light coupling & organic materials Yale, February 2015 29



Disordered molecules — vibrational mode

But: spectrum with vibrational sidebands, S = 0.02

 0

 0.1

 0.2

 0.3

 0.4

 1.6  1.8  2  2.2  2.4  2.6  2.8  3  3.2

S
p
ec

tr
al

 w
ei

g
h
t

ω [eV]

g√N=0.3eV
g√N=0.5eV
g√N=0.7eV

 1.9  2  2.1
B

ar
e 

m
o
le

cu
le

Jonathan Keeling Matter-light coupling & organic materials Yale, February 2015 29



Disordered molecules + vibrations – vs temperature

vs vs temperature

S = 0.02, σ = 0.01eV
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Summary
Lasing, condensation, superradiance
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Extra Slides

4 Microscopic calculation of Γ(δ)

5 Threshold vs temperature

6 Threshold vs pump size

7 Strong coupling: polaritons

8 Anticrossing vs ρ
Polariton spectrum & sidebands

9 Ultra-strong phonon coupling?
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Microscopic model – calculating Γ(δ)

How to calculate Γ(δ)

Polaron transform (exact)

hα =
ε

2
σz
α + g

(
ψmσ

+
αDα + H.c.

)
+ Ωb†αbα,

Dα = exp
[
2
√

S(b†α − bα)
]

Correlation function:

Γ(δ) = 2g2<
∫

dt〈D†α(t)Dα(0)〉exp
[
−(Γ↑ + Γ↓)

t
2

]
e−iδt

Exponential of bosonic correlations 〈D†α(t)Dα(0)〉
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Microscopic model – requirements for
Kennard-Stepanov

Correlation function

Γ(δ) = 2g2<
∫

dt〈D†α(t)Dα(0)〉exp
[
−(Γ↑ + Γ↓)

t
2

]
e−iδt

Kubo-Martin-Schwinger condition:

〈D†α(t)Dα(0)〉 = 〈D†α(−t − iβ)Dα(0)〉

Γ(+δ) = Γ(−δ)eβδ
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Threshold condition
Use: max[nm] = 1/(βε) → kBTc =

√
6/π2ε

√
N.
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Effect of spot size on threshold

Threshold power: Γ↑(r) = Γ↑,0
exp(−(r/σp)2/2)

(2πσ2
p)d/2
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Effect of spot size on threshold

Threshold power: Γ↑(r) = Γ↑,0
exp(−(r/σp)2/2)

(2πσ2
p)d/2

0

0.01

0.02

0.03

0.04

0.05

 0  2  4  6  8  10  12  14  16
0×10

0

1×10
-3

2×10
-3

In
te

g
ra

te
d
 p

o
w

er
, 
Γ

↑
0

P
ea

k
 p

o
w

er
, 
Γ

↑
(r

=
0
)

rspot/lHO

Γm=1 kHz, η=0.001

Integrated power
Peak power

Small spot, integrated power saturates
Large spot, peak power saturates

Jonathan Keeling Matter-light coupling & organic materials Yale, February 2015 37



Strong coupling: polaritons

4 Microscopic calculation of Γ(δ)

5 Threshold vs temperature

6 Threshold vs pump size

7 Strong coupling: polaritons

8 Anticrossing vs ρ
Polariton spectrum & sidebands

9 Ultra-strong phonon coupling?
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Strong coupling phase diagram — mean field
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Polariton spectrum: photon weight
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What is nature of polariton mode?

GR(t) = −i〈ψ†(t)ψ(0)〉, GR(ν) =
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Zn

ν − ωn

[Cwik et al. EPL ’14]
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Polariton spectrum: photon weight
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Polariton spectrum — coupled oscillators
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Polariton spectrum: what condensed

Repeat weight for n-phonon channel
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Critical coupling with increasing S

Re-orient phase diagram
g vs µ,T
Colors→ Jump of 〈ψ〉
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Explanation: Polaron formation

Unitary transform

Hα → H̃α = eKαHαe−Kα K =
√

SSz
α(b†α − bα)

Coupling moves to S±

H̃α = const.+ εSz
α + Ωb†αbα + g

[
ψS+

α e
√

S(b†
α−bα) + H.c.

]
Optimal phonon displacements, ∼

√
S

Reduced geff ∼ g × exp(−S/2)

For ψ 6= 0, competition
Variational MFT |ψ〉α ∼ exp(−ηKα − ζb†α)|0,S〉α
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Collective polaron formation

Compares well at S � 1
Coherent bosonic state

-5 -4 -3 -2
 0

 0.1
 0.2

 0

 1

 2

 3

 4

 5

 6

g√ Ν

(a) Exact diagonalization

µ-ωc

T

g√ Ν

-5 -4 -3 -2
 0

 0.1
 0.2

 0

 1

 2

 3

 4

 5

 6

g√ Ν

S=6, ∆=4, Ω=1

(b) Ansatz

µ-ωc

T

g√ Ν
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7

λ

Feedback: Large/small geff ↔ λ = 〈ψ〉
Variational free energy

F = (ωc − µ)λ2 + N
{

Ω

[
ζ2 − S

η(2− η)

4

]
− T ln

[
2 cosh

(
ξ

T

)]}
Effective 2LS energy in field:

ξ2 =

(
ε− µ

2
+ Ω
√

S(1− η)ζ

)2

+ g2λ2e−Sη2

[Cwik et al. EPL ’14]
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