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Non-equilibrium system

In−plane momentum
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θ

Lifetime Thermalisation Linewidth Temperature
Atoms 10s 10ms 2.5× 10−13meV 10−8K 10−9meV
Excitonsa 50ns 0.2ns 5× 10−5meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnonsb 1µs(??) 100ns(?) 2.5× 10−6meV 300K 30meV

aCoupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Polariton experiments: Momentum/Energy distribution

Tunable
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DelayCCD
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Sample

Coherence map:

+ =

[Kasprzak, et al., Nature, 2006]

Jonathan Keeling Strong coupling lasing The Burn 5 / 18



Polariton experiments: Momentum/Energy distribution

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al., Nature, 2006]

Jonathan Keeling Strong coupling lasing The Burn 5 / 18



Polariton experiments: Strong coupling

[Kasprzak, et al., Nature, 2006]

Strong coupling via:

Small blueshift compared to ΩR

Polaritonic dispersion, m > mphot

Separate photon threshold

[Bajoni et al PRL 2008]
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Other systems

Quantum dot/photonic lattice (single “atom”)

[Nomura et al Nature 2010]

Superconducting qubits/microwave cavity
[Yale/ETH experiments]

Single atom lasing schemes?
I Disentangle “strong coupling” from “thresholdless” — many atoms
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Polariton system model
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Non-equilibrium model: baths
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Schematically: pump γ, decay κ
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)
+ H.c.

Bath correlations, 〈Ψ†Ψ〉, 〈A†A〉, 〈B†B〉 fixed:
Ψ bath is empty. Pumping bath thermal, µB ,T :
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Phase boundary

1. Look for coherent solution:
ψ(r, t) = ψ0e

−iµS t .
Gap equation:

(µs − ω0 + iκ)ψ0 =
1√
A

∑
α

gα〈Pα〉

= χ(ψ0, µs)ψ0
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2. Stability of normal state:

ψ(t)→ ψ0 + δψ(t)

Does:
δψ(t) =

∫
dωDR(ω)e iωtδψ(0)

grow or decay?

Since non-equilibrium: Need

Spectrum

Occupation
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Fluctuations → Stability, Luminescence, Absorption

Green’s functions:

DR − DA

DR = iθ[t − t ′]

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉

= (2n(ω) + 1)(DR − DA)

[
DR(ω)

]−1
= A(ω) + iB(ω),[

D−1(ω)
]K

= iC (ω),

DK =
−iC (ω)

B(ω)2 + A(ω)2

DR − DA =
2B(ω)

B(ω)2 + A(ω)2[
DR(ω)

]−1
= (ω − ω∗k)+iα(ω − µeff)
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Linewidth, inverse Green’s function and gap equation
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[DR ]−1 for a laser

κ

N

g

ΓN0Γ Maxwell-Bloch equations:

∂tψ = −iωkψ − κψ + gP

∂tP = −2iεP − ΓP + gψN

∂tN = Γ(N0 − N)− 2g(ψ∗P + P∗ψ)

[
DR(ω)

]−1
= ω−ωk + iκ+

g2N0

ω − 2ε+ iΓ

ω

A(ω)
B(ω)

ω

A(ω)
B(ω) -(2γ/g)2 (2γκ/g2)

E
ne

rg
y 

of
 z

er
o

System inversion, N

Zero of Re 
Zero of Im 
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Overview

1 Microcavity polariton condensation
Introduction to microcavity polaritons
A model of non-equilibrium polariton condensation

2 Strong-coupling lasing and condensation
Polariton condensation vs lasing
Why is it surprising

3 Model ingredients for strong-coupling lasing
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Strong-coupling lasing from two-level systems

TLS Coupled to bath

H = ω0ψ
†ψ +

∑
i

(
εσz

i + gψσ+
i + H.c.

)
+
∑
n,i

ζndnσ
+
i + H.c. + ωζnd

†
ndn

Want to calculate:[
DR(ω)

]−1
= ω − ωk + iκ− Ng2χ(ω)

Bath modifies susceptibility:

χ(τ) = iθ(τ)〈[σ−(τ), σ+(0)]〉
κ

g

0

Γ

Thermal Reservoir
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Requirements for strong-coupling lasing

H = ω0ψ
†ψ +

∑
i

(
εσz

i + gψσ+
i + H.c.

)
+
∑
n,i

ζndnσ
+
i + H.c. + ωζnd

†
ndn

Bath properties

dR(τ) =
∑
n

ζ2
ne iωζ

n τθ(τ)

dK (τ) =
∑
n

ζ2
ne iωζ

n τ (2nB(ωζn) + 1)

F=2n+1
DoS

If dR(τ) = Γδ(τ),
dK (τ) = ΓF̄ δ(τ)
get Maxwell-Bloch.

Previous (fermionic)
microscopics has thermal dK ,
i.e. F̄ → F (ω)

For bosonic bath, finite T
needs finite DoS.

Need spin sucseptibility for
non-trivial bath DoS.
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Extra slides

4 Equilibrium results

5 Mean-field Keldysh theory

6 Condensed spectrum
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Modelling non-equilibrium two-level system

If σz = 1
2

(
b†b − a†a

)
, σ+ = b†a:

Too many states |00〉, |10〉 ≡↑, |01〉 ≡↓, |11〉.
In equilibrium, Z = Tr(ρ)
Remove unphysical states by ρ→ ρ exp

(
i π2
[
a†a + b†b

])
Non-equilibrium approach based on〈

Tc

(
ψ(t, b)ψ†(0, f )

)〉
= Tr

(
Tc

[
ψ̃(t, b)ψ̃†(0, f )U(−∞,−∞)ρ

])

with

f

b

(combinations to give GR ,GK )

Can again use ρ→ ρ exp
(
i π2
[
a†a + b†b

])
for physical correlations.
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Excitons in a disorderd Quantum well

Quantum WellsCavity

Exciton states in disorder:[
−
∇2

R

2mX
+ V (R)

]
Φα(R) = εαΦα(R)

V (~R) smoothed by exciton Bohr radius

Want: Energies εα Oscillator strengths: gα,p ∝ ψ1s(0)Φα,p

-3 -2 -1 0 1 2
ε-E

x
 [meV]

|g
αp

=
0|2  [

ar
b.

 u
ni

ts
]

DoS(ε)

g
2
(ε,0)

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

ρ→ ρ0 +
∑
q

〈δψ†δψ〉

In 2D system: modified critical condition:

ρs = ρ− ρnormal = #
2m

~

2

kBT

k

E
ne

rg
y

k

0 1×10
9

2×10
9

n [cm-2]

0

10

20

30

40

k B
T

condensed

non-condensed

Second BCS crossover at
na2

B ' 1
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Blueshfit and experimental phase boundary

Blueshift:

 0.001

 0.01

 0.1
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Here: ΩRa2
X → ΩRξ
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Phase diagram:
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Zero temperature phase diagram

ω̃0 − iκ = g2γ
∑
α

∫
dν

2π
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Fluctuations above transition

When condensed

Det
[
DR(ω, k)

]−1
= ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ = c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Sound mode

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉
' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η

{
ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]
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[Szymańska et al., PRL ’06; PRB ’07]

Jonathan Keeling Strong coupling lasing The Burn 26 / 28



Finite size effects: Single mode vs many mode

〈
ψ†(r , t)ψ(0, r ′)

〉
' |ψ0|2 exp

[
−Dφφ(t, r , r ′)

]

Dφφ(t, r , r ′) from sum of phase modes. Study ct � r limit:

Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

∆�
√

x/t � Emax

maxE√x/t

∆ Energy
Dφφ ∼ 1 + ln(Emax

√
t/x)

√
x/t � ∆� Emax

maxE√x/t

∆ Energy
Dφφ ∼

(
πC
2x

)(
t

2x

)
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

Dφφ(t, r , r) ∝
∫

dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

φ

Im

Re ψ

ψ
∂tφ = UδN

∂tδN = −ΓδN + F (t), 〈F (t)F (t ′)〉 = Cδ(t − t ′)

Dφφ(t) =

∫
dω

2π
(1− e iωt)〈φωφ−ω〉

CU2

|ω(ω + iΓ)|2

=
CU2

2Γ3

[
Γt − 1 + e−Γt

]
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