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Dicke model: Superradiance transition

[Dicke, Phys. Rev. '54]
T ANT ANS Many 2 level atoms
Use ) ;S;— S

H=wily +weS?+g (¢TS— +¢S+).

[Hepp, Lieb, Ann. Phys. 73]
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Dicke model: Superradiance transition

[Dicke, Phys. Rev. '54]
T ANT ANS Many 2 level atoms
Use ) ;S;— S

H=wily +weS?+g («,zﬁs— + ¢s+).
@ Coherent state: |W) — e\'+75"|Q)
@ Small g, minat \,n =0

Spontaneous polarisation if: Ng? > wwy J

[Hepp, Lieb, Ann. Phys. 73]
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Dicke model: Superradiance transition

[Dicke, Phys. Rev. '54]
T ANT ANS Many 2 level atoms
Use ) ;S;— S

H=wily +weS?+g («,zﬁs— + ¢s+).

. 8 ] SR
@ Coherent state: [W) — &' +157|Q)
@ Small g, minat \,n =0 0
Spontaneous polarisation if: Ng? > wwy J 0 N

[Hepp, Lieb, Ann. Phys. 73]
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Outline

@ Introduction: Dicke model and superradiance
@ Rayleigh scheme: Generalised Dicke model

@ Attractors of dynamics (fixed points)
e Approach to attractors: timescales

e Attractors of dynamics (oscillations)
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):

I v(x,z) =1
'ﬁﬁ E" o V(xz)= > eloxtr?)
o,0'=%
wo = 2Wrecoil

(\rPump

H = wipTp + wy S?
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):

I v(x,z) =1
'ﬁﬁ E" o V(xz)= > eloxtr?)
o,0'=%
wo = 2Wrecoil

(\rPump

H = wyfy + w8 + g(v + ¢1) (S~ + ST)
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):

I v(x,z) =1
'ﬁﬁ E" o V(xz)= > eloxtr?)
o,0'=%
wo = 2Wrecoil
(\fPump gz
0

We — Wa

Feedback: U

H = wipTep +woS? + g(v + »1)(S™ + ST)+US ) 14p.
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):
I v(x,z) =1

'ﬁﬁ E‘ o Vxz)= ¥ ekloxird
o,0'=%
wo = 2Wrecoil

(\rPump gg

Feedback: U oc ———

We — Wa

H = wipTep +woS? + g(v + »1)(S™ + ST)+US ) 14p.
Orp = —i[H, pl—k(¢Tp — 20p0" + pyTy))
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):

I v(x,z) =1
.»H E" M V(x,2)= 3 ekloxioa)
o,0' =%
wo = 2Wrecoil
r\fPump gz
_ 90

We — Wa

Feedback: U

H = wiplh + woS? + g(v + 1) (S™ 4+ SH)+ US4 1),
Orp = —i[H, pl—r (b pp — 20 p" + pipTy)

Semiclassical EOM S~ = —i(wo+U[4|?)S™ + 2ig(sh + %) S?
(IS =N/2>1) S =ig(y +v¢*)(S™ - ST)
h = — [k + i(w+US?)] ¢ — ig(S™ + ST)
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Extended Dicke model [Baumann et al. Nature '10]
2 Level system, | ), | 1):

I v(x,z) =1 '
.»H E" M V(x,2)= 3 ekloxioa)
o,0' =%
wo = 2Wrecoil
r\fPump gz
_ 90

We — Wa

Feedback: U

H = wiplh + woS? + g(v + 1) (S™ 4+ SH)+ US4 1),
Orp = —i[H, pl—r (b pp — 20 p" + pipTy)

Semiclassical EOM S~ = —i(wo+U|v?)S™ + 2ig(y + ") S*
(ISl=N/2>1) S% = ig( +4*)(S™ — ST)
h = — [k 4 i(w+US?)] v — ig(S™ + ST)
wo ~ kHz < w, k, gv/N ~ MHz.
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Fixed points (steady states)

0 = i(wo+U|y2)S™ + 2ig(v) + 1*)S?
0=ig(y+¢*)(S™ —S")
0=—[k+i(w+USH)]—ig(S™ + ST)

o = = = Z|= 9a0
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Fixed points (steady states)

e =0,S=(0,0,£N/2)
0 = i(wo+U|1[?)S™ + 2ig(vy + 1*)S? always a solution.
0=ig(y+v¢*)(S™ - 8%)
0=—[r+ i(w+US?)]v —ig(S~ + S*)
o

Small g: 1, | only.
(w =30MHz, UN = —40MHz)
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Fixed points (steady states)

@y =0,S=(0,0+N/2)

0 = i(wo+U|1[?)S™ + 2ig(vy + 1*)S? always a solution.
0= ig(v +¢*)(S~ — S*) @ If g > ge, ) # 0100
i N io(S- 4+ St A S =—5[S]=0
0=—[x+i(w+US) ¢ —ig(S™ + S*) B v = %o = 0
o o

[} X

Small g: 1, | only. Larger g: SR too.
(w =30MHz, UN = —40MHz)
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Steady state phase diagram

UN=0, k=0
0 = i(wo+ U [?)S™ +2ig(sh + v*) S e ! K
0=1ig(y+¢")(S™ ~ ST
0=—[x+i(wtrUSH)]| —ig(S™ + ST) %0 N
N

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10

Jonathan Keeling Collective dynamics BAMC, March 2012 6/14



Steady state phase diagram

UN=0, x=0
0 = i(wo+ Ult2)S™ + 2ig(y + ") S? s y SR
0=1ig(¢+¢*)(S™ - S)
0=—[r+ i(w+US?)]v —ig(S~ + ST) 0. )
N

40 , NeO ll SR(A) Sy =0

20 A / SR
g 0 — ’
B X | ’

20 1 \ SR

-40 ‘

0 0. 1 1.5
2N (MHz)

See also Domokos and Ritsch PRL ‘02, Domokos et al. PRL 10
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Steady state phase diagram

0 = i(wo+U|y?)S™ + 2ig(h + p*)S?

0= ig(t)+ ") (S~ — %)

0=—[x+i(wtrUSH)]| —ig(S™ + ST)
40 UN=-10 Y o
20t 4 SRA
§ o b el N SRB =
° L+
20 1 SRA .
-40
0 1.5

1
2N (MHz)

See also Domokos and Ritsch PRL '02, Domokos et al. PRL

Jonathan Keeling

Collective dynamics

UN=0, k=0
4 SR
N
SR(A): Sy =0
SR(B): ¢/ =0

10
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Steady state phase diagram

0 = i(wo+U|y?)S™ + 2ig(h + p*)S?

0= ig(t)+ ") (S~ — %)

0=—[k+i(wtUS)]v—ig(S™ + ST)
40 UN=-10 Y o
20 A SRAAT SRA
I~ /SRA
O P i < SRB i
° ﬂ b+
220 b SRAD SRA
40
0 1 1.5
2N (MHz)

See also Domokos and Ritsch PRL '02, Domokos et al. PRL
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UN=0, k=0
4 SR
N
SR(A): Sy =0
SR(B): ¢/ =0
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Steady state phase diagram

0 = i(wo+U|y?)S™ + 2ig(h + p*)S?

0= ig(t)+ ") (S~ — %)

0=—[rk+i(wtUS?)]¢ —

40 :
20 /

® (MHz)

-
0} ll+ﬂC
20 F

40 ‘ \
0.

0 1
2N (MHz)

See also Domokos and Ritsch PRL '02, Domokos et al. PRL

Jonathan Keeling

ig(S™ + St
UN=-20 Y o
SRA
SRB =
b+
SRA .
1.5

Collective dynamics

UN=0, k=0
4 SR
N
SR(A): Sy =0
SR(B): ¢/ =0

10
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Steady state phase diagram

0 = i(wo+U|y?)S™ + 2ig(h + p*)S?

0= ig(t)+ ") (S~ — %)

0=—[k+i(wtUS)]v—ig(S™ + ST)
40 ‘ / UN=-40 4 o
i U SRA
§ o [ 441 SRB =
° L+
20 e
i \ SRA
-40 :
0 0. 1.5

1
2N (MHz)

See also Domokos and Ritsch PRL '02, Domokos et al. PRL
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Steady state phase diagram

0 = i(wo+U|y?)S™ + 2ig(h + p*)S?

0= ig(t)+ ") (S~ — %)

0=—[k+i(wtUS)]v—ig(S™ + ST)

40 SR W UN=-40 4 o

i U SRA
- SRB+1
S o|det (B SRB .
N SRB+T b+1

20 e

i SRA
NN
-40 ‘
0 0. 1 1.5
2N (MHz)

See also Domokos and Ritsch PRL '02, Domokos et al. PRL
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UN=0, k=0
4 SR
N
SR(A): Sy =0
SR(B): ¢/ =0

10
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Comparison to experiment

Pump lattice depth (E;)

0
g -10 -
=
g 220 ?;
g 30 g
40 : |
0 0.5 1 1.5 2 2.5 e00
g2 N (MHZ)2 Pump power (uW)
UN = —10MHz :
Adapted from: [Bhaseen et al. PRA ’12] [Baumann et a/ Nature "10 ]
5 g?
w=we—wp+ =UN UN=_—-_30
¢ TP T 4(wg — we)
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Outline

0 Approach to attractors: timescales

=] = = E = DA
Jonathan Keeling Collective dynamics



Timescales for dynamics

40 Asymptotic sta’;c’ 10
/
20 10°
g U
s 0l . 10,
3 =
20 0
1 10
-40 107!
0 0.5 1 15

2N (MHz)

=] = = E == LA
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Timescales for dynamics

40 10s
Initial growth time
1s
40 , - 03 20 100ms
Asymptotic state ~
/' = 10ms
2 A SRA 102 = 0 One unstable direction
// 3 1ms
g U Y
o N
8 N z 10ps
20 N 10° 40
T N SRA 0 0.5 1 15
\ . VN (MHz)
-40 =10
0 0.5 1 1.5
2N (MHz)

Growth Most unstable eigenvalues
nearS = (0,0,—N/2)
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Timescales for dynamics

40 10s
Initial growth time
1s
40 - 10° 0 100ms
Asymptotic state B =
/ E 0 O table directi 10ms
2 = ne unstable direction
10 3 1ms
E o', -20 100ps
3 5 0
e 100 -40 "
0 0.5 1 1.5
" VN (MHz)
- 10 10s
2N (MHz) Is
100ms
Growth Most unstable eigenvalues ) 10ms
=
near S = (0,0, —N/2) s s
Decay Slowest stable eigenvalues 100
near final state 10us

0 0.5 1 15
2N (MHz)
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Timescales and sweeps

150 — 25
2le2(Leﬂ) — 2
1o | &N ®ighy
15
=
1
50
el 0.5
oL 0
00 20 40 60 80 100
t(ms)
60 /
/ 10ms sweep 108
H 10
L 101
e
] 10-1
0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 15 2.0 2.5
&2 N (MHZ?) 2N (MHZ?)

Collective dynamics



Outline

° Attractors of dynamics (oscillations)

=] = = E = DA
Jonathan Keeling Collective dynamics



Regions without fixed points

Changing U: A Q

® (MHz)

40

20

-20

40

‘ UN=-40
4 SRA
s SRB
N \ SRA
0. 1 1.5
2N (MHz)

Jonathan Keeling Collective dynamics

We — Wa
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Regions without fixed points

. o
Changing U: Uox —2
We — Wga
40 ‘ UN=-40
U SRA
20
S of st SRB
3
-20
] \ SRA
-40 ‘
0 0.5 1.5
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Regions without fixed points

. o
Changing U: Uo —20
We — Wa
40 ‘ UN=0
201 4 SR
g 0 —
s X |
20 \ SR
40 :
0 0.5 1 15
2N (MHz)
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Regions without fixed points

Changing U:
0 / UN=40
ol SRA
= 0 Persistent Oscillations
3
20
XX SRA
40 \
05 L5

Jonathan Keeling Collective dynamics

U x

9

We — Wa
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Regions without fixed points

Changing U:
0 / UN=40 1200
20 U e SRA 1000
- . 800
E 0t Persistent Oscillations | Z 0600
3 400
20 200
NN\ SRA
0
40 \
0 05 1 15
2N (MHz)

Jonathan Keeling Collective dynamics

U x

9

We — Wa

1

8 10 12 14
t (ms)

BAMC, March 2012
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Persistent (optomechanical) oscillations

1200

s S = —i(wo + U[¢[?)S™ + 2ig(¢p +¢~)S?
- §* =ig(v +¢*)(S™ - ")
N ’l/} — _ [l‘i + ,(w + USZ)] 'lp _ Ig(sf + S+)
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Persistent (optomechanical) oscillations

1200

s S = —i(wo + U[¢[?)S™ + 2ig(¢p +¢~)S?
- §* =ig(v +¢*)(S™ - ")
N ’l/} — _ [l‘i + ,(w + USZ)] 'lp _ Ig(sf + S+)

Fix w + US? = 0 if ¢/ = 0.
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Persistent (optomechanical) oscillations

1200

son § = —i(wo + Uv?)S™
0 2 4 6 f(m:)o 1214 16 18 ’l/}:—[/i ]w—lg(si+s+)

Fix w + US? = 0 if ¢/ = 0.
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Persistent (optomechanical) oscillations

1200

1000 (o]

s 600

400

200 —__
[©)

o . .

0 2 4 6 8 10 12 14 16 I8
t(ms) /l/} - — [/{/

Fixw+ US* =0ify’ =0.
N2

§ = —i(wo + Uuf)S™

| —ig(S™+8™)

0 = wo + UW\2

S —rei0 y— o (S%)2 Y + Kep = —2igr cos()

Jonathan Keeling Collective dynamics
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Persistent (optomechanical) oscillations

1200

S §™ = —i(wo + Ul[?)S™
0 2 4 6 22“;51)0 12 14 16 18 ’l/} J— [/{I ]'lp _ ig(Si + S+)
Get:
Fixw+ US? =0if ¢/ =0. .
. v > 0 =wy+ UW\2
S =re r= NT —(8%)2 Y + kip = —2igr cos(6)

1200

1000

18.00 18.02 18.04 18.06 18.08
t(ms)
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Summary

@ Wide variety of dynamical phases

E

TGS
Wb skA

El)

H

4 SRA

- -
w4 SR 20 20

£ i o s | 2o
o SR 20 20
1Hu 05 15 ‘”u 05 1

) T ( SRA T SRA I
@ Slow dynamics
‘ : .
@ Persistent oscillations if U > 0
JK et al. PRL ’10, Bhaseen et al. PRA’12
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Extra slides

e No-go theorem

e Hyperfine levels and extra phases

@ Trajectories

© Why slow timescale

=} = = = = DAl
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No go theorem and transition
Spontaneous polarisation if: Ng® > wwy |

o = = = = DAl
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No go theorem and transition
Spontaneous polarisation if: Ng® > wwy |

No go theorem:.  Minimal coupling (p — eA)?/2m

A2
—Z%A-pi = g(tS™ +4Sh), o & NC@ +ul)?

[Rzazewski et al PRL '75]
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No go theorem and transition
Spontaneous polarisation if: Ng® > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m
A2

B A o A )2
ziij pi = g(v'S™ +vST), B

For large N, w — w + 4N(.
[Rzazewski et al PRL '75]
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No go theorem and transition
Spontaneous polarisation if: Ng® > wwy J
No go theorem:.  Minimal coupling (p — eA)?/2m
A2

B A o A )2
ziij pi = g(v'S™ +vST), B

Need Ng® > wo(w +J

For large N, w — w + 4NC. 4NC).
But g° < wp4(. No transition [Rzazewski et al PRL '75]
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No go theorem and transition

Spontaneous polarisation if: Ng® > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m

A2
~Y ZAp e gwis +uSY), o & NC@ +ul)?

Need Ng® > wo(w +J

For large N, w — w + 4NC. 4NC)-

But g° < wp4(. No transition [Rzazewski et al PRL '75]
Solutions:

@ Fixed excitation density
(Grand canonical ensemble)
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No go theorem and transition
Spontaneous polarisation if: Ng® > wwy J

No go theorem:.  Minimal coupling (p — eA)?/2m

A2
~Y ZAp e gwis +uSY), _om 7 NC(w + 9T)?

Need Ng? > wo(w +J

For large N, w — w + 4NC. 4NC)-

But g° < wp4(. No transition [Rzazewski et al PRL '75]
Solutions:

@ Fixed excitation density
(Grand canonical ensembile) Cavity

@ Dissociate g,wp, e.g. Raman Pump
Scheme: wy < w. ,]/\rp
ump

[Dimer et al PRA °07; Baumann et al
Nature '10 ]
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[Dimer et al. Phys. Rev. A. (2007)]

@ Separate pump strength/detuning
9082 g ~ 9oS2a 90® %o

Ap Ay’ Ny Dp

2

@ g~
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[Dimer et al. Phys. Rev. A. (2007)]

@ Separate pump strength/detuning

9082 g ~ 90822 UNQ_oz_QL
Ab ’ Aa ’ Aa Ab

2

@ g~

m=—1
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Tuning g,9’, U [Dimer et al. Phys. Rev. A. (2007)]

DA A,

@ Separate pump strength/detuning
90, 9olla UNQ_o‘2 90

o ~ 7Y
9~"n 9~ 8 U A T A,

Q,

2

Collective dynamics BAMC, March 2012 18/21
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Dynamics: Evolution from normal state

40 UN=-40
SRA
20
:
S 0 SRB
3
-20
SRA
-40
0 0 1.5

5 1
VN (MHz)
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Dynamics: Evolution from normal state

Gray: S = (VN, VN, -N/2)

40 : /(i) ONeo Black: Wigner distribution of S, ¢
. . 100"

. st SRA) o Tl
_ Q) A N s —)
S =S
S oflst SRB 0 1
3 ,

0 ‘ ‘ ‘
20
ﬂ. \ SRA » 0 20 t(f.?g) 60 80
-40 :
0 05 1 15
VN (MHz)

Oscillations: ~ 0.1ms
Decay: 20ms
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Dynamics: Evolution from normal state

40

‘ o) UN=-40
U SRA
20
(ii)
o
S o SRB
3
-20
n \ SRA
-40 :
0 05 1 L5
VN (MHz)

Oscillations: ~ 0.1ms
Decay: 20ms, 0.1ms

Gray: S = (VN,VN,—-N/2)
Black: Wigner distribution of S, ¢

[
o MMMANY
0 1 2
y =

0 20 40 60 80

A t (ms)
(i) SR(B) 20 ]
X
S 20 | A/r
) / 0 . .
) 0 0.1 0.2 0.3 0.4
X t (ms)
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Asymptotic state: Evolution from normal state

(Near to experimental UN = —13MHz).

All stable attractors:

40 UN=-10

200 4 SRA
g op Ual =" SRB
3

20 [ \ SRA

0 0 0.5 1.5

Jonathan Keeling

1
VN (MHz)

Collective dynamics

BAMC, March 2012
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Asymptotic state: Evolution from normal state

(Near to experimental UN = —13MHz).

All stable attractors:

Starting from |

40 40 Asymptotic state
UN=-10 ymp /9
4 SRA
200 4 SRA 20 4
- = b
N 1
= 4 o> [ e
S oof Ul SRB 2 0L o SRB
3 3 W\\
20T SRA 20 N
) y SRA
\\\
-40 40 \
0 0.5 1 15
2N (MH2) 0 0.5 1 1.5
2N (MHz)

Jonathan Keeling

Collective dynamics
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

H=.. . +9@'S  +¢SH)+d WSt +¢vS)+...

2 Level System
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

H=.. . +9@'S  +¢SH)+d WSt +¢vS)+...

UN=10
200 A / SRA
g ob o alt SRB
3
2N \ SRA
4 05 15

Jonathan Keeling Collective dynamics BAMC, March 2012 21/21



Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ
B

Ay

Q,

UN=-10

20 A SRA

R Y 5 SRB

e

20 b \ SRA
-40 :

0 0.5 1 1.5

2N (MHz)

® (MHz)

‘g=9g —g,

40

20

0

-20

-40

Jonathan Keeling Collective dynamics

H=... +g@'S™+¢S") +d @St +¢S7)+...

20=9'+g
aN=1 S
i et NN\
—
g
001 0005 0 0005 0.0l

dg/g
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

A Ay

UN=-10
20 A SRA
5 N S S~ SRB
3
20l \ SRA
40 ‘
0 05 1 15
2N (MHz)

® (MHz)

40

20

0

-20

-40

H=...+9@'S +¢SH) + g ('St +457)+...

’g=9 -9, 20=9+9g

aN=1 &
Bt sNNNNNN

—

001 -0.005 0 0005 0.0l
dg/g

@ SR(A) near phase boundary at small 6g — Critical slowing down
@ SR(A), SR(B) continuously connect

Jonathan Keeling Collective dynamics
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