Non-equilibrium coherence in light-matter systems
Condensation, lasing and the superradiance transiton

Jonathan Keeling
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact
“collectively” with light.

Superradiance — dynamical and steady state.
New relevance

@ Superconducting qubits

@ Nitrogen-vacancies in diamond D&j’J
L_A%‘),

—/
@ Ultra-cold atoms "ﬁ - E‘m
r\rPump

@ Rydberg atoms

@ Microcavity Polaritons &
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Dicke effect: Enhanced emission

PHYSICAL REVIEW VOLUME 93, NUMBER 1 JANUARY 1, 1954

Coherence in Spontaneous Radiation Processes

R. H. Dicke
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
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Dicke effect: Enhanced emission
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Problem: dipole interactions dephase. [Friedberg et al, Phys. Lett. 1972]
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Collective radiation with a cavity: Dynamics

STANT A

Himzz <‘/’TS;_ I ”tbS,-Jr) Single cavity mode: oscillations

1

[Bonifacio and Preparata PRA °70]
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Collective radiation with a cavity: Dynamics

STANT A

Ho — tS- 1St Single cavity mode: oscillations
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Dicke model: Equilibrium superradiance transition

T AT A

H=wyly +weS?+g (wTS* + ws+).

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model: Equilibrium superradiance transition

T AT A

H=wyly +weS?+g (wTS* + ws+).

@ Coherent state: |V) — e'+157|Q)

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model: Equilibrium superradiance transition

T AT A

H=wyly +weS?+g (wTS* + ws+).
@ Coherent state: |V) — e'+157|Q)
@ Small g, minat \,n =0

Spontaneous polarisation if: Ng? > wuwo |

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model: Equilibrium superradiance transition

T AT A

H=wyly +weS?+g (WS* + ws+).
@ Coherent state: |V) — e'+157|Q)
@ Small g, minat \,n =0

0

Spontaneous polarisation if: Ng2 > wa | 0 &N

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model: Superradiance at T # 0

H = w4+ wyS* + g (WS‘ + ¢s+).

@ T = 0 ground state if:

Ng? > wuwy l o

aN

[Hepp, Lieb, Ann. Phys. '73]
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Dicke model: Superradiance at T # 0

H=wily +weS?+g (w*s— n ¢S+).

@ T = 0 ground state if:

Ng? > wuwy l 0

@ T > 0, minimum free energy if
Ngztanh(ﬁwo) S ‘*’J

wo

SR

aN

SR

aN

[Hepp, Lieb, Ann. Phys. '73]
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No go theorem and transition

AT A

Spontaneous polarisation if: Ng? > wwy J

[Rzazewski et al PRL '75]
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No go theorem and transition

AT A

Spontaneous polarisation if: Ng? > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m

2

A
~Y ZAp = gluls +ush), o & NG+ v

[Rzazewski et al PRL '75]
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No go theorem and transition

AT A

Spontaneous polarisation if: Ng? > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m
-3 Z2A-p & gws +uS) ZA—2 & N¢(w + 'y
— m : ’ —~ 2m

For large N, w — w + 2N(. (RWA)

[Rzazewski et al PRL '75]
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No go theorem and transition

AT A

Spontaneous polarisation if: Ng? > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m
-3 Z2A-p & gws +uS) ZA—2 & N¢(w + 'y
— m : ’ —~ 2m

For large N, w — w + 2N(. (RWA)
Need Ng? > wo(w +2NC). |

[Rzazewski et al PRL '75]
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No go theorem and transition

AT A

Spontaneous polarisation if: Ng? > wwy |

No go theorem:.  Minimal coupling (p — eA)?/2m
e _
“2_ AP e glST +usY), Z— & NG(w +9T)?
]

For large N, w — w + 2N(. (RWA)
Need Ng? > wo(w +2NC). |

But Thomas-Reiche-Kuhn sum rule states: g2/wy < 2¢. No transition
[Rzazewski et al PRL '75]
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Dicke phase transition: ways out

Problem: g2 /wq < 2¢ for intrinsic parameters. Solutions:
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Dicke phase transition: ways out

Problem: g2 /wq < 2¢ for intrinsic parameters. Solutions:

@ Interpretation

Ferroelectric transition in D - r gauge.
[JK JPCM ’07, Vukics & Domokos arXiv:1206.0752 ]
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Dicke phase transition: ways out

Problem: g2 /wq < 2¢ for intrinsic parameters. Solutions:

@ Interpretation

Ferroelectric transition in D - r gauge.
[JK JPCM ’07, Vukics & Domokos arXiv:1206.0752 ]

@ Circuit QED [Nataf and Ciuti, Nat. Comm. ’10; Viehmann et al. PRL "11]
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Dicke phase transition: ways out

Problem: g2 /wq < 2¢ for intrinsic parameters. Solutions:

@ Interpretation

Ferroelectric transition in D - r gauge.
[JK JPCM ’07, Vukics & Domokos arXiv:1206.0752 ]

@ Circuit QED [Nataf and Ciuti, Nat. Comm. ’10; Viehmann et al. PRL "11]

@ Grand canonical ensemble:
» If H— H— p(S? +4T), need only:
N > (w — p)(wo — 1)
» Incoherent pumping — polariton
condensation.
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Dicke phase transition: ways out

Problem: g2 /wq < 2¢ for intrinsic parameters. Solutions:

@ Interpretation

Ferroelectric transition in D - r gauge.
[JK JPCM ’07, Vukics & Domokos arXiv:1206.0752 ]

@ Circuit QED [Nataf and Ciuti, Nat. Comm. ’10; Viehmann et al. PRL "11]

@ Grand canonical ensemble:
» If H— H— p(S? +4T), need only:
N > (w — p)(wo — 1)
» Incoherent pumping — polariton
condensation.

@ Dissociate g, wy, o
e.g. Raman scheme: wy < w. N
[Dimer et al. PRA *07; Baumann et al. Nature '/ﬁ - %\d pump
’10. Also, Black et al. PRL '03 ] = eump
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@ Dicke model and superradiance

e Microcavity Polariton condensation
@ Polariton Introduction
@ Non-equilibrium condensation vs lasing

e Raman pumped atoms
@ Raman pumped atoms — Introduction
@ Attractors of dynamics (fixed points)
@ Attractors of dynamics (oscillations)
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Microcavity Polariton Condensation

e Microcavity Polariton condensation
@ Polariton Introduction
@ Non-equilibrium condensation vs lasing
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Microcavity polaritons

0

Cavity Quantum Wells
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Microcavity polaritons

0

Cavity

Cavity photons:

Quantum Wells

wk = \/w3 + C2k?

~ wy + k?/2m*
m* ~10"*me

Energy

n=4

n=3

i

Momentum

Condensation lasing & superradiance
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Microcavity polaritons

Cavity

0

Cavity photons:

Wk =

\/wg + c2k?
wo + k2/2m*
10~*m,

Quantum Wells

o

In—plane momentum
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Microcavity polaritons

0

Cavity

Quantum Wells

Cavity photons:

wk = \/w3 + C2k? \Hl ‘&

~ wy + k?/2m*

m* ~10~*me

In—plane momentum

A,
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Microcavity polaritons

Cavity

Cavity photons:

wk=\/w§+02k2 \Hl

~ wy + k?/2m*

m* ~10~*me

In—plane momentum
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Polariton experiments: occupation and coherence

; PPy,

ma—é ° 0.02

Emission angle, 6 (degree)
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In-plane wavevector (10¢ cm-)

[Kasprzak, et al. Nature, '06]
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Polariton experiments: occupation and coherence

; PiPy,
wa—é ° 0.z
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[Kasprzak, et al. Nature, '06]
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(Some) other polariton condensation experiments

@ Quantised vortices
[Lagoudakis et al. Nat. Phys. 08. Science '09,
PRL ’10; Sanvitto et al. Nat. Phys. "10; Roumpos
et al. Nat. Phys. '10]

@ Josephson oscillations
[Lagoudakis et al. PRL °10]

s
o

Normalized population AN
o
=Y
Relative phase A¢ ()

Time (psec)

___ Superfluidity Vortex ejection Solitons
@ Pattern formation/Hydrodynamics
[Amo et al. Science ’11, Nature '09;
Wertz et al. Nat. Phys '10]
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Lasing-condensation crossover model

@ Use model that can show lasing and condensation:
" i/
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Lasing-condensation crossover model

@ Use model that can show lasing and condensation:
" %
J

Dicke model:

1
Hsys = wa/}llbk + Z [EaS§ + ﬁga,wksgf + H.C.]
k «
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Polariton model and equilibrium results

Localised excitons, propagating photons
H= N = 3 (k= i+ D (e — )83 + TS+ He

k
Self-consistent polarisation and field

gi 2 ca—1\> | 2 .2
(w—p)y = Z tanh (BE.), Ea =< 5 > + g5 |v|
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Polariton model and equilibrium results

Localised excitons, propagating photons
_ T z
H—puN = Z(Wk — W)y + Z(ea — 1)SG +

k
Self-consistent polarisation and field

ok
= kST +H.c.
VA

gi 2 ca—1\> | 2 .2
(w—p)y = Z tanh (BE.), Ea :( 5 > + g5 |v|

Phase diagram:

40

non-condensed

30 condensed

0 1x10° 2x10°

n (cm)'2
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Polariton model and equilibrium results

Localised excitons, propagating photons
_ T z
H—puN = Z(Wk — W)y + Z(ea — 1)SG +

k
Self-consistent polarisation and field

ok
= kST +H.c.
VA
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Phase diagram:
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Polariton model and equilibrium results

Localised excitons, propagating photons
H—pN= Z(wk — )l + Z(Ga — u)SL + gj%‘zpks; +H.c.

k
Self-consistent polarisation and field

2
Zgawtanh (BE.), E.?= (6‘”_“> AR

2
Phase diagram: Modes (at k = 0)
40 non-condensed 2
UPpP =
30 condensed 0 RS
g 7 on LP — -
\[: 20 / -
20T K
10
_4 | non-condensed @
0
0 1x10° 2x10° 2 -5 -1 0.5 0
n(cm)'2 we
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Simple Laser: Maxwell Bloch equations

H=wifp+ 3 S+ %ws; +Hec.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
op = —iwp —kp + 3, 9o Pa
0tPy = —2ieq Py — 2vP + gu N,
atNoz = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)
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Simple Laser: Maxwell Bloch equations

H=wifp+ 3 S+ %ws; +Hec.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
op = —iwp —kp + 3, 9o Pa
0tPy = —2ieq Py — 2vP + gu N,
atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)

6| 1# 02
o 0
£ 4 1 .
£ 02 2 @ Strong coupling. s,y < gv/n
z M 04

0 -0.6

-1 0 1
w/g
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Simple Laser: Maxwell Bloch equations

H=wifp+ 3 S+ %ws; +Hec.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
op = —iwp —kp + 3, 9o Pa
0tPy = —2ieq Py — 2vP + gu N,
atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)

0.2

o 0

2 :

£ 02 2 @ Strong coupling. s,y < gv/n

2 -0.4 @ Inversion causes collapse
0.6 before lasing

1 0 1
w/g
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Simple Laser: Maxwell Bloch equations

H=wifp+ 3 S+ %«bsg +Hec.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
op = —iwp —kp + 3, 9o Pa
0tPy = —2ieq Py — 2vP + gu N,
atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P;iﬂ)

6| 1B 02

o 0

2 4 1 .

E . , 02 2 @ Strong coupling. s,y < gv/n

§ 2 / \ 0.4 @ Inversion causes collapse
0.6 before lasing

1 0 1
w/g
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Poles of Retarded Green’s function and gain

9*No

-1
[DH(V)} =v—wk+ik+ m

o = = = = DAl
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Poles of Retarded Green’s function and gain

g*No __ _ A(v) + iB(v)

-1
[DH(V)} =V—wk+//€+m—

(a) 0.2

=N

&~

<
Absorption
)
s 5 S
B [S]
N

>

ee
(=]
(=]
(=)}
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Poles of Retarded Green’s function and gain

[DH(V)} - =v—wk+Iik+

PNo
v — 26+ 2y

(a)

—

Absorption

/g

1

0.2 1
0

02 2 9o
-0.4

-0.6 1
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Poles of Retarded Green’s function and gain

9*No

-1
[DH(V)} =V—wk+//€+m—

= A(v)+iB(v)

(a) 6 0.2 1

(b)

<
Absorption
)
s S
B [S]
No
(=)

o/g
\/ g
N\
\
\
\

—— Zero of R«
— — Zeroof I
2 2
-2y 2ywlg
Inversion, Ny
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Poles of Retarded Green’s function and gain

SNo  _ py 1 iBw)
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Non-equilibrium description: baths

System Bulk photon modes
Pumping Bath K
- \/\/\/\
- = = = Cavity mode \/\/\/\

Exciton

System * In—plane momentum
"\

Decay
bath
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Non-equilibrium description: baths

System Bulk photon modes

Pumping Bath

Cavity mode \/\/\/\

System * In-plane momentym
N\

Decay
bath

H= Hsys + Hsys,bath + Hbath

@ Decay bath: Empty (1 — —o0)
@ Pump bath: Thermal pg, Tg
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Non-equilibrium description: baths

System

Bulk photon modes

Cavity mode \/\/\/\

Pumping Bath

H= Hsys + Hsys,bath + Hbath

@ Decay bath: Empty (u — —o0)

System * In—plane momentum ) Pump bath Thermal s, TB
N\ Dgcahy
at|

0.3

Mean field theory

0 0.1 0.2 0.3
Density n/n,
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Stability and evolution with pumping

5 1 05 0 05 1

) . .
— B(w)
| %\4
0

| I \l I |\
v i S

L

3 T T T T T T T T
- ‘— Density of states, 2 Im[DR]‘
=
22
z
72}
g1
g

—01,5 -1

-0.5 0 0.5
Energy (units of g)

[DR(V)] ' Aw) +iBW)
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Stability and evolution with pumping

5 1 05 0 05 1

— A(w)
— B(w)
| C(w
0
L | L L | L | L
3 T T T T \V T T — T
—~ — Density of states, 2 Im[DR]
g ok — Occupation, n(®) i
ol
7
s
g
I
—Ol 5 -1 1

05 0 05

Energy (units of g)
R - _ H

[D (y)] — A(v) + iB()

iDK(V) _ C(v)
—23[DR(v)]  2B(v)

2n(v)+1 =
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Stability and evolution with pumping

5 1 05 0 05 1

— A(®)
— B(w)
1 C(w
0
5 :l::l:l: g1 7
- — Density of states, 2 Im[DR] @ | 1
g ok — Occupation, n(®) i “i 0 _]
z st ——
gz n e | ==
° = — = ]
E 3 7
=) I~ N h
> ~
%1 05 0 05 1 TN S~ _
Energy (units of g) g ~—_
= H——7Zero of Re S~
o -1 A== Zerooflm| ]
[D (y)] = A(v)+iB(v) 06 03 04 03
Bath occupation, 1, /g
inDK
iD"™ (v C(v
2n(v)+1 = (v) (v)

—23[DR(v)] ~ 2B(v)
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Strong coupling and lasing — low temperature
phenomenon

! Eqbm. polériton ‘ || Non-eqbrri. polariton ‘ | | Laser ‘ - -
£ — N\ ﬁ \ v
0 Mogp — — i / 7 & q
) - - /
R - -
3 < __// N
1 Z 1 1 ~ il
- { S N
o \
_2 lmon- | non- AN | non-
2 condensed conde‘nsed condensed N conde‘nsed condensed condensed]
2 -1 0 2 -1 0 -1 0 1
u/g up/g Inversion, N,
. . — Al
@ Laser: Uniformly invert TLS = B«»)%\<
0
/l/\l L \1 L l L
(45 7 a7 05 0 05 T 1

Energy (units of g)
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Strong coupling and lasing — low temperature
phenomenon

! Eqbm. pofariton ‘ || Non-eqbrri. polariton ‘ | | Laser ‘ P -7
£ — N\ ﬁ \ s
0 Mogp — — i / e & 4
o0 Ps - -~ /
= 7
3 -~ ——// N
-1 = | 1 ~ i
- { S
- \ N
Lnion- | non- AN | non-
2 condensed conde‘nsed condensed N conde‘nsed condensed condensed]|
2 -1 0 -2 -1 0 -1 0 1
we Up/g Inversion, N
. . — A(w)
@ Laser: Uniformly invert TLS =B )
@ Non-equilibrium polaritons: Cold bath %\4
0
/l/\l Il ‘V Il l L
A5 Y 17 05 0 05 "1

Energy (units of g)
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Strong coupling and lasing — low temperature
phenomenon

! Eqbm. pofariton ‘ || Non-eqbrﬁ. polariton ‘ | | Laser ‘ P -7
£ — N\ ﬁ \ s
0 Ropgg — — & / P <
2 -7 —// /
3 -~ N
-1 = | 1 ~ i
- { S
- \ N
Lnon- non- AN non-
2 L L
condensed conde‘nsed condensed N conde‘nsed condensed condensed]|
-2 -1 0 -2 -1 0 -1 0 1
we up/g Inversion, N,
. . — A(w)
@ Laser: Uniformly invert TLS |=3Bw ]
@ Non-equilibrium polaritons: Cold bath . %\4
. . L L Il Il | L
@ If Tg > v — Laser limit 15/1/1l 05 01 05 "1

Energy (units of g)
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Coherence, inversion, strong-coupling

Non-eqbm. polariton Laser

Polariton condensation: ? v
@ Inversionless s = N
@ allows strong coupling JEE
@ requires low T « condensation "
@ NB NOT thresholdless/single atom lasing.
November 2012 22/30
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Coherence, inversion, strong-coupling

Polariton condensation: [ [ [
0 Mt == . — - 4
@ Inversionless E I .
o allows stron g coup lin g 2 , LA s oo | O e N condensd] | ot |

weg

-1
Hplg

@ requires low T < condensation
@ NB NOT thresholdless/single atom lasing.

Related weak-coupling inversionless lasing:
@ Circuit QED [Marthaler et al. PRL11]

Noise .
T

(DCavity

Noise-assisted

Off-resonant cavity

Emission/absorption 't ~ 2ng(+dw) + 1
» Low T — inversionless threshold

v

v

v

Wrs
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Coherence, inversion, strong-coupling

i i - Eqbm. polariton Non-egbm. polariton Laser =g

olariton conaensation: | .

— [ 2
o | i o - (
' w -
@ Inversionless g N I
- [ ~
o al Iows S-t ron g cou p I i n g 2 C‘E‘:;Nd condensed] zngiEI‘\s‘:\\\cnndem:d' o ensed | condensed]
2 | 0 2 E 0 4 0
W e Inversion, Ny

@ requires low T < condensation
@ NB NOT thresholdless/single atom lasing.

Related weak-coupling inversionless lasing:
@ Circuit QED [Marthaler et al. PRL11]

Wrs

Noise .
T

('OCavity

v

v

>

>

Noise-assisted

Off-resonant cavity

Emission/absorption 't ~ 2ng(+dw) + 1
Low T — inversionless threshold

@ Photon condensation [Klaers et al. Nature '10]
» Vibrational modes — thermalisation
» Inversionless weak coupling lasing
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Raman pumped Dicke model (atoms)

e Raman pumped atoms
@ Raman pumped atoms — Introduction
@ Attractors of dynamics (fixed points)
@ Attractors of dynamics (oscillations)
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | ), | M1):

b v(x,z) =1 '
.»H E" o V(xz)= > eloxtr?)
o,0'=%+
wo = 2Wrecoil

(\fPump

H = wipTp + wo S?
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | ), | M1):

b v(x,z) =1 '
'ﬁﬁ E" o Wxz)= ¥ ekl
o,0'=%+
wo = 2Wrecoil

(\fPump

H = wiplh + woS? + g(v + 1) (S~ + ST)
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | ), | M1):

b v(x,z) =1 '
'ﬁﬁ E" . W(xz)= ¥ ekoried
o,0'=%+
wo = 2Wrecoil
r\fPump gz
0

We — Wa

Feedback: U

H = wiplyp +woS? + g(v + 1) (S~ + ST)+US14p.
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Extended Dicke model [Baumann et al. Nature 2010]

2 Level system, | ), | M1):
b v(x,z) =1

'ﬁﬁ E" o Vxz)= ¥ ekloxird
o,0'=%+
wo = 2Wrecoil

(\rPump gg

Feedback: U

We — Wa

H = wiplyp +woS? + g(v + 1) (S~ + ST)+US14p.
Orp = —i[H, pl—r(Tp — 20 pyT + piTep)
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | ), | M1):

b v(x,z) =1 '
'ﬁﬁ E“’ . W(xz)= ¥ ekoried
o,0'=%+
wo = 2Wrecoil
r\fPump gz
0

We — Wa

Feedback: U

H = wiplyp +woS? + g(v + 1) (S~ + ST)+US14p.
Orp = —i[H, pl—r(Tp — 20 pyT + piTep)

Classical EOM S~ = —i(wo+ Uy [P)S™ + 2ig(v + 1*)S?
(IS|=N/2>1) S = ig(y +¢*)(S™ — SY)
b= — [k +i(w+US?)] Y — ig(S™ + ST)
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Fixed points (steady states)

0 = i(wo+U|y2)S™ + 2ig(v) + 1*)S?
0=ig(y+¢*)(S™ - 8")
0=—[r+ i(w+US?)]v —ig(S~ + S*)
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Fixed points (steady states)

e =0,S=(0,0,£N/2)
0 = i(wo+U|1[?)S™ + 2ig(vy + 1*)S? always a solution.
0=ig(y+v¢*)(S™ - 8%)
0=—[r+ i(w+US?)]v —ig(S~ + S*)
o

Small g: 1, | only.
(w =30MHz, UN = —40MHz)
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Fixed points (steady states)

@y =0,S=(0,0+N/2)

0 = i(wo+U|1[?)S™ + 2ig(vy + 1*)S? always a solution.
0=ig(y +¢*)(S —SM) @ Ifg>gc ¢ # 0too
_ - b — i G— o GF A S =-8[S]=0
0=—[s+i(w+US?)] ¥ — ig(S™ + S¥) B 9 = RY] = 0
(0] (0]
o
[ X
Small g: 1, § only. Larger g: SR too.

(w = 30MHz, UN = —40MHz)
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Steady state phase diagram

UN=0, x=0
0 = i(wo+ U [?)S™ +2ig(sh + v*) S e ! K
0=ig(+¢*)(S™ - S")
0=—[x+i(wtrUSH)]| —ig(S™ + ST) %0 N
N

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

UN=0, k=0

0 = ifwo + U[?)S™ + 2ig(s + v*)S? s y R
0=ig(y+¢*)(S™ - 8")
0=—[r+i(w+USH]y —ig(S™ + ST) 0 o

40 , NeO ll SR(A) Sy =0

200 A / SR
g 0 — = i
H | "

20 1 \ SR

-40 :

0 0. 1 15
2N (MHz)

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

® (MHz)

20

0

UN=0, k=0
0 = i(wo+ Ul¢:2)S™ + 2ig(t + )87 s y sk
0 = ig(v + ¥*)(S™ — ST)
0=—[k+i(wtUS)]v—ig(S™ + ST) 0 |
VN
40 , T ll i SR(A) Sy =0
200 4 / SRA
o Ut C SRB .
b+1 SR(B): ¢/ =0
20 0 \ SRA .
-40 :
0. 1 1.5
2N (MHz) =
See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

UN=0, k=0
0 = i(wo+ Ul¢:2)S™ + 2ig(t + )87 s y R
0= ig(t +47)(S™ — &%)
0=— [+ i(w+US?)] ¢ — ig(S~ + SH) 0 N
40 , N30 ll i SR(A) Sy =0
U SRA
20
S o| s SRB .
° b+ SR(B): ¢’ =0
-20 e
T \ SRA s
-40 :
0 0. 1 1.5
2N (MHz) .
See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

UN=0, k=0
0 = i(wo+U|¢[2)S™ + 2ig(w + ¢*) S? . . .
0=1ig(y +¢*)(S™ — S%)

O:—[/‘i+i(w+USz)]¢_ig(S—+S+) 00 \/
aN
® SRA+T UN=-40 4 . SR(AL; S, =0
Y SRA
20

5 SRB+1 .

S o bt (8 SRB . X
) SRB+T U+ SR(B): ¢/ = 0

20 =F /'\ SRA . e !
SRA+U
40 ‘
0 05 1 15
¢VN (MHz) . }

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Comparison to experiment

Pump lattice depth (E;)

0
J 10 ¢ =
s
g 220 ?;
g 30 :
40 :
0 0.5 1 1.3 2 25 oum power ()
¢ N (MHz)*
UN = —10MHz ,
Adapted from: [Bhaseen et al. PRA ’12] [Baumann et al Nature "10 ]
5 for
w=we—wp+ =UN UN=--——3
c P2 ’ 4(wa — we)
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Regions without fixed points

Changing U: A Q

® (MHz)

40

20

-20

40

‘ UN=-40
4 SRA
s SRB
N \ SRA
0.5 1 1.5
2N (MHz)
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Regions without fixed points

. o
Changing U: Uox —2
We — Wga
40 ‘ UN=-40
U SRA
20
S of st SRB
3
-20
] \ SRA
-40 ‘
0 0.5 1.5
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Regions without fixed points

Changing U:
40 UN=0
0t SR
g 0 —_—
s X |
20 SR
-40
0 1.5

1
2N (MHz)

Jonathan Keeling

Condensation lasing & superradiance
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Regions without fixed points

Changing U:
40 / UN=20
- SRA
- 20 ¥
=
g 0
3
20 F T C SRA
-40 :
0.5 1.5
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Regions without fixed points

Changing U:
40 / UN=40
0 U N SRA
g
Y
-20
i ST SRA
\
0.5 1.5
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U x

9

We — Wa

November 2012

28/30



Regions without fixed points

Changing U:
0 / UN=40 1200
20 U e SRA 1000
- . 800
E 0t Persistent Oscillations | Z 0600
3 400
20 200
N\ SRA
0
40 \
0 05 1 15
2N (MHz)

Jonathan Keeling Condensation lasing & superradiance
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Uos %0
We — Wa
o
e

6 8 10 12 14
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Persistent (optomechanical) oscillations

0 UN=40 1200
20 u ¥ SRA 1000 o)
800 |
~ .
Z . S oo |
S 0r Persistent Oscillations 1 =600
8 400
-20 200 t —
X SRA o
( T
40 ) 0 2 4 6 8 10 12 14 16 18
0 1.5 t (ms)

1
2N (MHz)

0 . .
18.00 18.02 18.04 18.06 18.08
t(ms)
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Summary

@ Non-equilibrium Dicke relevant to increasing number of systems

SRA

o

7y
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Extra slides

e Ferroelectric transition
© Dicke vs JCHM
e Retarded Green'’s function for laser

ﬂ Timescales for Raman pumped experiment

o 5 =
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Ferroelectric transition
Atoms in Coulomb gauge

H = Zwkaﬁak + Z[Pi — eA("i)]2 + Veoul
i

=} = = = = DAl

Jonathan Keeling Condensation lasing & superradiance



Ferroelectric transition
Atoms in Coulomb gauge

H = Zwkalak + Z[Pi — eA(ri)]2 + Veoul
i

Two-level systems — dipole-dipole coupling

H = woS? +wiplep + g(ST + S7) (¥ + ¢T) + NC(v + 912 —n(ST — S7)?

(nb g% ¢, noc 1/V).
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Ferroelectric transition
Atoms in Coulomb gauge

H = Zwkalak + Z[Pi — eA(ri)]2 + Veoul
i

Two-level systems — dipole-dipole coupling
H = woS +wily + g(S* + 87)(¢ +¢T) + N¢(¥ + ¢T)2 (ST — §7)?

(Nb g2, ¢, o 1/V). Ferroelectric polarisation if wo < 27N |
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Ferroelectric transition
Atoms in Coulomb gauge

H=> walak+ > o — AP + Voou
i
Two-level systems — dipole-dipole coupling
H = woS +wip+ g(ST+ 87) (0 + 91) + NC(¢ + 42— (ST — §7)?

(Nb g2, ¢, o 1/V). Ferroelectric polarisation if wo < 27N |
Gauge transform to dipole gauge D - r

H = woS? + wioly + g(St — 87) (v — 1)

“Dicke” transition at wy < Ng?/w = 2nN )

But, ¢ describes electric displacement
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Extra slides

e Ferroelectric transition
© Dicke vs JCHM
e Retarded Green'’s function for laser

ﬂ Timescales for Raman pumped experiment
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Equilibrium: Dicke model with chemical potential

H—uN = (@ — p)it + (wo — 1) S% + g (8™ + ")

@ Transition at:
G°N > (w — p)(wo — p)
@ Reduce critical g

(L-w)/g

U VR C SN SN Y
|

[Eastham and Littlewood, PRB ’01]
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Equilibrium: Dicke model with chemical potential

H—uN = (@ — p)it + (wo — 1) S% + g (8™ + ")

unstable

(L-w)/g

U VR C SN SN Y
|

[Eastham and Littlewood, PRB ’01]

@ Transition at:

G°N > (w — p)(wo — p)
@ Reduce critical g
@ Unstable if > w
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Equilibrium: Dicke model with chemical potential

H—uN = (@ — p)it + (wo — 1) S% + g (8™ + ")

unstable

(L-w)/g

U VR C SN SN Y

(0 - 0)/g

[Eastham and Littlewood, PRB ’01]

4 3 2 0

@ Transition at:

G*N > (w — p)(wo — p)

@ Reduce critical g
@ Unstable if > w
@ Inverted if > wo

Jonathan Keeling Condensation lasing & superradiance November 2012
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Jaynes-Cummings Hubbard model

IR T I ]

=——Z¢T¢I+Z—J + 9( ¢TO' +H.c.)
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Jaynes-Cummings Hubbard model

IR T I ]

:——Z¢T¢I+Z§U +9(lor +Hc)

Unstable

Normal

0.001 0.01 0.1 1
Jg
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Jaynes-Cummings Hubbard model

0

=——Z¢T¢,+Z Sof+g(wio; +He)

0 0
Unstable Alg=-6 Unstable
-2
-4
) )
3 -l El
-6
Normal -8 Normal
2 -10
0.001 0.01 0.1 1 0O 1 2 3 4 5 6 7 8 9 10
g /g
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Dicke vs JCHM

JCHM Dicke
20
Kl
2
- -4 -3 -2 -1 0 1 2
01 23 4567 8910 (@- Ve
Jg
=] = = E == LA
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Dicke vs JCHM

JCHM Dicke

(u-0)/g

1
N onn#l

1
L

0 1 2 3 4 5 6 7 8 910
Jg

@ k =0 mode of JCHM <+« Dicke photon mode

=] = = E == LA
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Dicke vs JCHM

JCHM
0 T
: Alg=-6 Unstable
-2 1
i
=0
20 4 I §
E} [ =
-6
1
-8 Norm#l
I
-10 1

0 1 2 3 4 5 6 7 8 910
Jig

@ k=0 mode of JCHM <« Dicke photon mode
@+ < n=1NMottlobe
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Dicke vs JCHM

0 T
: Alg=-6 Unstable
2 1
1
I o0
on - ! H
) i £
-6
1
-8 Norm#l
I
-10 L - - E -
01 2 3 45 6 7 8 910 (0 - w)/g
Jig

@ k=0 mode of JCHM <« Dicke photon mode
@+ < n=1NMottlobe
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Extra slides

e Ferroelectric transition
© Dicke vs JCHM
e Retarded Green'’s function for laser

ﬂ Timescales for Raman pumped experiment
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

=N

IS

Absorption
0~
s 6
e [
No

=}

@ Introduce D (w):
Response to perturbation

@ Absorption = —23[D(w)]
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

=N

IS

Absorption
0~
s 6
e [
No

=}

Onp = —iwoh — K + 32, Ga P
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[D(w)]

g°No
w—2¢+ 2y
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

6
E 0
) ¢ 02 .2
g A
22 0.4

0 -0.6

\\ [ /
w/g

Onp = —iwoh — K + 32, Ga P
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = ﬁ(wg(w)g

1 2N
R o , g~No _ .
[D (w)] =w—wk+IiKk+ W2t 2y A(w) + iB(w)
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

-0.2 ZO
Y N2

\\ //

(a)

=N

Absorption
IS

[SEEN
.
o
=N

-1 [— AWl

w/g (D/g

Op = —lwop — K + 3, 9aPa
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = ﬁ(‘g(w)z
- 2
Df(w)] W wetint #’:’fm — Aw) + iB(w)
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Maxwell-Bloch Equations: Retarded Green’s function

(a) 6 0.2
1 é 4 0
. £ 02 2
22 0.4
— A) 0.6
1 —sal] \\ 7 /
-1 0 1
w/g (D/g

Op = —lwop — K + 3, 9aPa
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DA(w)] = #WB)(W
—_ 2
D)) = e+ in + % = Aw) + iB(w)
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Maxwell-Bloch Equations: Retarded Green’s function
. ) /
I\~ 0 )4/: Bio)

=N

=1

[§)
—_

(a)

IS

Absorption

[S]

— A(w)
1 — B 0 0.6 1
1 0 1 -1 0 1
wlg m/g /g

Op = —lwop — K + 3, 9aPa
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = #WB)(W
- 2
Df(w)] W wetint #’:’fm — Aw) +iB(w)
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Extra slides

e Ferroelectric transition
© Dicke vs JCHM
e Retarded Green'’s function for laser

ﬂ Timescales for Raman pumped experiment
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Dynamics: Evolution from normal state

Gray: S = (VN,VN,-N/2)

Black: Wigner distribution of S, ¢ ,
0 ‘ ‘ ‘
40 ‘ o) UN=-40 0 20 40 ) 60 80
. A t (ms
4 SRA (
20 .
(i) |
=
S o SRB
3 ﬁ
200 \(iii) SRA ‘ ‘
. 0.1 0.2 0.3 0.4
40 \ t (ms)
0 05 1 15 ‘
2N (MHz) 0
40155 51 |
Oscillations: ~ 0.1ms
Decay: 20ms, 0.1ms, 20ms
0 ‘
0 100 200
© t (ms)
November 2012 41/45
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Asymptotic state: Evolution from normal state

(Near to experimental UN = —13MHz).

All stable attractors:

40 UN=-10

200 4 SRA
g ob Ual =" SRB
3

20 [ \ SRA

0 0 0.5 1.5

Jonathan Keeling

1
VN (MHz)

Condensation lasing & superradiance
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Asymptotic state: Evolution from normal state

(Near to experimental UN = —13MHz).
Starting from |

All stable attractors:

40 40 Asymptotic state
UN=-10 ymp /9
4 SRA
20p 4 SRA 20 7
5 2| .
S oof Ul SRB 2 0L o SRB
3 3 W\\
20t T SRA 20 N
m 3 SRA
\\\
-40 -40 *
0 0.5 1 1.5
2N (MH2) 0 0.5 1 1.5
2N (MHz)
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Timescales for dynamics: What are they?

10s
Initial growth time
1s
20
A 3 100ms
0 Asymptotic staté g 10 ~
/' = 10ms
2 A SRA 102 = 0 One unstable direction
// 3 1ms
g U Y
S0 S
8 N z 10ps
220 \\ H 100 40
T N SRA 0 0.5 1 15
\ . VN (MHz)
-40 =10
0 0.5 1 1.5
2N (MHz)

Growth Most unstable eigenvalues
nearS = (0,0,—N/2)
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Timescales for dynamics: What are they?

Initial growth time
5 20
40 -
Asymptotic sta;rf g 1o .
/ =
5 = 0 One unstable direction
10 =g
3
S
1 -20
s 101
3 Es
e 100 -40
0 0.5 1 15
. VN (MHz)
=100

2N (MHz)

Growth Most unstable eigenvalues
nearS = (0,0,—N/2)
Decay Slowest stable eigenvalues
near final state

® (MHz)

0 0.5 1 15
2N (MHz)
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Timescales for dynamics: Consequences for
experiment

3
40 Asymptotic sta;c’ 10
/
20 10?
§ I3
S o 10"
s [T A s
20 0
1 10
40 107!
0 0.5 1 1.5

2N (MHz)

=} = = = = DAl
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Timescales for dynamics: Consequences for
experiment

10°
107
10'
3
40 Asymptotic staté 10 o
/ 10
20 10°
_ m 10!
3 0.0 05 1.0 15 20 25
S o 10" & N (MHZ)
s |77 E
20 0
1 10
-40 10"
0 0.5 1 1.5
2N (MHz)
=] = = E == LA
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Timescales for dynamics: Consequences for
experiment

10°
| y 107
10!
3
4 Asymptotic staté 10 i i o
/ p 10/
20 10°
_ m - 10!
3 0.0 05 1.0 15 20 25
S o0 10', &N (MHZ)
s [T 5
220 10°
i)
-40 10"
0 0.5 1 1.5
2N (MHz)




Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

H=.. . +9@'S  +¢SH)+d WSt +¢vS)+...

2 Level System
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

H=.. . +9@'S  +¢SH)+d WSt +¢vS)+...

40

UN=-10
20 A SRA
R Y 5 SRB
e
20 b \ SRA
-40 :
0 0.5 1 1.5
2N (MHz)
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Timescales for dynamics: Why so slow and varied?
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
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@ SR(A) near phase boundary at small 6g — Critical slowing down
@ SR(A), SR(B) continuously connect

Jonathan Keeling Condensation lasing & superradiance November 2012 45/45



	Dicke model and superradiance
	Microcavity Polariton condensation
	Polariton Introduction
	Non-equilibrium condensation vs lasing

	Raman pumped atoms
	Raman pumped atoms – Introduction
	Attractors of dynamics (fixed points)
	Attractors of dynamics (oscillations)

	Appendix
	Ferroelectric transition
	Dicke vs JCHM
	Retarded Green's function for laser
	Timescales for Raman pumped experiment


