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Bose-Einstein condensation

@ Macroscopic occupation of ground state
» Non-interacting bosons, ;1 — 0 at
T. o< n?/3/m.
@ Macroscopic quantum coherence

» No fragmentation
» Macroscopic phase

o Superfluidity

» Rigidity of wavefunction
» New sound modes
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Overview

© Introduction to BEC

© Introduction to excitons and polaritons
@ Excitons and exciton condensates
@ Polaritons

© Polariton models and of equilibrium results
@ Microscopic and WIDBG model
@ Disorder-localised exciton model
@ Equilibrium mean field theory
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Weakly Interacting Dilute Bose Gas model

Model for, e.g. dilute atomic systems

H—uN= Z €k — dJk?f}k + Z kaJrq/lzZ)k’ LZJk,@ZJk

k,k',q

o Mean-field theory: consider |W) = (5)V[0) or |W) = eAwg—A2/2‘0>
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Weakly Interacting Dilute Bose Gas model

Model for, e.g. dilute atomic systems

H—uN= Z €k — dJk?f}k + Z kaJrqwk’ LZJk,@ZJk

k,k',q

o Mean-field theory: consider |[W) = (1/3)|0) or |W) = eMI—**/2|0)
o Demand state minimise F = —kg T In Tr(e=#H)
Get: N =)\ =puV/U
@ Describes macroscopically occupied state, neglects fluctuations
» Want: spectrum, temperature dependence, modified ground state.
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Weakly Interacting Dilute Bose Gas model

Model for, e.g. dilute atomic systems

H—uN= Z €k — dJk?f}k + Z kaJrq/lzZ)k’ LZJk,@ZJk

k,k',q

o Mean-field theory: consider |[W) = (1/3)|0) or |W) = eMI—**/2|0)
o Demand state minimise F = —kg T In Tr(e="H)

Get: N =)\ =puV/U
@ Describes macroscopically occupied state, neglects fluctuations

» Want: spectrum, temperature dependence, modified ground state.
» Consider 1, — A0k + 1

to L UN ot
Hiuct = Z(Ek — W)y + 2V (‘sz/’k + bl + ¢k¢—k> )

k
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WIDBG fluctuations

e Using A2 =N = uV/U,

oLy €tp p ¥ G
Hilyct —ZE (dJk w—k> ( i €k‘|’:“> <¢Tkk> 2

k
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WIDBG fluctuations

e Using A2 =N = uV/U,

N S ¥ (& + 1)
Hiuer = Zk:2 (d}k w_k> ( 1% 6k+:u) <¢Tkk> - 2 .

o Diagonalise by ¢y = cosh(fx)v + sinh(6y)e]
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WIDBG fluctuations

e Using N2 =N =puV/U,

_ ek+u 1 U\ (e + )
Hfluct—zk: €k+,u) (1#*,() 5 .

e Diagonalise by ¢y = cosh(0x)vx + smh(@k)wk
1
e Find Hpyct = kad)T (bk E(fk — €k — :u’)

7]
tanh(260,) = —
(261) €kt u T
e .
§k = Ver(ex +2u) Z \

Momentum

Energy
\

with:
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WIDBG fluctuations

e Using N2 =N =puV/U,

Hfluct:Z 6k+ﬂ p )<¢k>(ﬂ<;—m
k

ext+p) \ v,

e Diagonalise by ¢y = cosh(0x)vx + smh(@k)wk
1
e Find Hpyct = kad)T (bk E(fk — €k — :u’)

i
tanh(2604) = — 3
with: (20:) €k + 14 2 T
e .
§k = Vek(ex + 2p) yZ N

Momentum

@ Features of fluctuation spectrum:
> Spectrum is &, independent of temperature.
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WIDBG fluctuations

e Using N2 =N =puV/U,

Hfluct:Z 6k+ﬂ p )<¢k>(ﬂ<;—m
k

ext+p) \ v,

e Diagonalise by ¢y = cosh(0x)vx + smh(@k)wk
1
e Find Hpyct = kad)T (bk E(fk — €k — :u’)

i
tanh(2604) = — 3
with: (20:) €k + 14 2 T
e .
§k = Ver(ex +2u) Z \

Momentum

@ Features of fluctuation spectrum:
> Spectrum is &, independent of temperature.
» Ground state is not ¢ |Q) = 0 but ¢x|Q) = 0, find:

Hexp( tanh Qk)wkwT ) |0).
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Overview

© Introduction to excitons and polaritons
@ Excitons and exciton condensates
@ Polaritons
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Excitons in semiconductors

Light quasiparticles with approximate Bose statistics.

Energy

Momentum
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Excitons in semiconductors

Light quasiparticles with approximate Bose statistics.

H= Z [Ec(k)aZkack + 6V(k)a:f/kavk:|
k

D [Vetognq+ Vil phot g — 2Vs gt o)
q

Energy

Holes _|_1
2

Momentum
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Excitons in semiconductors

Light quasiparticles with approximate Bose statistics.

H= Z [Ec(k)aZkack + 6V(k)a:f/kavk:|
k

1
e D Vatnhet e+ Vet oty — 2Vt ot

Energy

q

With parabolic dispersion:

Momentum
h2k2 h2k2
k) = K= —E, — ——
EC( ) 2mc, 6V( ) g 2|mv’

2

4

Coulomb interaction: V(q) = € 27T
€q
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Excitons in semiconductors

Light quasiparticles with approximate Bose statistics.

H= Z [Ec(k)aZkack + 6V(k)a:f/kavk:|

§ P
1
e D Vatnhet e+ Vet oty — 2Vt ot
q
T — With parabolic dispersion:
2.2 2.2
Exciton state: ec(k) = Rk e (k) = —E; — Pk
=3 6rs(K)alya,0) T ame oaAm
WiV s ck vk
vV g e%4r
Coulomb interaction: V(q) = —-.
€q
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Quantum well excitons

@ In GaAs u=0.1m* e, =13, so
» Ry =5meV (13.6eV for H)
» ag = 7nm (0.05nm for H)
> Mtotal ~ m*

Momentum
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Quantum well excitons

@ In GaAs u=0.1m* e, =13, so
» Ry =5meV (13.6eV for H)
» ag = 7nm (0.05nm for H)
> Mtotal ~ m*

@ Finite lifetimes: enhance by

» Optically forbidden transition
» Spatial separation Momentum
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Quantum well excitons

@ In GaAs u=0.1m* e, =13, so
» Ry =5meV (13.6eV for H)
» ag = 7nm (0.05nm for H)
> Mtotal ~ m*

@ Finite lifetimes: enhance by

» Optically forbidden transition
» Spatial separation Momentum

z /

holefj/[ @ Strongly interacting dipoles —
7

avoids bi-exciton formation.
/electrons\

Energy
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Exciton condensation

@ Single exciton state
1
= > d1s(K)ala,[Q)
VvV 4

@ Exciton condensate state:

|Wee) = N exp (Z /\kaikavk> 1)
K
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Exciton condensation

@ Single exciton state
1
= > d1s(K)ala,[Q)
VvV 4

@ Exciton condensate state:

|Wee) = N exp (Z /\kaikavk> 1)
K
= H (uk + vkaikavk) 12)
K

> Low density: vx = Ay = /N/V15(k)

» High density: saturation, v, <1
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Exciton condensation

@ Single exciton state
1
= > d1s(K)ala,[Q)
VvV 4

@ Exciton condensate state:

X
>

BCS
|We) = N exp (Z /\kaikavk> 1)
K

= H (uk + vkaikavk) 12) BEC
k

> Low density: vx = Ay = /N/V15(k)

» High density: saturation, v, <1
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Microcavity Polaritons

Cavity

AN

Jonathan Keeling Polariton condensation: Introduction L'Aquila 12 /26



Microcavity Polaritons

[Hopfield, Phys. Rev.(1958)]

Z
Z
&
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Microcavity Polaritons

Jonathan Keeling

[Pekar, JETP(1958)]
[Hopfield, Phys. Rev.(1958)]
Cavity photons:

2

&
o
1
0
N
==
N

Wk

Momentum

w0+k2/2m*

12

m* ~ 10"*m,

n=4
n=3

n=2

Energy

/1
\

Momentum
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Microcavity Polaritons

Cavity

Z I s
7

Bosonic excitons Dy

H= (vl ol)(

Qr/2
€k

Wi
Qr/2

Jonathan Keeling

)(

Yk
Dy

Momentum

)

Polariton condensation: Introduction

[Pekar, JETP(1958)]
[Hopfield, Phys. Rev.(1958)]
Cavity photons:

.................................

In-plane momentum
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Non-equilibrium: flux and baths

Cavity

In—plane momentuq
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Polariton

k-
8
8

Energy (meV)
7
o

32-10123-3-2-10123-3-2-10123
In-plane wavevector (104 cm-')

[Kasprzak, et al., Nature, 2006]

Jonathan Keeling

experiments:
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Polariton experiments: Coherence

Basic idea: Sarmple kS
=3
2
3
Beam N
Splitter <« T
£
2
Tunable
cco Delay 0.4
pid 4 6m
Retroreflector

Coherence map:

% 1 ; % Uncondensed

Condens‘e_d
0 HJD 2300 3450 46.00 o \BTE- 37,
Fringe Visibility (%) Fringe Visibility (%)

[Kasprzak, et al., Nature, 2006]
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Other polariton condensation experiments

@ Stress traps for polaritons 108
[Balili et al Science 316 1007 (2007)] S 100
@ Temporal coherence and line narrowing s
[Love et al Phys. Rev. Lett. 101 067404 1608
(2008)] 1.608
TR ) %1.505
2 o S 1604
EE . 1.603
2 * 1.606
E 00 . % 1.605
1.670 1.672 1.674 1.676 E 1.604

Photon Energy (eV) {

E,=1.67247 eV E =1.67269 eV

1.603

95 1m
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Other polariton condensation experiments

@ Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

@ Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

@ Soliton propagation
[Amo et al Nature 457 291 (2009)]

@ Driven superfluidity
[Amo et al Nature Phys. (2009)

BEdEEEE
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Distinguishing features of polaritons

o Composite electron—hole—photon particle:
» Similar energy scales
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Distinguishing features of polaritons

o Composite electron—hole—photon particle:
» Similar energy scales
@ Naturally two-dimensional, but finite
» Berezhinskii-Kosterlitz-Thouless vs BEC
@ Short polariton lifetime

» Non-equilibrium distributions
» Relationship to Laser.
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Distinguishing features of polaritons

o Composite electron—hole—photon particle:
» Similar energy scales
@ Naturally two-dimensional, but finite
» Berezhinskii-Kosterlitz-Thouless vs BEC
@ Short polariton lifetime
» Non-equilibrium distributions
» Relationship to Laser.

‘ Lifetime Thermalisation ‘

Atoms 10s 10ms
Excitons? 50ns 0.2ns
Polaritons 5ps 0.5ps

Magnons® | 1us(??) 100ns(?)

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Distinguishing features of polaritons

o Composite electron—hole—photon particle:
» Similar energy scales
@ Naturally two-dimensional, but finite
» Berezhinskii-Kosterlitz-Thouless vs BEC
@ Short polariton lifetime
» Non-equilibrium distributions
» Relationship to Laser.

‘ Lifetime Thermalisation ‘ Linewidth

Temperature
Atoms 10s 10ms 25%x 107 BmeV 108K 10 meV
Excitons? 50ns 0.2ns 5 x 107°meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnons® | 1us(??) 100ns(?) 25x107%meV 300K  30meV

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]

Jonathan Keeling Polariton condensation: Introduction

L'Aquila 18 / 26



Overview

© Polariton models and of equilibrium results
@ Microscopic and WIDBG model
@ Disorder-localised exciton model
@ Equilibrium mean field theory
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Models of polariton condensates

e Full model: H = Hep, + Heou + thoton + Hdipole + Haisorder

» Include photonic & excitonic disorder
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Models of polariton condensates

e Full model: H = Hep, + Heou + thoton + Hdipole + Haisorder
» Include photonic & excitonic disorder
» Model allows unnecessary high energy degrees of freedom

o Approximate model 1 — WIDBG

10
-2 ) (1) () 5 bkt
— QR

2psat

T T T
(Dk’—q Dk+q Dkwk’ + wk’—q k+q Dk Dk/)
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Models of polariton condensates

e Full model: H = Hep, + Heou + thoton + Hdipole + Haisorder
» Include photonic & excitonic disorder
» Model allows unnecessary high energy degrees of freedom

o Approximate model 1 — WIDBG

1o
-0 (3, ) (3) 5 Yt e
Qr

- 2psat

T T T
(Dk’—q Dk+q Dkwk’ + wk’—q k+q Dk Dk/)

» Includes exciton interaction and saturation
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Models of polariton condensates

e Full model: H = Hep, + Heou + thoton + Hdipole + Haisorder
» Include photonic & excitonic disorder
» Model allows unnecessary high energy degrees of freedom

o Approximate model 1 — WIDBG

1o
-0 (3, ) (3) 5 Yt e
Qr

- 2psat

T T T
(Dk’—q Dk+q Dkwk’ + wk’—q k+q Dk Dk/)

» Includes exciton interaction and saturation
> At low densities, project to lower polariton

ff
Hie =Y EPLIL+ > Vel oLl
k k,k’,q
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Models of polariton condensates

e Full model: H = Hep, + Heou + thoton + Hdipole + Haisorder
» Include photonic & excitonic disorder
» Model allows unnecessary high energy degrees of freedom

o Approximate model 1 — WIDBG

1o
-0 (3, ) (3) 5 Yt e
Qr

- 2psat

T T T
(Dk’—q Dk+q Dkwk’ + wk’—q k+q Dk Dk/)

» Includes exciton interaction and saturation
> At low densities, project to lower polariton

ff
Hie =Y EPLIL+ > Vel oLl
k k,k’,q

@ Approximate model 2 — Disorder localised excitons
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Excitons in a disordered quantum well

Exciton states in disorder:

[_;ﬁ + V(R)] ®o(R) = 26,9, (R)
my

|

Quantum Wells

V(R) smoothed by exciton Bohr radius

[PRL 96 066405 (2006); PRB 76 115326 (2007)]

Jonathan Keeling Polariton condensation: Introduction L'Aquila 21 /26



Excitons in a disordered quantum well

Exciton states in disorder:

|:_2v|2? + \/(R):| ®,(R) = 26,94 (R)
my

i — Quantum wells

N

V(R) smoothed by exciton Bohr radius

Want: Energies €, Oscillator strengths: g, p x 115(0)®q p

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Excitons in a disordered quantum well

Exciton states in disorder:

V2
|:—2mx + V(R):| q>a(R) = 2€a¢a(R)
w Quantum Wells

N

V(R) smoothed by exciton Bohr radius
Want: Energies €, Oscillator strengths: g, p o 115(0)

q)a,p

[0gpeol” [a0D. Uit

s:EX [meV]

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons
@ Exciton—photon coupling g.

Position
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons
@ Exciton—photon coupling g.

Position

Hsys = Zuﬂdﬁl@bk + Z |:26a55 + %/Ngl/}ksi + HC:|
k «

System

avity mode
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Equilibrium: Mean-field theory

1
Fermionic representation: $% — 5 (bTb — aTa> . St - bla

Hsys = Zwkwlwk + Z I:ﬁa (bLba - alcaa) + gL\/Kk"/}kbLaa +H.c.
k «
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Equilibrium: Mean-field theory

1
Fermionic representation: $% — 5 (bTb — aTa> . St - bla

Hsys = Zwkwlwk + Z I:ﬁa (bLba - alcaa) + gL\/Kk"/}kbLaa +H.c.
k «

Mean-field theory:
Minimise F for coherent state

(o= A= = Y gulalbu)
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Equilibrium: Mean-field theory

1
Fermionic representation: $% — 5 (bTb — aTa> . St - bla

Hsys = Zwkwlwk + Z I:ﬁa (bLba - alcaa) + gL\/Kk"/}kbLaa +H.c.
k «

Mean-field theory:
Minimise F for coherent state

non-condensed

condensed © |

(o= A= = Y gulalbu) o

Density ol

]. o 2x10°
p= ‘)\’2 + ﬂ Z<b(];ba - aizaa> "1[?”'921
«@
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

p—po+ » (5¢Tow)
q
In 2D system: modified critical condition:
2m?
Ps = P — Pnormal = ? ke T
40 ‘ ‘ :
non-condensed

condensed

10F .

0 1x10° 2x10°
n[cm?
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

p—po+ » (5¢Tow)
q

In 2D system: modified critical condition:

2m?
Ps = P — Pnormal = #? ke T

40 : ‘

non-condensed

30k condensed |
020}, 8
K
3
10+ *
0 i 1 i
0 1x10° 2x10°

n[cm?
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

p—po+ » (5¢Tow)
q

Energy

In 2D system: modified critical condition:

2m?
Ps = P — Pnormal = #? ke T

40 : ‘

non-condensed

30k condensed |
o220, *
/
3
10 &
0 i 1 i
0 1x10° 2x10°

n[cm?
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

p—po+ » (5¢Tow)
q

Energy

In 2D system: modified critical condition:

2m?
Ps = P — Pnormal = #? ke T

40 : ‘

non-condensed

30k condensed |
020}, 4
K
3
10+ *
0 i 1 5 i B
0 1x10 2x10

n[cm?
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

p—po+ » (5¢Tow)
q 3
.
In 2D system: modified critical condition: .
2m?
Ps = P — Pnormal = F ke T
40 ‘ ‘ :
non-condensed
30k condensed |
m20*[,’ g *
10} .
% 2x10°
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Equilibrium: Recovering WIDBG at low density

Localised exciton model recovers WIDBG at low density.

H = Zwkwiwk + Z |:26a52 =+ g\?fwkSJ + H.C.
k « A

Writing:

Sz =DiD,—%, S+=Dl\/1-DlD,
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Equilibrium: Recovering WIDBG at low density

Localised exciton model recovers WIDBG at low density.

8ok
H= Zwkw,ﬁwk +) {2%5; + 222 ST+ Hec.
k o

VA
Writing:
Sz =DiD,—%, S+=Dl\/1-DlD,
Get:

H=> wapith+>_ 26.DLD,
k o

8a k 1 1 1

a,k
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Equilibrium: Recovering WIDBG at low density

Localised exciton model recovers WIDBG at low density.

H=> wah+> [2@52 Eak S+ Hec.
k « f
Writing:
) ‘ ‘
SZ — DT D, % S&F = Dl 1— Dg{ D, non-condensed
Get. 301 condensed. |
H = Z Wi + Z 2¢,DID, 2 1
10F |
+> [‘fj&pkm <1 —~ fDTD ) + H.c.] S . 9
a,k nl[?g?] 2x10
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Conclusions: Theoretical aims of lectures

Bose condensation via mean-field /fluctuations

Localised exciton model of polaritons

Green's function approach to condensation

» Mean-field theory as basis
» Equilibrium — thermal Green's function and spectrum.

@ Consequences of non-equilibrium BEC

» Decoherence; lasing
» Strong coupling laser without inversion.
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