Superradiance of cold atoms in optical cavities
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
New relevance

@ Superconducting qubits = =

@ Quantum dots & NV centres “
@ Ultra-cold atoms “ﬁ - ﬁhm

@ Rydberg atoms/polaritons @

A

@ Microcavity Polaritons &
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Dicke effect: Superradiance

PHYSICAL REVIEW VOLUME 93, NUMBER 1 JANUARY 1, 1954

Coherence in Spontaneous Radiation Processes

R. H. Dicke
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
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r + Q— — + _
Collective decay: at _§[S S p—8pST+pStST|
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Dicke effect: Superradiance

PHYSICAL REVIEW VOLUME 93, NUMBER 1
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¢ .o Hing=) gk(vbxe™ ™" + H.c.)(S; + S;)

‘ ki

If|rj—rj| <\ use},;S;—S dp [ s o o e
Collective decay: ar = —5[3 S p— S pSt +pStST]

N2 FN2/2
If 2 = |S| = N/2 initially: \
0

[d(S”y/dt

d(§% N2  ,[TN 2
Joc — T dt = TseCh 71’ \ i
-N/2 0

p
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Dicke effect: Superradiance

PHYSICAL REVIEW VOLUME 93, NUMBER 1 JANUARY 1, 1954

Coherence in Spontaneous Radiation Processes

R. H. Dicke
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

$ 6 é Hing=) gk(vbxe™ ™" + H.c.)(S; + S;)

k,i

If|rj—rj| <\ use},;S;—S dp
Collective decay: at

N/2 N2
If S* = |S| = N/2 initially: \
TN, '

Y4 2
loc—rd<s>:rNsech2[ 5 ] \
-N/2

dt 4

—g [S*S p— S pS* +pS*S]

[d(S”y/dt

(%

1=

0

Problem: dipole interactions dephase. [Friedberg et al, Phys. Lett. 1972]
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Collective emission with a cavity

One-mode: Oscillations

666‘6‘6‘6

RWA — Tavis—-Cummings model: H=>_ (v'S; + ¢ S;")
i
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Collective emission with a cavity

One-mode: Oscillations

666‘6‘6‘6

RWA — Tavis—-Cummings model: H=>_ (v'S; + ¢ S;")
i
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[Bonifacio and Preparata PRA ’70]
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Collective emission with a cavity

$ 4.6 6 6

@ 6 & O

One-mode: Oscillations

RWA — Tavis—-Cummings model: H=>_ (v'S; + ¢ S;")
i
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[Bonifacio and Preparata PRA ’70] [JK PRA '09]
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wply + ) woSF + (W +9")(S] +8))

[Hepp, Lieb, Ann. Phys. 73]
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wply + ) woSF + (W +9")(S] +8))

= wy'Y + weS* + g + Y1) (ST +87)

[Hepp, Lieb, Ann. Phys. 73]
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Dicke model and Dicke-Hepp-Lieb transition

Q,Q,Q,QQQ

H=wply + ) woSF + (W +9")(S] +8))

= wy'Y + weS* + g + Y1) (ST +87)

@ Coherent state: |V) — eM'+15% Q)

[Hepp, Lieb, Ann. Phys. 73]
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Dicke model and Dicke-Hepp-Lieb transition

KRR AR

H=wply + ) woSF + (W +9")(S] +8))

= wy'Y + weS* + g + Y1) (ST +87)

@ Coherent state: |V) — eM'+15% Q)
@ Smallg,minat \,n =0

Non-zero cavity field if: 4Ng? > wwy J [Hepp, Lieb, Ann. Phys. '73]
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Dicke model and Dicke-Hepp-Lieb transition

KRR AR

H=wply + ) woSF + (W +9")(S] +8))

=Wt +weS?+ g + TN (ST+S7) 4 SR

@ Coherent state: |V) — eM'+15% Q) 0

@ Smallg,minat \,n =0 e

Non-zero cavity field if: 4Ng? > wwy J [Hepp, Lieb, Ann. Phys. '73]
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No go theorem for Dicke-Hepp-Lieb transition

@ 9 @ @ @ _

@ ¢ 9 @ e

Spontaneous polarisation if: 4Ng? > wa |

[Rzazewski et al PRL '75]
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No go theorem for Dicke-Hepp-Lieb transition

@ 9 @ @ @ _

@ ¢ 9 @ e

Spontaneous polarisation if: 4Ng? > wuy |

No go theorem:.  Minimal coupling (p — eA)?/2m
A2

—;%A-p,- = 9V + 8N Ygn e Ne(w+ v

[Rzazewski et al PRL '75]
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No go theorem for Dicke-Hepp-Lieb transition

@ 9 @ @ @ _

@ ¢ 9 @ e

Spontaneous polarisation if: 4Ng? > wuy |

No go theorem:.  Minimal coupling (p — eA)?/2m

A2
SN oA e g+ 0SS, Y e NG )

For large N, w — w + 4N(. (RWA)

[Rzazewski et al PRL '75]
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No go theorem for Dicke-Hepp-Lieb transition

@ 9 @ @ @ _

@ ¢ 9 @ e

Spontaneous polarisation if: 4Ng? > wuy |

No go theorem:.  Minimal coupling (p — eA)?/2m
A2

—;%A-p,- = 9V + 8N Ygn e Ne(w+ v

For large N, w — w + 4N(. (RWA)
Need 4Ng? > wo(w + 4NC). J

[Rzazewski et al PRL '75]
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No go theorem for Dicke-Hepp-Lieb transition

@ 9 @ @ @ _

@ ¢ 9 @ e

Spontaneous polarisation if: 4Ng? > wuy |

No go theorem:.  Minimal coupling (p — eA)?/2m

A2
~Y DA e g (ST HSY, Yo e No(w + ')

For large N, w — w + 4N(. (RWA)
Need 4Ng? > wo(w + 4NC). J

But f-sum rule states: g?/wg < ¢. No transition
[Rzazewski et al PRL '75]
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Ways around the no-go theorem

Problem: g?/w, < ( for intrinsic parameters. Solutions:
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Ways around the no-go theorem

Problem: g?/w, < ( for intrinsic parameters. Solutions:

@ Gauge/interpretation of “photon”
Ferroelectric transition in D - r gauge.
[JK JPCM ’07, Vukics & Domokos PRA 2012 ]

» Circuit QED [Nataf and Ciuti, Nat. Comm. '10; Viehmann et al. PRL "11]
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Ways around the no-go theorem

Problem: g?/w, < ( for intrinsic parameters. Solutions:

@ Gauge/interpretation of “photon”

Ferroelectric transition in D - r gauge.
[JK JPCM 07, Vukics & Domokos PRA 2012 ]

» Circuit QED [Nataf and Ciuti, Nat. Comm. '10; Viehmann et al. PRL "11]

1 unstable

@ Grand canonical ensemble:
» It H— H— p(S? +4T), need only:
G*N > (w — p)(wo — 1)
» Incoherent pumping — polariton
condensation.

(H-0)/g

(@ - 0)/g
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Ways around the no-go theorem

Problem: g?/w, < ( for intrinsic parameters. Solutions:

@ Gauge/interpretation of “photon”
Ferroelectric transition in D - r gauge.
[JK JPCM 07, Vukics & Domokos PRA 2012 ]
» Circuit QED [Nataf and Ciuti, Nat. Comm. '10; Viehmann et al. PRL "11]

1 unstable

@ Grand canonical ensemble:
» It H— H— p(S? +4T), need only:
G*N > (w — p)(wo — 1)
» Incoherent pumping — polariton —
condensation. (- o

© Dissociate g, wo,
e.g. Raman scheme: wg « w. cavty
[Dimer et al. PRA ’07; Baumann et al. Nature E = pump

’10. Also, Black et al. PRL 03 ] 0
Pump

(H-0)/g
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Outline

0 Dicke model, superradiance and no—go theorem

e Superradiance and self-organisation
@ Raman scheme
@ Rayleigh scheme and hierarchies of Hg
@ Generalized Dicke equilibrium theory

e Fermionic self organisation
@ Equilibrium phase diagrams
@ Landau theory and microscopics
@ Evolution with filling

e Open system dynamics
@ Linear stability with losses
@ Attractors of the Dicke model phases
@ Dicke model timescales

e Conclusions
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Outline

9 Superradiance and self-organisation
@ Raman scheme
@ Rayleigh scheme and hierarchies of Hg
@ Generalized Dicke equilibrium theory
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Raman scheme, decoupling g, wo

H = wyS?
@ 2 Level system, | |),| 1)

/N
7§,

0
2 level'system

Jonathan Keeling Superradiance of atoms in cavities

[Dimer et al. PRA’07 ]
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Raman scheme, decoupling g, wo

H=wS + g+ ¢S + 8"

@ 2 Level system, | |),| 1)

@ Coupling g = %

7§,

0
2 level'system

[Dimer et al. PRA’07 ]
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Raman scheme, decoupling g, wo

H=woS? + g + 1) (S + S) + wyly

@ 2 Level system, | |),| 1)

@ Coupling g = %

@ Rotating frame of pump, w = weavity — Wpump

7§,

0
2 level'system

[Dimer et al. PRA’07 ]
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Raman scheme, decoupling g, wo

A
P H=woS* + g +41)(S™ + %) +wily
@ 2 Level system, | ), | 1
@ - o2
@ Coupling g = oA

74 % \ .
0 — . —
2 level'system @ Rotating frame of pump, w = weavity — Wpump

@ Imbalanced case (internal states):
H=woS? +g(ST +¢1S7) + g (S~ +¢1SH) +wyley

902% , ,  9ofla

@ Imbalance: g = 21, #0 = 21,

74 % L
2 level'system
[Dimer et al. PRA’07 ]

Jonathan Keeling Superradiance of atoms in cavities Durham, October 2013 11/34



Raman scheme, decoupling g, wo

B v T HowoS 4 g+ u)(S + 8% 4wl
@ 2 Level system, | ), | 1

@ , 902
@ Coupling g = oA

7§,

2 lovel Sist om @ Rotating frame of pump, w = weavity — Wpump

@ Imbalanced case (internal states):
H = woS?+g(St +¢TS™) + g (S~ +¢1SH) + wipfyp + Uyt S?

Ja T
. . gOQb !/ goQa
@ Imbalance: g = oA, #9g = 2,
9% _ 9 )
@ New “feedback” term U = 20, 2A. 7% %,0 L
2 level'system

[Dimer et al. PRA’07 ]
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Transversely pumped cavity
Internal state — momentum states

1
- @ Full description o2
.:n__’:. Ho = Wcavityl/’Tl/"f‘J dzr[ Z Cl <—> Co

~ 2m
a=e,g

Z
*x 7 Pump + watomChCe + E(, 2, 1)(Clcy + ChCo)]
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Transversely pumped cavity
| — Internal state — momentum states

- @ Full description
Z
X TT Pump
No cavity field ——
With cavity field ——
@ Eliminate e state 0
> Rotating frame w = weavity — wpump — NO :; ‘

i\

lm/ i
'y gl mt,,,,‘m»
i i \"‘
i H‘\f‘ﬂ\‘\“"}?" \/

W/ 5

AL

/ ‘:‘\\\‘:t‘\.\\‘g'q"l! Ut
\v& S SR R

H=witv+ [reln) (~g - vin)om o W

0
¥ 2 (pump)

X (cavitly)
2

V(r) = g—zzﬁzp cos(2qgx) + @(z/; +T) cos(gx) cos(qz) + @ cos(2qz)
2A A 2A
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Transversely pumped cavity
1 Internal staté — momentum states
= @ Full description

No cavity field ——
With cavity field ——

@ Eliminate e state

> Rotating frame w = weavity — wpump — NO :; ‘

TR

SRR

WA ‘\“ \
)

0

i \\\“
il A\
\,o\ t” "P’&}Wm\%\\\‘:’?f W

2 Sl |
H=wply + fderT(r) <_2V_m — V(r)) c(r) .40 |
: 2
V(r) = zg—Aszzp cos(2qgx) + %(dﬂrw)cos(qx) cos(qz) + S_ACOS

© Dicke: project to atomic states ¢(x, z)oc
cos(qz) cos(qz)

Jonathan Keeling Superradiance of atoms in cavities

Durham, October 2013
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Mapping transverse pumping to Dicke model

fﬁ%

(\rPump

Reduced basis:

d(X, Z)oc

cos(qz)cos(qz) 1

H = wipTp +woS? + gy + ") (S~ + ST)

[Baumann et al Nature '10 ]
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Mapping transverse pumping to Dicke model

iy bt

Reduced basis:

\

o, 2)ec cos(gz)cos(qz) 1

H = wipTp +woS? + gy + ") (S™ + ST+ US4 ).

“Feedback” due to extra states U = ——-
[Baumann et al Nature '10 ]
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Phase diagram of extended Dicke model
Ground state energy, A = (¥)/v/N:

E_ 2 N 2)2 27\ )\2
= =wA —5\/(w0+UN)\) + 16g2NA
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Phase diagram of extended Dicke model
Ground state energy, A = (¥)/v/N:

E_ 2 N 2)2 27\ )\2
= =wA —5\/(w0+UN)\) + 16g2NA

@ Superradiant transition:

49°N > (w — %) wo
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Phase diagram of extended Dicke model
Ground state energy, A = (¥)/v/N:

E_ 2 N 2)2 2N)\2
= —wA?- E\/(“" + UNX2)2 + 16g2NA
@ Superradiant transition: @ Stability, A — oo
4gzN><w—%V>wo E~<w—%\l>)\2+...
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Phase diagram of extended Dicke model
Ground state energy, A = (¥)/v/N:

E_ 2 N 2)\2 2 2
= =wA —E\/(woJrUN)\) + 16g2NA

@ Superradiant transition: @ Stability, A — oo

4gzN><w—%\l>wo E~<w—@>)\2+...

UN=-10 UN=0

Normal Normal SR

Unstable

0 / Unstable

0 0.5 1 15 0 0.5 1 L5 0 0.5 1 L5
N N N
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Outline

e Fermionic self organisation
@ Equilibrium phase diagrams
@ Landau theory and microscopics
@ Evolution with filling
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Fermions in optical cavities W e Fld —

2 V(r)i; “
H:ww’rzp+fd2rcf(r) (-Z—m— V(r )) ey N
)

f
\" N w\“o
\‘*\\m\w‘"’ R i
A"" \\\‘.\WM A
10 1

Z (pump)

2

V(r) = g—2ww cos(2gx) + @(w + ") cos(gx) cos(gz) + @ cos(2gz)
2A A 2A

[Domokos & Ritsch, PRL '03; Black et al. PRL '03; Piazza, Strack, Zweger
1305.292 8]
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Fermions in optical cavities W e Fld —

H = wylep + fdz‘rc”f(r) <_ZT;27 — V(r)) c(r)

2

V(r) = g—2ww cos(2gx) + @(w + ") cos(gx) cos(gz) + @ cos(2gz)
2A A 2A

[Domokos & Ritsch, PRL '03; Black et al. PRL '03; Piazza, Strack, Zweger
1305.292 8]

@ Pauli blocking
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No cavity field ——

Fermions in optical cavities Dt —

i ’}A\l“‘:" /
Vi

i
i
i

0
v2 ! (i
V() IRV i
2 2 i il
H=wip'y + fd rc'(r) <—2— - V(r)) c(r) S ‘\n',‘,l// ,m&’.,a‘,,;/,‘,\\\:‘.g
b

)
Y 1
z (pump)

V(r) = g—zzﬁzp cos(2gx) + @(w + ") cos(gx) cos(gz) + 2 cos(2gz)
2A A 2A

[Domokos & Ritsch, PRL '03; Black et al. PRL '03; Piazza, Strack, Zweger

No cavity field ——

1305.292 8] With cavity field

@ Pauli blocking
@ Commensurability effects -

Jonathan Keeling Superradiance of atoms in cavities Durham, October 2013 16/34



Fermions in optical cavities W e Fld —

i\

0
. {
5 v 1 Wil
2 \ @20 W L\
H=wily + f d?re(r) (‘2_ - V(r)> o(r) s KGRI
05— 2 (pump)

2 Q QZ
vir) = Iyt cos2gx) + L2 (0 + o1 cos(gx) cos(gz) + —— cos(2qz2)
2A A 2A
[Domokos & Ritsch, PRL '03; Black et al. PRL '03; Piazza, Strack, Zweger
1305.2928] With cavity feld —
M

@ Pauli blocking
@ Commensurability effects

Preprints: [JK, Bhaseen, & Simons 1309.2464,
Piazza & Strack 1309.2714, Chen etal. 1309.3784]
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Dimensionless variables and free energy
@ Rescale with v/2q,w, = #2g?/2m, Dimensionless variables:

» ng = N/N; W o » Q- » Yy - o
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Dimensionless variables and free energy
@ Rescale with v/2q,w, = #2g?/2m, Dimensionless variables:

» ng = N/N; v W F Q- » Yy — o
@ Freeenergy f = F/Nyw,

’
f(@,m,nF — ; ¢) = BS® + png — 3 JBdeK 3 [1 n e—ﬂ(ek,n—m]
n

@ enfromh=—V2— V(n,¢;r)
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Dimensionless variables and free energy
@ Rescale with v/2q,w, = #2g?/2m, Dimensionless variables:

» ng = N/N; v W F Q- » Yy — o
@ Freeenergy f = F/Nyw,

’
f(@,m,nF — ; ¢) = BS® + png — 3 JBzdzk 3 [1 n e—ﬂ(ek,n—m]
n

@ enfromh=—V2— V(n,¢;r)
@ Momentum space: hxw = K20k — Vkk

42
Vik' = 87 ) O so 4 svas
S

+77¢2(5kk, s o, & &
K+Sx+52 .
= VARV
2
+n Z5k,k1+sﬁ2
S
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Phase diagram
@ Free energy f = F/Nyw;,

’
f(@,m,nF — 1 ¢) = BS® + png — 3 Jszdsz In [1 n efﬁ(ek,rm]
n
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Phase diagram
@ Free energy f = F/Nyw;,
f(&,m, NE — p; ) = &2 + ung — lJ d?k In [1 n efﬁ(ek,ru)]
Blsz 4

@ ng — 0, Maxwell-Boltzmann, expect SR.
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Phase diagram
@ Free energy f = F/Nyw;,
f(&,m, NE — p; ) = &2 + ung — lJ d?k In [1 n efﬁ(ek,ru)]
Blsz 4

@ ng — 0, Maxwell-Boltzmann, expect SR.

2

=05 @ Instability, ¢ — oo,

€k,n — _2¢2
f~(0—2nF)¢?

Cavity frequency, ®

1.5 Normal Superradiant

Unstable

0.5

O = N W A W N
Cavity field, ¢

0 0.2 0.4 0.6 0.8 1
Pump, n
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Phase diagram
@ Free energy f = F/Nyw;,
f(&,m, NE — p; ) = &2 + ung — lJ d?k In [1 n efﬁ(ek,ru)]
Blsz 4

@ ng — 0, Maxwell-Boltzmann, expect SR.

2

=05 @ Instability, ¢ — oo,

€k,n — _2¢2
f~(0—2nF)¢?

@ First order at low 5

Cavity frequency, ®

1.5 Normal Superradiant

Unstable

0.5

=R L Y B NV B e NN B )
Cavity field, ¢

0 0.2 0.4 0.6 0.8
Pump, n
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Phase diagram
@ Free energy f = F/Nyw;,
f((:), n, NF — W, ¢) = CD¢2 + ung — l J dZKZ In [1 + efﬁ(fk,n*lﬁ):l
Blsz 4

@ ng — 0, Maxwell-Boltzmann, expect SR.

2

=05 @ Instability, ¢ — oo,

€k,n — _2¢2
f~(0—2nF)¢?

@ First order at low 5
f=ag® + bg* +co® |

b < 0 at small 7.

Cavity frequency, ®

1.5 Normal Superradiant

Unstable

0.5

=R L Y B NV B e NN B )
Cavity field, ¢

0 0.2 0.4 0.6 0.8 1
Pump, n
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Origin of first order transition

2 8
ng=0.5

@ ek from //:) = k25k,k’ — Vk,k’
_ 42
Vi = ¢ 25k,k'+sﬁﬁ

Cavity frequency, ®

1.5 Normal Superradiant

(=R B Y e N |
Cavity field, ¢

0.5 Py +5
" 25 ;
0 02 04 06 08 I 1 - k.k’'+5v/22

Pump, n

Landau expansion: f = a(@, n, ng)¢? + b(n, np)é* + c(n, ng)¢® |
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Origin of first order transition

2 8
=0.5 ~
" 7 @ ek from h = k25k,k’ — Vk,k’
8 s Normal Superradiant 6 2
: 53 Vi = 0% D acovax
El d 2
2 ~ o2
’E Unslable// 3 5 +n¢ Z 5k Kt )A( 57,2
S 05 2 SS’ \[
1
o S
o 02 04 06 08 I 0 kK +sv/22
Pump, n s

Landau expansion: f = a(@, n, ng)¢? + b(n, np)é* + c(n, ng)¢® |

@ Second order perturbation theory,
—¢*|miw|?/(Ew — Ex)
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Origin of first order transition
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Landau expansion: f = a(@, n, ng)¢? + b(n, np)é* + c(n, ng)¢® |

@ Second order perturbation theory,
—¢*|miw|?/(Ew — Ex)
@ Jahn-Teller like distortion

2
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Origin of first order transition

2 8
=05 ~
" 7 @ ek from h = k25k,k’ — Vk,k’
8 s Normal Superradiant 6 2
: 53 Vi = 0% D acovax
= J )
Pl A o
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0 0.2 0.4 0.6 0.8 1
Pump, n

Landau expansion: f = a(@, n, ng)¢? + b(n, np)é* + c(n, ng)¢® |

2

+n Z Oy k' +5v/22
S

ng—0

@ Second order perturbation theory,
—¢*|miw|?/(Ew — Ex)

@ Jahn-Teller like distortion

@ Survives to low ng: Bosons!

g BUt needs State ¢(X’ Z) = COS(\/EX) -20 0.1 02 03 04 05 0.6 07 08
» Missed by Dicke model Pump, P
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Higher fillings

f=a¢2+b¢4+c¢6J

@ Phase diagram unchanged
for np < 1

@ 2nd orderlinea=>0
@ Tricritical ® ata=b=0

Cavity frequency, ®

1.5

0.5

ng=0.5
Normal Superradiant
Unstable
0.2 0.4 0.6 0.8 1
Pump, 1
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Higher fillings

f = ag® + bp* + c¢® | np=05

1.5 Normal Superradiant

Cavity frequency, ®

@ Phase diagram unchanged
for np < 1

(= L VS SRS, e N B o)
Cavity field, ¢

@ 2nd order line a=0 s e
@ Tricritical ® ata=b=10
o W
0 0.2 0.4 0.6 0.8 1
Pump, n
S 8 @ 2nd band, new structure.
7 " .

5 6 ; » Critical end-point ¢
s i » a= 0 line cut by 1st order
24 L E
& Normal u =
= 3 = 3 5
5 2 Unstable / 2 ©

1 1

0 0
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Higher fillings

f = ag® + bp* + c¢® | nr =05

1.5 Normal Superradiant

Cavity frequency, ®

@ Phase diagram unchanged

(= L VS SRS, e N B o)
Cavity field, ¢

for ne <1 4
@ 2nd order line a=0 0%
@ Tricritical ® ata=b=10
N
0 0.2 04 0.6 0.8 1
Pump, n

S 8 @ 2nd band, new structure.
6 Z » Critical end-point ¢
s i » a= 0 line cut by 1st order
A . 42 @ SR-SR phase boundary
t» 3 77 - E > i
Z 7777 35 N_o gymmetry breaking
3 2 Unstable 7 2 N LIQUId—gaS type

1 1 (metamagnetic)

0 0
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Why liquid—gas transition?

Liquid—gas transition

8
7| ng=15 7 . e
o6 @ f(¢) — multiple minima
A 6 . .
> =g
g 3 @ Higher orders in ¢
4 4
& Normal u 2
z3 7 3%
5 2 Unstable 2
1 / 1
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0 0.2 0.4 0.6 0.8 1
Pump, n
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Why liquid—gas transition?
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@ Plot bands inf[ek n]

Liquid—gas transition
@ f(¢) — multiple minima
@ Higher orders in ¢

Cavity field, ¢

Atomic energy bands
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Why liquid—gas transition?

Liquid—gas transition

7| ng=15 ) . e
o5 7 @ f(¢) — multiple minima
l > 6 . .
g 35 @ Higher orders in ¢
4 4
& Normal u z
g’ 77 35
5 2 Unstable 2 ©

1 1

0 Leest? 0

0 0.2 0.4 0.6 0.8 1
Pump, n
@ Plot bands inf[ek n] ’

@ Contribution of 2nd band

Filled bands, np=1.5

Atomic energy bands

P=0.8
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Cavity field, A
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Why liquid—gas transition?

7 1.5 8
ng=1.
F 7
13 6 6
IS
2 ;
4 4
& Normal u
z3 = 3
E 2 Unstable
0 Sta ’,' 2
1 1
0 0
0 0.2 0.4 0.6 0.8 1

Pump, n
@ Plot bands inf[ek n]

@ Contribution of 2nd band

@ Non-trivial form:

» Px, Pz Orbitals cross atn = ¢
» n > 1 bands initially go up

Cavity field, ¢

Liquid—gas transition

Atomic energy bands

@ f(¢) — multiple minima
@ Higher orders in ¢

Filled bands, np=1.5

P=0.8

0 0.2 0.4 0.6 0.8 1 12 1.4
Cavity field, A
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Change of Fermi surface
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Phase diagram vs density

@ Phase topology change:

=] = = E = DA
Jonathan Keeling Superradiance of atoms in cavities



Phase diagram vs density

5
n=0.38
@ Phase topology change: s 15 4
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o N e £ Normal <
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Filling, ng
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Phase diagram vs density

5
n=0.38
@ Phase topology change: s 15 4
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Phase diagram vs density

5
n=0.38
@ Phase topology change: s 15 4
s s = s %b Normal <
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R R : g &
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¢St haimee > g Superradiant 2
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; -
@ Fix 7, p|0t VS Ng 3 o Unstable 0
@ SR-SR after critical point O 0 0 ! ' 2
Filling, ng

@ Peak in 2nd order line 0 = a(&, ng,n) = & + x(n, NF)
Susceptibility x asymptote n — o
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X = 16n In‘1+nf
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Phase diagram vs density

5
n=0.38
@ Phase topology change: s 15 4
s s = s %ﬂ Normal <
. ] 3%
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@ Fix n, plot vs ng ST w0,
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illing, np
@ Peak in 2nd order line 0 = a(&, ng,n) = & + x(n, NF)
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Outline

@ Open system dynamics
@ Linear stability with losses
@ Attractors of the Dicke model phases
@ Dicke model timescales
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Open system vs ground state phase diagram

@ Open system, p = —i[H, p| — kL[]
@ Instead of min(F) — stable attractors
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Open system vs ground state phase diagram

@ Open system, p = —i[H, p| — kL[]
@ Instead of min(F) — stable attractors
@ What survives — Normal-SR boundary

» Fluctuations 3¢ = ue="! + v*&™™!, obey M(v) (l\j) =0
Stable if Im[v] > 0.
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Open system vs ground state phase diagram

@ Open system, p = —i[H, p| — kL[]
@ Instead of min(F) — stable attractors
@ What survives — Normal-SR boundary

» Fluctuations 3¢ = ue="! + v*&™™!, obey M(v) (l\j) =0
Stable if Im[v] > 0.
 Secular equation: Det(M) = (—idiv + )* + @[ + x(v.n, nF)] = 0

2 2

R

+

@

» Instability at v = 0, at = —x(n, NF)

1K}
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Open system vs ground state phase diagram

@ Open system, p = —i[H, p| — kL[]
@ Instead of min(F) — stable attractors
@ What survives — Normal-SR boundary

» Fluctuations 3¢ = ue="! + v*&™™!, obey M(v) (l\j) =0
Stable if Im[v] > 0.
+ Secular equation: Det(M) = (=i + &)? + &[& + x(vn, )] = 0

2 2

R

+

&
= —x(n, nF)

» Instability at v = 0, at

1K}

@ What must change
» Unstable region — new attractors
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Open system vs ground state phase diagram

@ Open system, p = —i[H, p| — kL[]
@ Instead of min(F) — stable attractors
@ What survives — Normal-SR boundary

» Fluctuations 3¢ = ue="! + v*&™™!, obey M(v) (l\j) =0
Stable if Im[v] > 0.

» Secular equation: Det(M) = (—i&,v + k)% + @[@ + x(v, 1, Ng)] =

2 2

R

+

@

» Instability at v = 0, at = —x(n, NF)

&

@ What must change
» Unstable region — new attractors
@ Known unkowns
» First order transitions/multistability ?
» Spinodal lines?
» Limit cycles?

Jonathan Keeling Superradiance of atoms in cavities Durham, October 2013
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Dicke model classical dynamics

Open dynamical system:

H = wipTyp +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—k (W pp — 200" + pyTep)
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Dicke model classical dynamics
Open dynamical system:
H = wipTyp +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—k(@WTpp — 20 pp" + pyTy))
Classical EOM S~ = —i(wo+UYP)S™ +2ig( + ¢*)S?
(IS[ =N/2>» 1) S% = ig( +¢*)(S™ - S*)
¥ = — [k + i(w+USH] v — ig(S™ + ST)
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Dicke model classical dynamics
Open dynamical system:
H = wipTyp +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—k(@WTpp — 20 pp" + pyTy))
Classical EOM S~ = —i(wo+UYP)S™ +2ig( + ¢*)S?
(IS| =N/2 > 1) S% = ig( +¢*)(S™ - S*)
¥ = — [k + i(w+USH] v — ig(S™ + ST)

@ Recover Retarded Green’s function (spectrum)
@ Cannot recover occupations
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Dicke model classical dynamics

Open dynamical system:

H = wipTyp +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—k (W pp — 200" + pyTep)

Classical EOM 8 = —ilwo+U)S™ +2ig(y +v")S*
(IS] = N/2» 1) S% =ig(y +*)(S™ — ST)
) = — [k + i(w+US?)] ¢ — ig(S™ + ST)

@ Recover Retarded Green’s function (spectrum)

@ Cannot recover occupations
Long-time behaviour:

@ Fixed points: S = 0,7) = 0

@ Limit cycles?
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Equilibrium Dicke vs open phase diagram, UN =0
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Equilibrium Dicke vs open phase diagram, UN =0
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@ Shift boundary (k2 + w?)/w = —x(wo)
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Equilibrium Dicke vs open phase diagram, UN =0

0.1
40 UN=0
0.08
200 4 SR
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0 05 1 15
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@ Shift boundary (k2 + w?)/w = —x(wo)
@ Allow negative w — inverted
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...Dicke ... UN = —10MHz
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Jonathan Keeling Superradiance of atoms in cavities
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...Dicke ... UN = —10MHz
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@ Coexistence regions
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...Dicke ... UN = —10MHz
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... Dicke ... UN = +40MHz
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... Dicke ... UN = +40MHz
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... Dicke ... UN = +40MHz
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Outline

° Open system dynamics

@ Dicke model timescales

=] = = E = DA
Jonathan Keeling Superradiance of atoms in cavities



Comparison to experiment: UN = —10MHz

Pump lattice depth (E)

0
g -0y 5
z
S 20t g
o g
g 30 2
-40 ; ; ; :
0 0.5 s L3 2 25 e ver
g~ N (MHz)
UN = —10MHz

Baumann et al Nature '10
Adapted from: [Bhaseen et al. PRA *12] [ ]
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Timescale to reach steady state
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Timescale to reach steady state
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Timescale to reach steady state

Pump lattice depth (E,)

Pump-cavity detuning (MHz)

40

10ms sweep

0.5

10 15 20 25
2> N (MHZY)

200ms sweep

0.5

Superradiance of atoms in cavities

10 15 20 25
22N (MHZ?)

Durham, October 2013
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

H=... +g@'S +¢vS8T) + g@iSt +9S) +. ..

2 Level System
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

A Ay
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@ SR(A) near phase boundary at small 6g — Critical slowing down
@ SR(A), SR(B) continuously connect
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Summary

@ Fermions self organisation, liquid gas, and multicritical points

@ First order transitions for bosons, outside Dicke model

JK, Bhassen, Simons et al. arXiv:1309.2464

@ Dicke model shows many dynamical phases

EETE i 0 B 11 -
SRA il . SRA

T

JK et al. PRL ’10, Bhaseen et al. PRA’12
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Many bo%?/ quantum optics and
correlated states of light

9:00 am on Monday 28 October 2013 — 5:00 pm on Tuesday 29 October 2013

at:The Royal Society at Chicheley Hall, home of the Kavli Royal Society International Centre,
Buckinghamshire

Theo Murphy international scientific meeting organised by Dr Jonathan Keeling,
Professor Steven Girvin, Dr Michael Hartmann and Professor Peter Littlewood
FRS.

List of speakers and chairs

Professor lacoppo Carusotto, Professor Andrew Cleland, Professor Hui Deng,
Professor Tilman Esslinger, Professor Rosario Fazio, Professor Ed Hinds, Professor
Andrew Houck, Professor Ata¢ imamoglu, Professor Jens Koch, Professor Misha
Lukin, Professor Martin Plenio, Professor Arno Rauschenbeutel, Professor Timothy|
Spiller, Professor Jacob Taylor, Professor Hakan Tureci, Professor Andreas Wallraff

Attending this event

This is a residential conference which allows for increased discussion and networking. It is free to attend, however
participants need to cover their accommodation and catering costs if required. Places are limited and therefore pre-
registration is essential.
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@ Classical dynamics

a Ferroelectric transition

@ Grand canonical

Jonathan Keeling Superradiance of atoms in cavities



Classical dynamics of the extended Dicke model

Open dynamical system:

H = wipTy +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—K(@Wp — 20 p" + pvTo)

[JK et al. PRL ’10, Bhaseen et al. PRA '12]
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Classical dynamics of the extended Dicke model

Open dynamical system:

H = wipTy +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, pl—K(@Wp — 20 p" + pvTo)

Classical EOM S~ = —i(wo+ U[})S™ + 2ig(y) + ¢*)S?
(IS| = N/2>» 1) §7 = ig(y + ¥*)(S™ — S*)
Y = — [k + i(w+US?)] ¢ — ig(S™ + S*)

[JK et al. PRL ’10, Bhaseen et al. PRA '12]
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Classical dynamics of the extended Dicke model

Open dynamical system:
H = wipT + woS? + g(v + 1) (S~ + ST)+US,v 1.
dtp = —ilH, p]—r(W"p — 200" + pyTy)

Classical EOM S~ = —i(wo+ U[})S™ + 2ig(y) + ¢*)S?
(IS| = N/2>» 1) §7 = ig(y + ¥*)(S™ — S*)
Y = — [k + i(w+US?)] ¢ — ig(S™ + S*)

@ Neglects quantum fluctuations

[JK et al. PRL ’10, Bhaseen et al. PRA '12]
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Classical dynamics of the extended Dicke model

Open dynamical system:

H = wipTy +woS? + gy + ") (S~ + ST+ US4 .
otp = —i[H, p]—r (¥ pp — 200" + pyTep)
Classical EOM & = —i(wo+ Ul[?)S™ + 2ig(s) + ¢*) &7
(IS| = N/2» 1) §7 = ig(y + ¥*)(S™ — S*)
Y = — [k + i(w+US?)] ¢ — ig(S™ + S*)

@ Neglects quantum fluctuations
@ Linearisation about fixed point — stability, spectrum

[JK et al. PRL ’10, Bhaseen et al. PRA '12]
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Fixed points (steady states)

i(wot+ Ul [?)S™ +2ig(y + ¢*)S7
ig(t +v*)(S™ - ST)
— [k + i(w+USH] ¥ — ig(S™ + S*)

0
0
0
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Fixed points (steady states)

® ¢ =0,S = (0,0, +N/2)
0 = i(wo+U|y[*)S™ + 2ig(y) + 1p*) S? always a solution.
0=ig(y +4*)(S™ —S")
0= —[r+i(wt US4 — ig(S~ + &%)

o

Small g: 1, | only.
(w = 30MHz, UN = —40MHz)
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Fixed points (steady states)

® 1) =0,S = (0,0, +N/2)

0 = i(wo+U|y[*)S™ + 2ig(y) + 1p*) S? always a solution.
0=ig(y +¢*)(S — 8T @ If g > gc, ¢ # 0too
0=—[k+i(w+US?)]y —ig(S™ + S* A 8= -3[57]=0
[1s + i(w+ US?)] 9 — g ) B ¥ — Y] = 0
o) o
L ]
[ X
Small g: 1, | only. Larger g: SR too.

(w = 30MHz, UN = —40MHz)
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Ferroelectric transition

Atoms in Coulomb gauge

H= Zwkakak + 2 — eA( I’, 24 Veoul
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Ferroelectric transition

Atoms in Coulomb gauge

H= Zwkakak + 2 — eA( I’, 24 Veoul

Two-level systems — dipole-dipole coupling

H = woS? +wipfep + g(ST + S7) (¢ + ¢T) + NC(y + yT)2—n(ST — S7)?

(nb g%, ¢, necl/ V).
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Ferroelectric transition

Atoms in Coulomb gauge
H= Zwkakak + 2 — eA( I’, 24 Veoul
Two-level systems — dipole-dipole coupling
H=woS” +wiplp+ g(ST + S7) (% +¢1) + N¢(¢ + 1) 2—n(ST - §7)?

(Nb g2, ¢, noct V). Ferroelectric polarisation if wo < 27N |
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Ferroelectric transition

Atoms in Coulomb gauge

H = wyalax +2 — eA(r)]? + Veou

Two-level systems — dipole-dipole coupling
H=woS* +wi'y + g(S™ + 87) (¢ + 9T + N¢(¢ + 912 —n(ST — §7)?

(Nb g2, ¢, noct V). Ferroelectric polarisation if wg < 27N |

Gauge transform to dipole gauge D - r
H = woS + wily + (8T — 87)(¢ — )

“Dicke” transition at wy < Ng?/w = 2nN )

But, 1) describes electric displacement
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Grand canonical ensemble

Grand canonical ensemble:
@ If H— H— u(S? + ), need only: g°N > (w — p)|wo — p|

[Eastham and Littlewood, PRB '01]
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Grand canonical ensemble

Grand canonical ensemble:
@ If H— H— u(S? + ), need only: g°N > (w — p)|wo — p|
@ Fix density / fix u > 0 — pumping

[Eastham and Littlewood, PRB '01]

Jonathan Keeling Superradiance of atoms in cavities Durham, October 2013 40/ 40



Grand canonical ensemble

Grand canonical ensemble:
@ If H— H— u(S? + ), need only: g°N > (w — p)|wo — p|

@ Fix density / fix u > 0 — pumping

1 unstable

@ Transition at:
G*N > (w — p)(wo — 1)
@ . hits lowest mode

(L-w)/g

(e- w)/g
[Eastham and Littlewood, PRB '01]
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