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Non-equilibrium system

In−plane momentum

ExcitonPh
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Cavity

θ

Lifetime Thermalisation Linewidth Temperature
Atoms 10s 10ms 2.5× 10−13meV 10−8K 10−9meV
Excitonsa 50ns 0.2ns 5× 10−5meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnonsb 1µs(??) 100ns(?) 2.5× 10−6meV 300K 30meV

aCoupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Polariton experiments: Momentum/Energy distribution

[Kasprzak, et al., Nature, 2006]
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Polariton experiments: Coherence

Basic idea:

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al., Nature, 2006]
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Other polariton condensation experiments

Stress traps for polaritons
[Balili et al Science 316 1007 (2007)]

Temporal coherence and line narrowing
[Love et al Phys. Rev. Lett. 101 067404
(2008)]
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Other polariton condensation experiments

Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

Soliton propagation
[Amo et al Nature 457 291 (2009)]

Driven superfluidity
[Amo et al Nature Phys. (2009)
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Overview

1 Introduction to microcavity polaritons

2 Microscopic Hamiltonian & equilibrium results
Disorder-localised exciton model
Equilibrium mean-field theory

3 Including pumping and decay and mean-field theory
Limits of mean-field theory

4 Fluctuations
Stability of normal state — lasing vs condensation
Condensed spectrum

5 Conclusions
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Excitons in a disorderd Quantum well
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Polariton system model
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Equilibrium: Mean-field theory
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Non-equilibrium model: baths
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H = Hsys + Hsys,bath + Hbath

Schematically: pump γ, decay κ

Hsys,bath '
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)
+ H.c.

Bath correlations, 〈Ψ†Ψ〉, 〈A†A〉, 〈B†B〉 fixed:
Ψ bath is empty. Pumping bath thermal, µB ,T :
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Non-equilibrium model: baths
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κ

Bulk photon modes
Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump γ, decay κ

Hsys,bath '
∑
p,k

√
κψkΨ†p +

∑
α,β

√
γ
(
a†αAβ + b†αBβ

)
+ H.c.

Bath correlations, 〈Ψ†Ψ〉, 〈A†A〉, 〈B†B〉 fixed:
Ψ bath is empty. Pumping bath thermal, µB ,T :
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Non-equilibrium mean-field theory
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Excitons Cavity mode

System

γ
κ

Bulk photon modes
Pumping Bath

Look for mean-field solution, 〈ψ(r, t)〉 = ψ0e
−iµS t .

Must satisfy EOM: 〈i∂tψ〉 = 〈[ψ,H]〉

µSψ0(t) = ω0ψ0(t) +
∑

i

gi 〈a†i (t)bi (t)〉+
∑
p

ζp,0〈Ψp(t)〉

− iκψ0(t)

Coupled to Markovian decay bath.∑
p

ζp,0〈Ψp(t)〉 = −i

∫ t

dt ′
∑
p

ζ2
p,0e

−iωζ
p (t−t′)ψ0(t ′) = −iκψ0(t)

Fermion (TLS) polarisation: 〈a†i (t)bi (t)〉 =
i

2

∫
dν

2π
GK

a†i bi

(ν),

including coherent ψ0(t) and bath.
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Non-equilibrium mean-field theory

Gap equation:
(µs − ω0 + iκ)ψ0 = χ(ψ0, µs)ψ0

Susceptibility:

E 2
α = (εα − 1

2µS)2 + g2|ψ0|2 , Fa,b(ν) = F [ν ∓ 1
2 (µs − µB)]

χ(ψ0, µs) = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + εα − 1
2µS)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
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Limits of gap equation

Gap equation:

µs −ω0 + iκ = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + εα − 1
2µS)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]

Laser limit: Gain vs Loss.

If Fb(ω)− Fa(ω)→ −2N0

κ = g2γ
∑

excitons

N0

2(E 2
α + γ2)

=
g2

2γ
× Inversion

Equilibrium limit: finite T set by pumping, need κ� γ.

Require: Fa(ω) = Fb(ω) so µS = µB

ω0 − µs =
g2

2E
tanh

(
βE

2

)
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Overview

1 Introduction to microcavity polaritons

2 Microscopic Hamiltonian & equilibrium results
Disorder-localised exciton model
Equilibrium mean-field theory

3 Including pumping and decay and mean-field theory
Limits of mean-field theory

4 Fluctuations
Stability of normal state — lasing vs condensation
Condensed spectrum

5 Conclusions
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Fluctuations: Photon Green’s function

Keldysh approach:

DR − DA

DR,A = ∓ iθ[±(t − t ′)]

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉

= (2n(ω) + 1)(DR − DA)

To find D, use D−1 = D−1
0 − Σκ − Σψ†ψ, Σψ†ψ = b b

aa

D−1 =

(
0 A(ω)− iB(ω)

A(ω) + iB(ω) iC (ω)

)−1

DK =
−iC (ω)

B(ω)2 + A(ω)2
i(DR − DA) =

2B(ω)

B(ω)2 + A(ω)2
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−iC (ω)

B(ω)2 + A(ω)2
i(DR − DA) =

2B(ω)

B(ω)2 + A(ω)2

Jonathan Keeling Comparing polariton condensation and lasing Loughborough 19 / 28



Fluctuations: Photon Green’s function

Keldysh approach:
DR − DA

DR,A

= − i

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉
= (2n(ω) + 1)(DR − DA)

To find D, use D−1 = D−1
0 − Σκ − Σψ†ψ, Σψ†ψ = b b

aa

D−1 =

(
0 A(ω)− iB(ω)

A(ω) + iB(ω) iC (ω)

)−1

DK =
−iC (ω)

B(ω)2 + A(ω)2
i(DR − DA) =

2B(ω)

B(ω)2 + A(ω)2

Jonathan Keeling Comparing polariton condensation and lasing Loughborough 19 / 28



Fluctuations: Photon Green’s function

Keldysh approach:
DR − DA

DR,A

= − i

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉
= (2n(ω) + 1)(DR − DA)

To find D, use D−1 = D−1
0 − Σκ − Σψ†ψ, Σψ†ψ = b b

aa

D−1 =

(
0 A(ω)− iB(ω)

A(ω) + iB(ω) iC (ω)

)−1

DK =
−iC (ω)

B(ω)2 + A(ω)2
i(DR − DA) =

2B(ω)

B(ω)2 + A(ω)2

Jonathan Keeling Comparing polariton condensation and lasing Loughborough 19 / 28



Fluctuations → Stability, Luminescence, Absorption

DK = − i

〈[
ψ,ψ†

]
+

〉
= (2n(ω) + 1)(DR − DA)

DK =
−iC (ω)

B(ω)2 + A(ω)2

i(DR − DA) =
2B(ω)

B(ω)2 + A(ω)2

[
DR(ω)

]−1
= (ω − ξk) + iα(ω − µeff)

∝ ω − (ξk + iαµeff)(1− iα)

1 + α2
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Linewidth, inverse Green’s function and gap equation
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[DR ]−1 for a laser

κ

N

g

ΓN0Γ Maxwell-Bloch equations:

∂tψ = −iωkψ − κψ + gP

∂tP = −2iεP − 2γP + gψN

∂tN = 2γ(N0 − N)− 2g(ψ∗P + P∗ψ)

[
DR(ω)

]−1
= ω−ωk+iκ+

g2N0

ω − 2ε+ i2γ

ω

A(ω)
B(ω)

ω

A(ω)
B(ω) -(2γ/g)2 (2γκ/g2)

E
ne

rg
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of
 z
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System inversion, N

Zero of Re 
Zero of Im 
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Gain/loss rate B(ω) for non-equilibrium polaritons
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A(ω) + iB(ω) = ω − ωk + iκ− b b
aa

If T � γ: B(ω) = κ+ g2γn
[FB(ε)− FA(ε− ω)]

(ω − 2ε)2 + 4γ2

For T � g , replace n[FB(ε)− FA(ε− ω)]→ −N0. Maxwell-Bloch
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Overview

1 Introduction to microcavity polaritons

2 Microscopic Hamiltonian & equilibrium results
Disorder-localised exciton model
Equilibrium mean-field theory

3 Including pumping and decay and mean-field theory
Limits of mean-field theory

4 Fluctuations
Stability of normal state — lasing vs condensation
Condensed spectrum

5 Conclusions
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Condensed spectrum: Hugenholtz-Pines

Anomolous Green’s function → 4× 4 Photon Greens’ function.

[
DR(ω, k)

]−1 →
(
ω − ω̃k + iκ− Σψ†ψ −Σψ†ψ†

−Σ∗
ψ†ψ†

−ω − ω̃k − iκ− Σ∗
ψ†ψ

)

with Σψ†ψ = b b
aa , Σψ†ψ† = a b

ab

Gapless spectrum as mean-field condition implies Det
[
DR(0, 0)

]−1
= 0.
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Fluctuations above transition

When condensed

Det
[
DR(ω, k)

]−1
= ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗k = c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Sound mode

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]
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Finite size effects: Single mode vs many mode

〈
ψ†(r , t)ψ(0, r ′)

〉
' |ψ0|2 exp

[−Dφφ(t, r , r ′)
]

Dφφ(t, r , r ′) from sum of phase modes. Study ct � r limit:

Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

∆�√
x/t � Emax

maxE√x/t

∆ Energy
Dφφ ∼ 1 + ln(Emax

√
t/x)

√
x/t � ∆� Emax

maxE√x/t

∆ Energy
Dφφ ∼

(
πC

2x

)( t

2x

)
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Conclusions

Effects of pumping on mean-field theory
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Extra slides

6 Strong coupling evidence

7 Equilibrium results

8 Mean-field Keldysh theory

9 Non-condensed fluctuations

10 Condensate lineshape

11 Superfluidity
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Polariton experiments: Strong coupling

[Kasprzak, et al., Nature, 2006]

Strong coupling via:

Small blueshift compared to ΩR

Polaritonic dispersion, m > mphot

Separate photon threshold

[Bajoni et al PRL 2008]

Jonathan Keeling Comparing polariton condensation and lasing Loughborough 31 / 37



Polariton experiments: Strong coupling

[Kasprzak, et al., Nature, 2006]

Strong coupling via:

Small blueshift compared to ΩR

Polaritonic dispersion, m > mphot

Separate photon threshold [Bajoni et al PRL 2008]

Jonathan Keeling Comparing polariton condensation and lasing Loughborough 31 / 37



Fluctuation corrections to phase boundary

Fluctuation corrections to density

ρ→ ρ0 +
∑
q

〈δψ†δψ〉

In 2D system: modified critical condition:

ρs = ρ− ρnormal = #
2m

~
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Blueshfit and experimental phase boundary
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Zero temperature phase diagram

ω̃0 − iκ = g2γ
∑
α

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(ε̃α + iγ)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
.
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Occupation function at T � γ

Same approximation as used for B(ω) yields:

2nψ(ω) + 1 =

κ(2nΨ(ω) + 1) +
ng2γ

(ω − 2ε)2 + 4γ2
(1− FB(ε)FA(ε− ω))

κ +
ng2γ

(ω − 2ε)2 + 4γ2
(FB(ε)− FA(ε− ω))

.

2nψ + 1 '
2nΨ + 1

coth
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β
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

Dφφ(t, r , r) ∝
∫

dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

Connection to Kubo Formula [Eastham and Whittaker, EPL 2009]

φ

Im

Re ψ

ψ
∂tφ = UδN

∂tδN = −ΓδN + F (t), 〈F (t)F (t ′)〉 = Cδ(t − t ′)

Dφφ(t) =

∫
dω

2π
(1− e iωt)〈φωφ−ω〉

CU2

|ω(ω + iΓ)|2

=
CU2

2Γ3

[
Γt − 1 + e−Γt

]
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Superfluidity

Superfluidity:

J = ρv = Ψ†i~∇Ψ = |Ψ|2∇φ

�����������
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������������ ������������

χij(ω = 0,q→ 0) = 〈Ji (q)Jj(q)〉

= χT (q)

(
δij − qiqj

q2

)
+ χL(q)

qiqj

q2

Superfluid part,
ρs ∝ lim

q→0
(χL − χT ).

Ji (q) = 〈ψ†γi (q)ψ〉
Static ρS survies

∆χij(q) =
G(ω = 0,q)

γi(q,0)ψ0 γj(q,0)ψ0

+ . . .

= γi (q)GR(ω = 0, ~q)γj(q) + . . .

∝ qi (. . .) qj

(ω + ix)2 + x2 − c2q2
+ . . .
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χij(ω = 0,q→ 0) = 〈Ji (q)Jj(q)〉

= χT (q)

(
δij − qiqj

q2

)
+ χL(q)

qiqj

q2

Superfluid part,
ρs ∝ lim

q→0
(χL − χT ).

Ji (q) = 〈ψ†γi (q)ψ〉
Static ρS survies

∆χij(q) =
G(ω = 0,q)

γi(q,0)ψ0 γj(q,0)ψ0

+ . . .

= γi (q)GR(ω = 0, ~q)γj(q) + . . .

∝ qi (. . .) qj

(ω + ix)2 + x2 − c2q2
+ . . .
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