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Motivation: Non-equilibrium features
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Flow from pumping spot
[Wertz et al., Nat. Phys. (2010)]
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Broken time-reversal symmetry.
[Krizhanovskii et al, PRB (2009)]
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Non-equilibrium superfluidity checklist

Table 1| Superfluidity checklist

. Landau  Metastable Two-fluid Local ,
Quantized i . Solitary
. critical persistent hydro- thermal
vortices B e g waves
velocity flow dynamics equilibrium

Superfluid *He/cold atom J J J/ V4 V4 v

Bose-Einstein condensate

Non-interacting
Bose-Einstein condensate

Classical irrotational fluid

\
~

Incoherently pumped ? ?
polariton condensates .

X
~

Parametrically pumped
polariton condensates

X
v
X
v

SIS X N

? ? X v

- §

Lagoudakis et al Nature Phys. 4, 706 (2008). Utsunomiya et al Nature Phys. 4 700
(2008). Amo et al Nature 457 291 (2009); Nature Phys (2009)
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@ Non-equilibrium model — coherence and strong coupling
@ Green's functions and stability

@ Polarisation and non-equilibrium pattern formation
@ Synchronisation—desynchronisation transition
@ Consequences for steady vortex lattices

© Condensed spectrum and superfluidity
@ Current-current response and superfluid density
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@ Non-equilibrium model — coherence and strong coupling
@ Green's functions and stability

o & = E = Dae
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha

Heys = > with b + Y Bal@htdy + H.c.) + Hexlb, 1]
k o
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha

Heys = > with b + Y Bal@htdy + H.c.) + Hexlb, 1]
k o

Pumping Bath

Bulk photon modes

Steady state, ¥)(r, t) = Yge Ist.
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha
Hos = > with 0k + Y 8al @l + H.c) + Hexl, 61
k «

Bulk photon modes

Pumping Bath

Steady state, ¥)(r, t) = Yge Ist.
Gap equation: (i0y— wo + iK)p = Zga<¢a)
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha
Hos = > with 0k + Y 8al @l + H.c) + Hexl, 61
k «

Bulk photon modes

Pumping Bath

Steady state, ¥)(r, t) = Yge Ist.
Gap equation: (s — wo + ik) Yo = X (o, i1s )10
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha

Heys = > with b + Y Bal@htdy + H.c.) + Hexlb, 1]
k o

Pumping Bath

Bulk photon modes

Steady state, ¥)(r, t) = Yge Ist.

Gap equation: (us — wo + ik) Yo = x(%o, its)Vo

Fluctuations

[DF — DAY(t, ¢') = —i < [w(t)”‘/ﬁ(tl)})
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha
Hsys = Zwkl/}kw/t + Zga(gbidjk + H-C-) + Hex[¢a7 QSL]
k «

Bulk photon modes

Pumping Bath

Steady state, ¥)(r, t) = Yge Ist.
Gap equation: (s — wo + ik) Yo = X (o, i1s )10

Fluctuations

0" - (e e) = =i {[p( 1)) ) [0~ DAYw) = DoS(e)
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha
Hsys = Zwkl/}kw/t + Zga(gbgdjk + H-C-) + Hex[qsa’ QSL]
k «

Bulk photon modes

Pumping Bath

Steady state, ¥)(r, t) = Yge Ist.
Gap equation: (s — wo + ik) Yo = X (o, i1s )10

)
)
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DR~ DAI(e.t) = ~i { [b(0).w/(¥)] ) [DF ~ DA)w) = DoS(w)

<
D(e,t) = i { [4(0).4/(1)
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Non-equilibrium approach: Steady state, and fluctuations

H= Hsys + Hsys,bath + Hbatha
Hsys = Zwkl/}kw/t + Zga(gbgdjk + H-C-) + Hex[qsa’ QSL]
k «

Bulk photon modes

Pumping Bath

Steady state, ¥)(r, t) = Yge Ist.
Gap equation: (s — wo + ik) Yo = X (o, i1s )10

Fluctuations

DR~ DAI(e.t) = ~i { [b(0).w/(¥)] ) [DF ~ DA)w) = DoS(w)

< )
DK(t,t’)Z—i<[¢(t),¢T(t')} > D¥(w) = (2n(w) + 1)DoS(w)

+
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Poles of Green's function and stability
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Poles of Green's function and stability

[DR(w)] - (w —wi) + iow — pte)

W+ 0P e + ia(prefr — w*)
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Poles of Green's function and stability

[DR(W)] - (w —wi) + iow — pte)
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Poles of Green's function and stability

[DR(w)] o (w—wi) + ia(w — pefr)
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@ Polarisation and non-equilibrium pattern formation
@ Synchronisation—desynchronisation transition
@ Consequences for steady vortex lattices
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Gross-Pitaevskii equation: Harmonic trap

_ V2 mw? .
i0¢) = [_Zm + ?’2 + U|¢’2 +1 (’)/e1CF — k= r|¢|2)} v
l l 1 1 1 Pattern formation: Vortex lattices

Unstable growth

¥
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ Ay(Vjvg + He)

Spinor Gross-Pitaekvsii equation
. v? 5
i0¢pr = | =5+ V(r) + Uolto|
m

+ i (Ve — K — Foth|? )| ve

Jonathan Keeling Superfluidity and pattern formation PLMCN11 10 / 20



Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

, V2 A
B = |~ + V(r) + Uoloul” + (Uo — 2Un) el + =
+ i (Yeff — 1 — To|Yo|? )| ve

o Left-right coupling: U;
o Magnetic field: A,
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

) V2 A
B = |~ + V(r) + Uoloul” + (Uo — 2Un) el + =
+ i (Yeff — 1 — To|Yo|? ) | YL+ AR

o Left-right coupling: U;
o Magnetic field: A |, AII
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

) V2 A
B = |~ + V(r) + Uoloul” + (Uo — 2Un) el + =
+ i (Yeff — & — Tolyr|* — T1|vg|? ) | YL+ AR

o Left-right coupling: U @ Cross-spin loss terms I

o Magnetic field: A |, AII
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Non-equilibrium spinor condensate

A
H = Holtwdl + Holw] + (Uo — 200) e Phirl® + 5= (Jel® = vel)
+ A (¢fvg +He)
Spinor Gross-Pitaekvsii equation

2

. \% A
B = |~ + V(r) + Uoloul” + (Uo — 2Un) el + =

+i (Yerr — & — Tole | = T1|Yr|* = nide) | Yo+ A)vr

o Left-right coupling: U @ Cross-spin loss terms 1

@ Magnetic field: A, A ® Energy-dependent gain 7

[Wouters et al PRB '10]
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Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]
. A :
i0ppL = | Uolor|* + (Uo — 2U1)|vg|* + TL + i (Ynet — Tl |?) | Yo +0 R

Write:

"7/}L _ \/R——i-zei¢+i()/2,
1/}R — mehﬁfiﬁﬁ

Simple case 1 =1 =0
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Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]
: A :
iOepr = | Ul + (Uo — 2U0)[0Rl® + ==+ (et — rmﬁ)} RNL

Write:

"7/}L _ \/R——|—26i¢+i()/2, o
Vg = VR = zelo=i0/2 yne.A

Simple case 1 =1 =0
Josephson regime: AH < UiR, z< R.

Damped, driven pendulum

D+ 290l = BULAA| Vr”zt sin(6) — 29netA |
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Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]

, A .
iOepr = | Ul + (Uo — 2U0)[0Rl® + ==+ (et — rmﬁ)} RNL
Write:

"7/}L _ \/R——|—26i¢+i()/2, o
Vg = VR = zelo=i0/2 yne.A

Simple case 1 =1 =0

Josephson regime: A < U1R, z < R. Cartoon:
4
Damped, driven pendulum &|  Stblelmitcyle
D+ 2ynel) = 8UIA| Vr”et §in(0) — 2ynetA L . ..
0 Stable fixed point
N
Jonathan Keeling Superfluidity and pattern formation PLMCN11

11/ 20



From two-mode to many mode (n =T = 0)

Cartoon:

Stable Jimit cycle

I
.................. -

Bistable ‘A
' Stable fixed point

Yret AL

[

15 T
Actual (I'y =7 =0)
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From two-mode to many mode (n =7 = 0)

Cartoon: Spatial inhomogeneity
4 :
E_ Stable Elimit cycle 12
Bistable :FAC 10
Stable fixed point H 8 i ﬁ;

1.‘5 Yret
Actual (I'y =7 =0)

N O
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Desynchronised vs circular polarised phase
What happens at large A ?
Spinor CGPE — Desynchronised.

Q2
S
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2 £
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A Synchronised
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/Desynchronised
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A
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Desynchronised vs circular polarised phase
What happens at large A ?

Spinor CGPE — Desynchronised. Equilibrium — Circular

N o= neither .
2 & o° e
<b 04 )

A Synchronised»»»l,,»"' E‘go_g sl I [Rubo et al PLA
; o el e o
Desynchronised 01 r I+ ) | ' '

r r E
0

0 MY Wk S
0 5 A 10 15 -0.04 -0.03-002-001 0 001 002 003 004
¥ kg Tgeg

Jonathan Keeling Superfluidity and pattern formation PLMCN11 13 /20



Desynchronised vs circular polarised phase
What happens at large A ?
Spinor CGPE — Desynchronised. Equilibrium — Circular

0.6
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A | Synchronised [Rubo et al PLA

‘ ’ o [2EEE] ) '06; JK, PRB '08]
Desynchronised 01| I - . ! !
r r K
0

0 MY Wk S
0 5 AL 10 15 -0.04 -0.03-002-001 0 001 002 003 004

MkgTaeg

Energy dependent gain
0 = ... 4 i (ynet — Folvor|? = T1|vr|?> — nide) ¥y

Jonathan Keeling Superfluidity and pattern formation PLMCN11 13 /20



Desynchronised vs circular polarised phase

What happens at large A ?
Spinor CGPE — Desynchronised.

2
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A

Energy dependent gain
0 = ... 4 i (ynet — Folvor|? = T1|vr|?> — nide) ¥y
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Desynchronised vs circular polarised phase

What happens at large A | ?
Spinor CGPE — Desynchronised. Equilibrium — Circular
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Desynchronisation and pattern formation
Trapping:
Synchronisation unaffected
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Desynchronisation — half-vortex
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© Condensed spectrum and superfluidity

@ Current-current response and superfluid density

o & = E = Dae
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Fluctuations above transition

When condensed
—Sound modeg_—

—1
Det [DR(w, k)} —w?— g2 g
=
t
With & ~ ck g romentum
Poles:
w* =&
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Fluctuations above transition

When condensed

—Red
-1 . — Imaginar
Det [DR(w, k)} = (WHinet)?+72e—E2 g o
=
t
With €, = ok E momentum
Poles:

W= — it = \/ f/% - ’Yr%et

PLMCN11 16 / 20
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Asking about non-equilibrium superfluidity

Currrent:

J=pv=VlivV = |V]2Vs

o <& = E = Dac
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Asking about non-equilibrium superfluidity

Currrent:

J=pv=VlivV = |V]2Vs
@ Response function:

(o= (U@, )]y = LS o
il = 0.0 0) = (Li(a). 4(-a)]) = 22 T 1 P,
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Asking about non-equilibrium superfluidity

Currrent:

J=pv=VlivV = |V]2Vs

@ Response function:
ps qiq; | PN
ij =V, = i s i\ = — _51"
il = 0.0 0) = (Li(a). 4(-a)]) = 22 T 1 P,

2ki + qi

e Given D and J; = ¢ (k + q)
2m

Y
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Asking about non-equilibrium superfluidity

Currrent:

J=pv=VlivV = |V]2Vs

@ Response function:
ps qiq; | PN
ij =V, = i s i\ = — _51"
il = 0.0 0) = (Li(a). 4(-a)]) = 22 T 1 P,

2k,‘2+ qi wk
m

@ Vertex corrections essential for superfluid part.

e Given D and J; = ¢ (k + q)
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Non-equilibrium superfluid response

@ Superfluid response exists because:

”ﬁoql (1 _1) DR(q, ) (_i) i¢0¢lj

2m
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Non-equilibrium superfluid response

@ Superfluid response exists because:

11oq; R 1Y ivogj
ANO—P— . — — =
2m (1,-1) D™(q,w =0) <—1) 2m

o DR(w=0) 1/€q4 despite pumping/decay — superfluid response
exists.
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Non-equilibrium superfluid response

@ Superfluid response exists because:

1P0q; R 1 itog;
ANS—P— v — —_ =
2m (1,-1) D(g,w =0) <—1) 2m
o DR(w=0) 1/€q4 despite pumping/decay — superfluid response

exists.
@ Normal density:

dw K R A
pr— d —
pN—/d kek/z Ir[azD UZ(D —I—D )i|
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Non-equilibrium superfluid response

@ Superfluid response exists because:
11oq; R 1Y ivogj
ANS—P— v — —_ =
om (1,-1)D"(q,w =0) <_1) om

o DR(w=0) 1/€q4 despite pumping/decay — superfluid response
exists.

@ Normal density:

dw K R A
pr— d —
pN—/d kek/z |r|:UZD UZ(D —I—D )i|

o |s affected by pump/decay: 3 ‘ T
. _Ynet/u_o'o
Does not vanish at T — 0. ——— Yo/ =0.1
3 2 r — Ve = 0.5
=
Z.
a ]t
0
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Summary

@ Non-equilibrium condensation, lasing, and strong-coupling

[ —
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Extra slides

@ Green’s functions

© Superfluidity

@ Non-equilibrium pattern formation
@ Equilibrium results

© Spinor problem
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Poles and stability for a laser

I T'N. Maxwell-Bloch equations:
"y
&)

ol 0 = i — ki + gP
A 0P = —2icP —2yP + gy N
0N = 27(No — N) — 2g (" P + P*9)
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Poles and stability for a laser

I T'N. Maxwell-Bloch equations:
"y
&)

ol 0 = i — ki + gP
A 0P = —2icP —2yP + gy N
0N = 27(No — N) — 2g (" P + P*9)

g>No

-1
DRw)| = w-wptint —E =0~
[ () “ wk_f_uﬁ_w —2e+ 02y
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Poles and stability for a laser

I T'N. Maxwell-Bloch equations:
"y
&)

ol | o= e — kv + gP
A 0P = —2ieP —2vP + gyN
0N = 2v(No — N) — 2g(¢* P + P*v))

g2N0 | _

-1
DR i| = — 1 _— Weak -
[ () “ wk_f_uﬁ_w —2e+ 02y

Coupling -

— ™
g

Energy of zero

Zero of Re ~

— — Zero of Im
_— —_— 2 2.
— i =9 e’ i)

System inversion, N
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Calculating superfluid response function
@ Using Keldysh generating functional

; 2
xila) = _5%, Z[f, 6] =/Dwexp(i5[f,9])
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Calculating superfluid response function
@ Using Keldysh generating functional

xila) = _é%, Z[f, 6] :/Dwexp(iS[fﬂ])

e f,0 couple as force/response current.

_ - 0; fi + 6; 2ki + qi cl
S[f,9]=5+2(¢c/ 77Z’q)k+q<fi—0; —0; > 2mq <1@iql>k
q

k,q
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Calculating superfluid response function
@ Using Keldysh generating functional

X,.J.(q):_;m, Z[f,e]:/mexp(/sv,e])

e f,0 couple as force/response current.

- - 9,’ f;—f-@, 2k1+ i [
S0 =5+ X (B Ta)era (7 ") ot <1§)>
q

k,q

@ Saddle point + fluctuations:

SNSRI O DR

+W><>VW+...+ mn<>m
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Calculating superfluid response function
@ Using Keldysh generating functional

X,.J.(q):_;m, Z[f,e]:/mexp(/sv,e])

e f,0 couple as force/response current.

- - 9,’ f;—f-@, 2k1+ i [
S0 =5+ X (B Ta)era (7 ") ot <1§)>
q

k,q

@ Saddle point + fluctuations: Only one diagram for yy

SNSRI O DR

+W><>VW+...+ mn<>m
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Limits of gap equation
Gap equation:

(ps — wo + ik) ¥ = x(¢¥, us)y

@ Local density limit:

o <& = E = Dac
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

V2
- 2m

(/at i [V(r) ]) () = (@ (r, O)(r, )

Nonlinear, complex susceptibility x(u(r, t))
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

V2
- 2m

(/at i [V(r) ]) () = (@ (r, O)(r, )

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

IO i = Ul*0
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation
V2
(1004 in = [ Vi = 3| ) v = ot o)t

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

1060l = Ul
iatwhoss = —iK1 iat'(“gain = I.’}/eff(,LLB)’¢
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation
V2
(1004 in = [ Vi = 3| ) v = ot o)t

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

1060l = Ul
iatwhoss = —iKY iat'(“gain = i’yeff(:uB)’lp - I|_|1/J|2’(b
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation
V2
(1004 in = [ Vi = 3| ) v = ot o)t

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

1060l = Ul
iatwhoss = —iKY iat'(“gain = i’yeff(:uB)’lp - I|_|1/J|2’(b

) V2 )
i) = | =5 — 4+ V(r) + U +i (ver(pe) — £ = TIY°) | v
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Gross-Pitaevskii equation: Harmonic trap

. V2 mw? .
i0p) = [—% + Twrz + U2 +i (’Yeff — K- I'|¢|2) 1

EERE
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Gross-Pitaevskii equation: Harmonic trap

. V2 mw? .
10 = [—% + Twrz + Ulp> + i (’Yeff — K- F|¢|2)} 1

EERE

30 Density

TN

0 2 4 6 s Radius
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Stability of Thomas-Fermi solution

RERR

1
EathrV-(/N) = (et — p)p
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Stability of Thomas-Fermi solution

High m modes: éppm ~ eimdym

RARR

Unstable growth

1
Eatp‘i‘v'(/)") = (et = p)p
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Stability of Thomas-Fermi solution

High m modes: éppm ~ eimdym

ERRR

Stabilised

1
Eat/H-V'(pV) = (7nete(r0_r)_rp)p
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Stability of Thomas-Fermi solution

High m modes: éppm ~ eimdym

HPRY

1
Eat/H-V'(pV) = (7nete(r0_r)_rp)p
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Time evolution:
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Why vortices

3 Density profile
Thomas-Fermi in flattened trap ——
20
15
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Cross Section
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Why vortices

3 Density profile
Thomas-Fermi in flattened trap ——
20
15
2
‘@
% 10
o
5
q15 -10 10 15

-5 0 5
Cross Section

Rotating solution: i0:) = (u — 2QL,)v

Vlp(v =2 xr)] = (met®(ro —r) = Tp) p,
V2\/p
2m\/p

,u:g]v—ﬂxr\Q +gr2(w2—§22)+Up—
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Why vortices

3 Density profile
Thomas-Fermi in flattened trap ——
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Why vortices

Density profile
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= (met®(r0 — r) —Tp) p,
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Why vortices

Density profile
Thomas-Fermi in flattened trap ——
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Rotating solution: i0:) = (u — 2QL,)v

V2\/p
2m\/p
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Why vortices

Density profile
Thomas-Fermi in flattened trap ——
20
15
2
‘@
% 10
o
5
-15 15

-5 0 5
Cross Section

Rotating solution: i0:) = (u — 2QL,)v

v=0Qxr, Q=uw, p:%et O(ro—r) =
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Equilibrium: Mean-field theory

Heys = zk:wkw,ﬁwk + za: [ea <bLba - agaa) ‘i’j’_lb bla, +H.c.

[m] = = =

Jonathan Keeling Superfluidity and pattern formation

Do



Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z [ea <bLba — aLaa> + %wkblaa +H.c.
k a

Self-consistent polarisation and field

— O, — +V_2 ¢__LZ P
10 — wo om = \/Zagaa
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Equilibrium: Mean-field theory

Heys = zk:ww,twk + za: [ea <bLba - agaa> f‘/”v_lb bla, +H.c.

Self-consistent polarisation and field

[ 1 — wo ] Y = —% za:ga(aib@
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Equilibrium: Mean-field theory

Heys = > withfth + > [6(1 <bLba - agaa) + &k bla, + H.c.
k « \/K
Self-consistent polarisation and field

[ 11— wo ]w_——z gawtanh (BE..)

2
E.2 = (fa;“) + gav?
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Equilibrium: Mean-field theory

Heys = > withfth + > [6(1 (bLba - agaa) + &k bla, + H.c.
k « \/K
Self-consistent polarisation and field

[ 11— wo ]w———z gawtanh (BE..)

2
E.2 = (Ea;“) + gav?

Density

S IMERE

tanh(,BE )}
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z [ea (bLba — aLaa) + gi\/%(lﬁkblaa +H.c.
k o

Self-consistent polarisation and field

[ 11— wo ]w_——z gawtanh (BE..)
€ - /,1/ 2 © non-condensed
Ea2 - ( = 2 ) + gng |
Density
2
p=vP+ Z [— - tanh(ﬁE )} |
0 n1[z:r13_“‘z] 2x10°
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 g¢L gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 glh gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

@ Bi-exciton binding Exx < U

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L),|R]|),|LR)

0 glh g¥p 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gY; gvg 2(eq — 1) — Exx

@ Bi-exciton binding Exx < U
@ Mean-field: find polarisation
given 9, YR.

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 glh gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

@ Bi-exciton binding Exx < U

. . . %
@ Mean-field: find polarisation = - ]
. —Nobinding |5 E

given ¥, YR. 10F |- - - By =4 meV 7 ]

o Eyx =8meV i ]

@ Exx has weak effect on T, | A
% 5x10° 1x10°,  2x10°  2x10

nfcm

[Marchetti et al PRB, '08]
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ Ay(Vjvg + He)

Spinor Gross-Pitaekvsii equation
. v? 5
i0¢pr = | =5+ V(r) + Uolto|
m

+ i (Ve — K — Foth|? )| ve
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

. V2 A
i0upr = |—a— + V(r) + Uoltbe]? + (Up — 2Us)|wog|? + ==
2m 2
+ i (Yeff — 1 — To|Yo|? )| ve

o Left-right coupling: U;
o Magnetic field: A,
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

. V2 A
i0cbr = | —a— + V(r) + Uolyr? + (Up — 2U1)[yg|? + ==
2m 2
+ i (Yeff — 1 — To|Yo|? ) | YL+ AR

o Left-right coupling: U;
o Magnetic field: A |, AII
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Non-equilibrium spinor condensate

H = Hole] + Holy] + (U — 200l Phml? + 55 (j0nf — sl
+ A||(¢I1JJR +H.c)

Spinor Gross-Pitaekvsii equation

. V2 A
i0cpL = |~ + V(r) + Uolwor|? + (Uo — 2U1) [yg|? + 55
2m 2
+ i (Yeff — & — Tolyr|* — T1|vg|? ) | YL+ AR

o Left-right coupling: U @ Cross-spin loss terms I

o Magnetic field: A |, AII
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Non-equilibrium spinor condensate

A
H = Holtwdl + Holw] + (Uo — 200) e Phirl® + 5= (Jel® = vel)
+ A (¢fvg +He)
Spinor Gross-Pitaekvsii equation

2

. \Y% A
i0py = | —o— + V() + Uplwor|> + (Uo — 2Us)|yor|? + ==
2m 2

+i (Yerr — & — Tole | = T1|Yr|* = nide) | Yo+ A)vr

o Left-right coupling: U @ Cross-spin loss terms 1

@ Magnetic field: A, A ® Energy-dependent gain 7

[Wouters et al PRB '10]

Jonathan Keeling Superfluidity and pattern formation PLMCN11 32/33



Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]
. A :
i0ppL = | Uolor|* + (Uo — 2U1)|vg|* + TL + i (Ynet — Tl |?) | Yo +0 R

Write:

"7/}L _ \/R——i-zei¢+i()/2,
1/}R — mehﬁfiﬁﬁ

Simple case 1 =1 =0
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Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]
: A :
iOepr = | Ul + (Uo — 2U0)[0Rl® + ==+ (et — rmﬁ)} RNL

Write:

"7/}L _ \/R——|—26i¢+i()/2, o
Vg = VR = zelo=i0/2 yne.A

Simple case 1 =1 =0
Josephson regime: AH < UiR, z< R.

Damped, driven pendulum

D+ 290l = BULAA| Vr”zt sin(6) — 29netA |
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Non-equilibrium spinor system: two-mode model

Two-mode case (neglect spatial variation) [Wouters PRB '08]

, A .
iOepr = | Ul + (Uo — 2U0)[0Rl® + ==+ (et — rmﬁ)} RNL
Write:

"7/}L _ \/R——|—26i¢+i()/2, o
Vg = VR = zelo=i0/2 yne.A

Simple case 1 =1 =0

Josephson regime: A < U1R, z < R. Cartoon:
4
Damped, driven pendulum &|  Stblelmitcyle
D+ 2ynel) = 8UIA| Vr”et §in(0) — 2ynetA L . ..
0 Stable fixed point
N
Jonathan Keeling Superfluidity and pattern formation PLMCN11
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