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Bose-Einstein condensation: macroscopic occupation

Polaritons. ~ 20K Atoms. ~ 107K

[Kasprzak et al. Nature, '06] [Anderson et al. Science '95]
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Polariton experiments: occupation and coherence
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[Kasprzak, et al. Nature, '06]
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Polariton experiments: occupation and coherence
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(Some) other polariton condensation experiments

@ Quantised vortices
[Lagoudakis et al. Nat. Phys. 08. Science '09,
PRL ’10; Sanvitto et al. Nat. Phys. "10; Roumpos
et al. Nat. Phys. '10]

@ Josephson oscillations
[Lagoudakis et al. PRL °10]
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___ Superfluidity Vortex ejection Solitons
@ Pattern formation/Hydrodynamics
[Amo et al. Science ’11, Nature '09;
Wertz et al. Nat. Phys '10]
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Photgy;
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Exciton

.

Pump bath

Non-equilibrium approach: Steady state, and

fluctuations

H= Hsys + Hsys,bath + Hpath,
Hsys = Z wkwkw}z + Z ga(¢ka + H-C')
k [ System % In—plane momentum
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Photgy;
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Pump bath

Non-equilibrium approach: Steady state, and

fluctuations

H= Hsys + Hsys,bath + Hbath7

Exciton

In—plane momentum

.

Hsys = Z Wkwkw}z =+ Z ga(¢£¢k =+ H-C-)
k « System %

+ Hex[¢, 0L]
Steady state, 1//(r, t) = ype st
Self-consistent equation: (id; — wo + i) ¥ = > _ da{dba)
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Photgy;
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Pump bath
sl e
.

Non-equilibrium approach: Steady state, and

fluctuations
H= Hsys + Hsys,bath + Hbath7

Hsys = > withtbk + D Gal(hty + H.c.)
k [ System % In—plane momentum
o Decay
bath

+ Hex[¢, 0L]
Steady state, 1//(r, t) = ype st
Self-consistent equation: (id; — wo + i) ¥ = > _ da{dba)
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Non-equilibrium approach: Steady state, and

fluctuations
H= Hsys + Hsys,bath + Hbath7
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Photgy;
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Pump bath \
VT
Y LT Exciton ____

Non-equilibrium approach: Steady state, and

fluctuations
H = Hsys + Hsys bath + Hbath,

Hsys = Z wkwk@ﬁ}; + Z ga(d&wk + H-C')
k [ System % In—plane momentum
o Decay
bath

+ Hex[¢, 0L]
Steady state, 1//(r, t) = ype st
Self-consistent equation: (i0; — wo + ik) 1 = Z 9a{Pa)
Fluctuations :
[DF — D/(w) = DoS(w)

D" - DAt ) = i [wio. ()] )
DX(t,t) = i<[¢(t),wT(t’)L> DX(w) = (2n(w) + 1)DoS(w)
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@ Introduction to polariton condensation
e Non-equilibrium condensation vs lasing

@ Pattern formation

e Superfluidity

o = = = = DAl
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Lasing-condensation crossover model

@ Use model that can show lasing and condensation:
" i/
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Lasing-condensation crossover model

@ Use model that can show lasing and condensation:
" %
J

Dicke model:

1
Hsys = wa/}llbk + Z [EaS§ + ﬁga,wksgf + H.C.]
k «
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Polariton model and equilibrium results

Localised excitons, propagating photons
H= N = 3 (k= i+ D (e — )83 + TS+ He

k
Self-consistent polarisation and field

gi 2 ca—1\> | 2 .2
(w—p)y = Z tanh (BE.), Ea =< 5 > + g5 |v|
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Polariton model and equilibrium results

Localised excitons, propagating photons
_ T z
H—puN = Z(Wk — W)y + Z(ea — 1)SG +

k
Self-consistent polarisation and field

ok
= kST +H.c.
VA

gi 2 ca—1\> | 2 .2
(w—p)y = Z tanh (BE.), Ea :( 5 > + g5 |v|

Phase diagram:
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Polariton model and equilibrium results

Localised excitons, propagating photons
H—pN= Z(wk — )l + Z(Ga — u)SL + gj%‘zpks; +H.c.

k
Self-consistent polarisation and field

2
Zgawtanh (BE.), E.?= (6‘”_“> AR
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Simple Laser: Maxwell Bloch equations

H=wifp+ 3 S+ %ws; +Hec.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
op = —iwp —kp + 3, 9o Pa
0tPy = —2ieq Py — 2vP + gu N,
atNoz = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)
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Simple Laser: Maxwell Bloch equations
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Poles of Retarded Green’s function and gain

9*No

-1
[DH(V)} =v—wk+ik+ m

o = = = = DAl

Jonathan Keeling Polariton condensation



Poles of Retarded Green’s function and gain
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Poles of Retarded Green’s function and gain
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Poles of Retarded Green’s function and gain
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Poles of Retarded Green’s function and gain
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Non-equilibrium description: baths

System Bulk photon modes
Pumping Bath K
- \/\/\/\
- = = = Cavity mode \/\/\/\

Exciton

System * In—plane momentum
"\

Decay
bath
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Non-equilibrium description: baths

System Bulk photon modes

Pumping Bath

Cavity mode \/\/\/\

System * In-plane momentym
N\

Decay
bath

H= Hsys + Hsys,bath + Hbath

@ Decay bath: Empty (1 — —o0)
@ Pump bath: Thermal pg, Tg
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Non-equilibrium description: baths

System

Bulk photon modes

Cavity mode \/\/\/\

Pumping Bath

H= Hsys + Hsys,bath + Hbath

@ Decay bath: Empty (u — —o0)

System * In—plane momentum ) Pump bath Thermal s, TB
N\ Dgcahy
at|

0.3

Mean field theory

0 0.1 0.2 0.3
Density n/n,
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Stability and evolution with pumping
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Stability and evolution with pumping

5 1 05 0 05 1

— A(®)
— B(o)
| C(w
0
L | L L | L | L
3 T T T \V T T — T
—~ — Density of states, 2 Im[DR]
g ok — Occupation, n(®) i
ol
7
s
g
I
—Ol 5 -1 0 1

05 05
Energy (units of g)
R - _ H
[D (y)] — A(v) + iB()

B iDK(V) _ C(v)
2n() +1 = 551DRw)] ~ 2B(r)

Jonathan Keeling Polariton condensation December 2012

14/30



Stability and evolution with pumping
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Strong coupling and lasing — low temperature
phenomenon

! Eqbm. polériton ‘ Non-eqbrri. polariton ‘ Laser ‘ P
1L 11 _ i
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0 Megp — — - / _ 7 j
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1 Z 1 1 ~ il
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condensed conde‘nsed condensed N conde‘nsed condensed condensed|
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u/g up/g Inversion, N,
. . — A
@ Laser: Uniformly invert TLS = B«»)%\<
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A5 VY05 00 05 T
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Strong coupling and lasing — low temperature
phenomenon
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Strong coupling and lasing — low temperature
phenomenon
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Coherence, inversion, strong-coupling

Non-eqbm. polariton Laser

Polariton condensation: ? v
@ Inversionless s = N
@ allows strong coupling JEE
@ requires low T « condensation "
@ NB NOT thresholdless/single atom lasing.
December 2012 16/30
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Coherence, inversion, strong-coupling

Polariton condensation: [ [ [T
0 Mt == . B - 4
@ Inversionless EN I N
Y a" ows S’[FOI’] g COUp|In g '27 cf:;leme‘:l condensed] 7 o ensed N condensed] 7 oo ensed | condensed]

weg

-1
Hplg

@ requires low T + condensation
@ NB NOT thresholdless/single atom lasing.

Related weak-coupling inversionless lasing:
@ Circuit QED [Marthaler et al. PRL11]

Noise .
T

(DCavity

Noise-assisted

Off-resonant cavity

Emission/absorption 't ~ 2ng(+dw) + 1
» Low T — inversionless threshold

v

v

v

Wrs
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Coherence, inversion, strong-coupling

i i - Eqbm. polariton Non-egbm. polariton Laser -
Polariton condensation: | .
_ [~ -
o | i o - (
' @ _
@ Inversionless g e o
- [ ~
o al Iows S-t ro ng cou p I i ng 2 C‘E‘:;Nd condensed] zngiEI‘\s‘i\\\\cnndem:d' o ensed | condensed]
-2 -1 0 2 -1 0 -] o
W Hyle Inversion, No

@ requires low T < condensation
@ NB NOT thresholdless/single atom lasing.

Related weak-coupling inversionless lasing:
@ Circuit QED [Marthaler et al. PRL11]

Wrs

Noise .
T

('OCavity

v

v

>

>

Noise-assisted

Off-resonant cavity

Emission/absorption 't ~ 2ng(+dw) + 1
Low T — inversionless threshold

@ Photon condensation [Klaers et al. Nature '10]
» Vibrational modes — thermalisation
» Inversionless weak coupling lasing
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Pattern formation:

e Pattern formation
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Pattern formation in experiments

Polariton Traps Vortex formation Elliptical ring pump

=
2. 1,605
>
=]
@ 1604
<
fir

95um

[Balili et al. Science ’07]

5

S fsuowy wHoN

[Lagoudakis et al. Nat.  [Manni etal. PRL 1]
. Phys '08] _
Patterned lattice: Momentum space image

P/Py, - 0.29 1 17 43 29

[Kim et al. Nat. Phys "11]

Jonathan Keeling Polariton condensation December 2012 18/30



Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, pus)¥

@ Local density limit:
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Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, pus)¥

@ Local density limit: Gross-Pitaevskii equation

(14 v (r)—v—z])w(r) A (WAr, D)6(r, )

Nonlinear, complex susceptibility
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Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, pus)¥

@ Local density limit: Gross-Pitaevskii equation

v2
(101-+ = | Vin = 3] ) w00 = xtwtr. e
Nonlinear, complex susceptibility

10t lin = Uty
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Complex Gross-Pitaevskii equation
Steady state equation:

(s —wo +ik) P = X (¥, ps)
@ Local density limit: Gross-Pitaevskii equation
v2
(101-+ = | Vin = 3] ) w00 = xtwtr. e

Nonlinear, complex susceptibility

00| i = Ul[*0
iatd}hoss = —"’W IatQMgam Weff@b
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Complex Gross-Pitaevskii equation
Steady state equation:

(s —wo +ik) P = X (¥, ps)
@ Local density limit: Gross-Pitaevskii equation
v2
(101-+ = | Vin = 3] ) w00 = xtwtr. e

Nonlinear, complex susceptibility

10t lin = Uty
iaﬂ/}hoss = —iKkt ’aﬂ/)|ga|n IVeff) — ’r|¢| P
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Jonathan Keeling Polariton condensation

Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, pus)¥

@ Local density limit: Gross-Pitaevskii equation

(101 in— [V = 5] ) ) = xtwtr. 030

Nonlinear, complex susceptibility

100 lnin = UlY [Py
101 |igss = — iKY 101 gain = ety — iT10 10

2

0 = |~ V) Ul 41 (01— 5= TI01%) [
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Gross-Pitaevskii equation: Harmonic trap

, V2 muw? ,
00 = | g+ T+ U+ (v = = TIof?) |

EERE
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Gross-Pitaevskii equation: Harmonic trap

, V2 muw? ,
00 = | g+ Tt 4 U+ (e = = T Z) | 0

EERE

30 Density

N

0 2 4 6 s Radius
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Stability of Thomas-Fermi solution

RERR

1
§8rp+V‘(pV) = (et —Tp)p
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Stability of Thomas-Fermi solution

High m modes: dppm =~ ™rm. ..

RARR

Unstable growth

1
§8rp+V‘(pV) = (et —Tp)p
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Stability of Thomas-Fermi solution

High m modes: dppm =~ ™rm. ..

1
500+ V-(pV) = (1net®(ro—r)=Tp)p
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Stability of Thomas-Fermi solution

High m modes: dppm =~ ™rm. ..

RERR

1
500+ V-(pV) = (1net®(ro—r)=Tp)p
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Time evolution:

LICIC)ES
600

[Keeling & Berloff PRL '08]
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Why vortices

Density profile
Thomas-Fermi in flattened trap ———

15

-5 0O 5
Cross Section
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Why vortices

Density profile
Thomas-Fermi in flattened trap ———

0-15 -10 15

-5 0O 5
Cross Section

Rotating solution: ioy) = (u — 2QL;)%

Jonathan Keeling Polariton condensation December 2012 23/30



Why vortices

% Density profile
2 Thomas-Fermi in flattened trap ———
15
2
‘B
5 10
o
5
-15 1 15

-5 0O 5
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Superfluidity

° Superfluidity

=] = = E = DA
Jonathan Keeling Polariton condensation



Fluctuations above transition

When condensed
—Sound mode—

—1
Det [DR(w, k)} T g
i % momentum
With & ~ ck &
Poles:
w* =&k
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Fluctuations above transition

When condensed

— ea|_
—Imaginary

1
Det [DR (w, k)} = (w+ivnet)®+1Pe—E2

momentum
Poles:

With &, ~ ck
w'= — IYnet = \/ 5;% - ’Yﬁet

frequency

Jonathan Keeling Polariton condensation December 2012 25/30



Superfluid density

@ Two-fluid hydrodynamics

1

Pnormal

Psuperfluid

P/Protal

@ ps, pp distinguished by slow
rotation
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Superfluid density

@ Two-fluid hydrodynamics @ Experimentally, rotation:

1

Pnormal
psupen‘luid

P/Protal

@ To calculate,
transverse/longitudinal:

1

@ ps, pp distinguished by slow
rotation
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Superfluid density

@ Currrent:

J(r) = ylivy

2k; + q;
(@) = Vg

Yk

=} = = = = DAl
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Superfluid density

@ Currrent:

J(r) = ¢Tivy
2k + q;
A
Jl(q) - ¢k+q Izm :
@ Response function:

H—H=> f(q)-Ji(a@) Ji(a)=x;(a)fa)
q

Yk
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Superfluid density

@ Currrent:
J(r) = $1ivy
2k; + q;
(A) = g

@ Response function:

H—H=> f(a)-Ji(a@) Ji(@)=x;(a)fa)
q

Xilw =00 0) = ([u(@). (-a)) = " T+ O,
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Calculating superfluid response function

@ Use WIDBG model

o = = = = DAl
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Calculating superfluid response function

@ Use WIDBG model
@ Require vertex corrections
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Calculating superfluid response function

@ Use WIDBG model
@ Require vertex corrections
@ Saddle point + fluctuations:

SNSRI DR 4

+M—>—©\M - “VOM
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Calculating superfluid response function

@ Use WIDBG model
@ Require vertex corrections
@ Saddle point + fluctuations: Only one diagram for y
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R _ 1\ og;
29 (1,1 0 (qw = 0) (] )

[JK PRL "11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R 1\ og;
AN — — — =
29 (1,1 0 (qw = 0) (] )
@ DF(w = 0)  1/¢q despite pumping/decay — superfluid response
exists.
[JK PRL ’11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R 1\ og;
AN — o — — — =
29 (1,1 0 (qw = 0) (] )
@ DF(w = 0)  1/¢q despite pumping/decay — superfluid response

exists.
@ Normal density:

dw R A

[JK PRL "11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

e = T (1 1) D0 = 0) () T

@ DF(w=0)«x 1/eq despite pumping/decay — superfluid response
exists.

@ Normal density:
PN = /ddkek/dwTr |:O'ZDK0'2(DR+DA)]
2r

@ Is affected by pump/decay: 3

. — Yo/t = 0.0
Does not vanish at T — 0. Y /u=0.1
5 2 F —Yae/t=05
£
Z
S|
0

[e]
—
S}
w F
~
W

[JK PRL '11]
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Conclusion

@ Polariton condensation vs lasing

Nonea
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Extra slides

© GPE stability
e Measuring superfluid density
@ Coherence

@ Coherence Finite size and Schawlow-Townes

[m] = = =
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Instability of Thomas-Fermi: details

EERE

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0
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Normal modes for ynet, [ — 0:
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Instability of Thomas-Fermi: details

EERE

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt
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Instability of Thomas-Fermi: details

L1

Unstable growth

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)

Add weak pumping/decay:

m(1 +2n)+2n(n+1)—m?
2m(1 +2n) +4n(n+1) + m?

Wn,n — Wnm + [Vnet
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Instability of Thomas-Fermi: details

ERRR

Stabilised

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

i
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)

Add weak pumping/decay:

m(1 +2n)+2n(n+1)—m?
2m(1 +2n) +4n(n+1) + m?

Wn,n — Wnm + [Vnet
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Measuring superfluid density

1. Effect rotating frame
Polariton polarization: (¢, ¢r)) @

2 r2 g2ic
H= )\( Re-2i6  _ 42 )
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Measuring superfluid density

1. Effect rotating frame
Polariton polarization: (¢, ¢r)) @

2 r2 g2ic
H= )\( Re-2i6  _ 42 )

®93

Ground state Berry phase:

ml’o

QAgii = Mw X F =

~ [

]
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Measuring superfluid density

1. Effect rotating frame

Polariton polarization: (¢, ¢r)) @
/2 r2g2id
HZ)\( rre—2i¢  _p2 )

bf3
Ground state Berry phase: ( ol

5 0.
b [ 2 ] Bl

A = M r==- |1 - ——
e = t=r " VAra :

2. Measure resulting current
Energy shift of normal state:
AE = (1/2)mv? = 0.08/m¢? ~ 0.1meV

Energy (meV)
P
&

3-2-10 1 2 3
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»
Coherence: »

ﬂ Coherence
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Coherence in a 2D Gas

Correlations: + =

gi(r.¥, 1) = (vH(r.u(r,0) )

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]
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Coherence in a 2D Gas

Correlations: (in 2D) + =

a(r. ¥ 1) = (wi(r, (¢, 0))
~ [t exp |~Dj,(r. ¥ )]

o D<= DK - DR DA

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]
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Coherence in a 2D Gas

Correlations: (in 2D) + =

a(r. ¥ 1) = (wi(r, (¢, 0))
~ [t exp |~Dj,(r. ¥ )]

@ D<=DK_DF DA
@ Generally, get:

(01(r.0(0,0)) = ol exp [—ap{

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]

In(r/ro) t~0
$In(c?t/netrd) r~0
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Experimental observation of power-law decay

5 SL .
10 -15 -10 -5 0o 5 10 15 10—15 -10 -5 o 5 10 15
X (um)

X (um)
G. Rompos, et al. PNAS ’12
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Experimental observation of power-law decay

-
A (I |
MU Lo
3
1.15]
14 ¢
3 ¢
S 105k
©
1k ¢
©
0.95[ ¢
e
~0 100 200 300 400
5 SL . Pumping power (mW)
10 -15 -10 -5 0 5 10 15 10—15 -10 -5 0 5 10 15
X (um) X (um)

G. Rompos, et al. PNAS ’12
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Exponent in a non-equilibrium 2D gas

2r

YI(r,0)1(—r,0) ) = |tho|? exp | D5, (r, —r)| < exp [—apln { =
o

lim
r—oo

@ Experimentally, ap ~ 1.2

1.25
1.2
1.15)
1.1

ap
<

1.05

0.95| ' ¢

400

=)

100 200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

2r

<¢T(r, 0)y(-r, 0)> = |4o|? exp [—D(jq&(r, —r)} x exp [—apln (E)}

lim
r—oo

@ Experimentally, ap ~ 1.2

—_ mkgT 1 "
@ In equilibrium a, = ﬁ < I (BKT transition)
™ s
1.25
1.2]
24
115 ¢ ¢
4
a 1.1
S 1.05) o@
1 ¢
¢
. ¢
0.95 QOI
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

<z/ﬁ(r, 0)y(—r, 0)> = [o|? exp [—D(jq&(r, —r)} ox exp [—apln (%)}

lim
r—oo

@ Experimentally, ap ~ 1.2

A kaT 1 .,
@ In equilibrium a, = ———— < - (BKT transition
9 b= oren: <4l )
oy . 1.25,
@ Non-equilibrium theory depends on b
thermalisation. ek 00
¢
a 1.1F
S 1.05F Oo
1k 4
L4
.95 L4
0.95| QOI
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

2r

YRS SRR P I )

@ Experimentally, ap ~ 1.2

@ In equilibrium a, = ———— < - (BKT transition
9 P = 2un2n; < 4\ )
@ Non-equilibrium theory depends on 112
thermalisation. ek 0%
» Thermalised (yet diffusive modes) < b M
a, — kaT S 1.05f o‘)
b 27‘('712[73 1 oo
0.95| QOI L
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

2r

YRS SRR P I )

@ Experimentally, ap ~ 1.2

@ In equilibrium a, = ——— < - (BKT transition
9 P = 2un2n; < 4\ )
e . 1.25
@ Non-equilibrium theory depends on b
thermalisation. ek 000
» Thermalised (yet diffusive modes) < b ¢
kaT S 1.05 M
8 = 535 0 ®
2nh nsl 1 o
» Non-thermalised, ot o 0
Pumping noise 0 3
ap X ——. ) 100 200 300 400
Ng Pumping power (mW)
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Finite size effects: Single mode vs many mode

(w(r 0y, 0)) = [P exp [~ D5, (1, ¥, )]

=} = = = = DAl
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Finite size effects: Single mode vs many mode

(w1(r, (¥, 0)) = [0l exp [~ D5, (r. ¥, 1)]
D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

Nmax

¢¢rrt)o<2/2w|(w

lon(r)2(1 — e1)
+/’Ynet) +'7net fn‘
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Finite size effects: Single mode vs many mode

(w(r 0y, 0)) = [P exp [~ D5, (1, ¥, )]

D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

Nmax

¢¢rrt)o<2/27r|(w

lon(r)2(1 — e1)
+/’Ynet) +'7net fn‘
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Finite size effects: Single mode vs many mode

(w1(r, (¥, 0)) = [0l exp [~ D5, (r. ¥, 1)]
D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

Nmax

len(NP(1 — &)
(r,r,t) /
¢¢ Z 2r | w + inet)? + '7r21et - 5%‘2

B¢ [T < Enax | _ Dy~ 1 In(Eray[55)
Epa!
Ynet i C t
D5~ (o
\/T <K AL < Emax — Energy; (2’Ynet> (27net>

(Recovers Schawlow-Townes laser linewidth)
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