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Cavity Quantum Wells Momentum

Cavity photons:

Wk = ww% +C2k2
~ wp + k2/2m*

m* ~ 10~*m,
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Microcavity Polaritons

Caviy Quantum Wells

Cavity photons:

Wk = ww% —|-C2k2
~ wo + k?/2m*

m* ~ 10~*m,

[Pekar, JETP(1958)]
[Hopfield, Phys. Rev.(1958)]
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Non-equilibrium: flux and baths

Exciton

In—plane momentum
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Polariton experiments: Momentum /Energy distribution

Emi

20

3
8

Energy (meV)

2l
2
@

ission angle, ¢ (degree)
20 -10 0 10 2

0 -20 -10 0 10 20

01

8-2-101233-2-10123-=3-2-101 23
In-plane wavevector (10% cm-7)

[Kasprzak, et al., Nature, 2006]

Jonathan Keeling

Nonequilibrium quantum condensates

x60

IO0006gP00 8000900000008 00 08, g

0.0 05 1.0 1.5

Energy

2.0

ETH

5/35



Polariton experiments: Coherence

Basic idea: [Sampe | =
=]
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[Kasprzak, et al., Nature, 2006]
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Other polariton condensation experiments

@ Stress traps for polaritons . teos
[Balili et al Science 316 1007 (2007)] 3 1o
@ Temporal coherence and line narrowing Hi
[Love et al Phys. Rev. Lett. 101 067404 1603
(2008)] 1608
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Other polariton condensation experiments

@ Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

@ Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

@ Soliton propagation
[Amo et al Nature 457 291 (2009)]

@ Driven superfluidity
[Amo et al Nature Phys. (2009)
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Overview

0 Introduction to microcavity polaritons

© Model and review of equilibrium results
@ Disorder-localised exciton model
@ Equilibrium mean field theory

© Microscopic non-equilibrium model
@ Model and mean-field theory

@ Fluctuations
@ Stability of normal state — lasing vs condensation
@ Condensed spectrum

e Macroscopic phenomenology
@ Gross Pitaevskii equation in an harmonic trap

@ Internal Josephson effect and spatial variation
@ Spin degree of freedom
@ Spin and spatial degrees of freedom

© Conclusions
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Excitons in a disorderd Quantum well

Exciton states in disorder:

[_QV_?% + V(R)] ®4(R) = eaPa(R)
mx

|

Quantum Wells

V(R) smoothed by exciton Bohr radius

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Excitons in a disorderd Quantum well

Exciton states in disorder:

[_;_% + V(R)] ®4(R) = eaPa(R)
mx

Ly — Quanum wells

N

-

V(R) smoothed by exciton Bohr radius
Want: Energies ¢, Oscillator strengths:  go p o 915(0)Pq p

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Excitons in a disorderd Quantum well

Exciton states in disorder:

[_;_% + V(R)] ®4(R) = eaPa(R)
mx

Ly — Quanum wells

N

-

V(R) smoothed by exciton Bohr radius

Want: Energies ¢, Oscillator strengths:  go p o 915(0)Pq p

10" [arb. units]

0
€-E, [meV]

[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Polariton system model

Polariton model

@ Disorder-localised excitons

o Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons

@ Exciton—photon coupling g.

Energy

Position
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Polariton system model

Polariton model

@ Disorder-localised excitons

o Treat disorder sites as
two-level (exciton/no-exciton)

@ Propagating (2D) photons

@ Exciton—photon coupling g.

Hsys = Zwkwl"?bk +Z |:€Oé (blzba - aLaa> +
k o

Energy

Position

1
mga,mbkblyaa + H.C.:|

System

avity mode
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Equilibrium: Mean-field theory

Hsys = ;wkwlwk + ; [ea (bLba — aLaa> + %wkbiaa +H.c.

2

|gup=0| [arb. units]

0
&-E, [meV]
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z |:6a (blba - aLaa) £a, kw bT 3o T H.c.
k «

Mean-field theory:
Self-consistent polarisation and field

v2
/at+w0_2_ = Zgoz «a

2 .
|gup=0| [arb. units]

&-E, [meV]
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Equilibrium: Mean-field theory

Hsys = ;wkwlwk + ; [ea (blba — aLaa) + %wkblaa +H.c.

Mean-field theory:
Self-consistent polarisation and field

2 .
|gup=0| [arb. units]
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Equilibrium: Mean-field theory

Hsys = ;wkwlwk + ; |:6a (blba - BLaa) f(/l_kl/) bTa + H.c.

Mean-field theory:
Self-consistent polarisation and field

e Ju= m Y e e k)
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z |:6a <blzba - aLaa) £a, kw bT 3o T H.c.
k «

Mean-field theory:
Self-consistent polarisation and field

e Ju= m Y e e k)
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Equilibrium: Mean-field theory

Ta) gakz/z bla,+H.c.
a~“« f

Hys = > witftn + > {ea (blby — 2
k «

Mean-field theory:
Self-consistent polarisation and field

[—/H-wo
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z |:6a <blzba - aj;aa)
k [e%

Mean-field theory:
Self-consistent polarisation and field

{—,u—i-wo ] Z ga¢tanh (BE,)

2
E.? = (6“2 “) + ga”

Density
2y
p= 2+ §i >~ GE. tanh(3E)
A

8ok

waa + H.c.
JA

2 .
|gup=0| [arb. units]

E:EX [meV]
T

non-condensed

2L condensed |




Overview

9 Microscopic non-equilibrium model
@ Model and mean-field theory
@ Fluctuations

@ Stability of normal state — lasing vs condensation
@ Condensed spectrum
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Non-equilibrium system

Exciton

\/\‘ Ph Ex j"ﬁ -------------------

/\’w In—plane momentuq
I \/\/\'
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Non-equilibrium system

Pho;oﬁ =

Exciton

In—plane momentuq

‘ Lifetime Thermalisation ‘

Atoms 10s 10ms
Excitons? 50ns 0.2ns
Polaritons 5ps 0.5ps
Magnons? | 1us(?7) 100ns(?)

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
®Yttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium system

PhOFoB =

Exciton

In—plane momentuq

. N
‘ Lifetime Thermalisation ‘ Linewidth Temperature
Atoms 10s 10ms 25x 107 3meV 108K 10 meV
Excitons? 50ns 0.2ns 5 x 107°meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnons® | 1us(??) 100ns(?) 25x 107%meV 300K  30meV

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
®Yttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath K \/\/\/\
-~ It -~ Excitons Cavity mode \/\/\/\

vy

H = Hsys + Hsys,bath + Hbath

Jonathan Keeling Nonequilibrium quantum condensates ETH 15 / 35



Non-equilibrium model: baths

System

Pumping Bath

Bulk photon modes

— Excitons

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hayspath = > VR + 3 V7 (aLAB n bLBB> +Hc

p,/: anB
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hayspath = > VR + 3 V7 (aLAﬁ n bLBB> +Hc

P,/: anB

Bath correlations, (WTW), (ATA), (BTB) fixed:

Jonathan Keeling Nonequilibrium quantum condensates ETH

15/ 35



Non-equilibrium model: baths

System

Pumping Bath

Bulk photon modes

= = Excitons

— .
> =

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hayspath = > VR + 3 V7 (aLAﬁ n blBﬁ) +Hc

P,E anB

Bath correlations, (WTW), (ATA), (BTB) fixed:
WV bath is empty. Pumping bath thermal, ug, T:
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Non-equilibrium theory; mean-field

Look for mean-field solution, 9(r, t) = yge #st.

o & = E = Dae
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Non-equilibrium theory; mean-field
Look for mean-field solution, (r, t) = yge #st,

(ps — wo + ik) 1o = x (v, ts)bo

Susceptibility:

Gap equation:

dz/ Fa, —i—Fb)I/—l—(Fb—F)(/’y—i-ea—

Tus)

X(to, ps) = —g%y >

excitons
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Non-equilibrium theory; mean-field
Look for mean-field solution, (r, t) = yge #st,

(ps — wo + ik) 1o = x (v, ts)bo

Susceptibility: E2 = €2 + g?[?

Gap equation:

dz/ Fa, —i—Fb)I/—l—(Fb—F)(/’y—i-ea—

Tus)

X(to, ps) = —g%y >

excitons
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Non-equilibrium theory; mean-field
Look for mean-field solution, (r, t) = yge #st,

(ps — wo + ik) 1o = x (v, ts)bo

Susceptibility: E3 = ¢ + g%|vo|* , Fa(v) = Flv F 5(us —
dl/ F +Fb)1/+(Fb_F)(I’Y+6a—

Gap equation:

Tus)

X(to, us) = =87 D /

excitons
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Non-equilibrium theory; mean-field
Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(ps — wo + ik) 1o = x (v, ts)bo

Susceptibility: E2 = €2 + g2|wo|? , Fap(v) = Flv F 5(1s — 118)]
B dz/ F, + Fb)l/ + (Fp — Fa)(iv + €a — %us)
X(¢07lu’5 - g ’7 Z Ea) +"}/2][(V—|—Ea)2+’y2]

excitons

o
=

Bath Temperature

ETH 16 / 35
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Limits of gap equation
Gap equation:

dv (Fat Fo)v + (Fo — Fa)(i7 + ca — bpis)
20 v Bl + (v + Ea) + 2]

ps—wot i = —g2y >

excitons
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Limits of gap equation
Gap equation:

s [ (B, )l )
in=-g D> | o (v — EL)? +22[(v + Ex)2 + 7]

excitons

@ Laser Limit Imaginary part: Gain vs Loss.
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Limits of gap equation
Gap equation:

o dv (Fo — Fa)(iv )
k=—g"y Y / 21 [(v— Ea)2 +12[(v + Ea)? + 7]

excitons

@ Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

=g Z (E2+’y

excitons
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Limits of gap equation
Gap equation:

o dv (Fo — Fa)(iv )
k=—g"y Y / 21 [(v— Ea)2 +12[(v + Ea)? + 7]

excitons

@ Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

2
k=g Z (E2+fy —%xlnversion

excitons
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Limits of gap equation
Gap equation:

o, 2 (Fb—Fa)(i'Y
k=—g"y Y /277 (v — Ea)? +2)[(v + En)? + 77

excitons
o Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — F5(w) — —2Np
g2
K= = Z— X Inversion

exatons

@ Equilibrium limit: finite T set by pumping, need k < 7.
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Limits of gap equation
Gap equation:

o, 2 (Fb— Fa)(ivy )
k=—g"y Y /277 (v — Ea)? +2)[(v + En)? + 77

excitons

o Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — F5(w) — —2Np

2

k= g2y Z (E2+fy —%xlnversion

excitons

@ Equilibrium limit: finite T set by pumping, need k < 7.
Require: F,(w) = Fp(w) so us = up
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Limits of gap equation
Gap equation:

dv (Fa+ Fp)v +
ps—wo I =—gv Y

2 (v = Ea2 + 92w + Ea)? +47]

excitons
o Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — F5(w) — —2Np
g2
K= = Z— X Inversion

exatons

@ Equilibrium limit: finite T set by pumping, need k < 7.
Require: F,(w) = Fp(w) so us = up
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Limits of gap equation
Gap equation:

dv (Fa+ Fp)v +
ps—wo I =—gv Y

2 (v = Ea2 + 92w + Ea)? +47]

excitons
o Laser Limit Imaginary part: Gain vs Loss. If Fp(w) — F5(w) — —2Np
g2
K = = 2~ X Inversion

exatons

@ Equilibrium limit: finite T set by pumping, need k < 7.
Require: F,(w) = Fp(w) so us = up
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Overview

© Microscopic non-equilibrium model

@ Fluctuations
@ Stability of normal state — lasing vs condensation
@ Condensed spectrum
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Fluctuations — Stability, Luminescence, Absorption
DRA = Fif[x(t — t'))] <[¢,¢T] _3

DK = —i<[zp,¢TL>

Keldysh approach:
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Fluctuations — Stability, Luminescence, Absorption
DR — D" = —i<[w,wf}_§

o o]

Keldysh approach:

[m] = = =
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Fluctuations — Stability, Luminescenr>e, Absorption

DR — DA = — i< el
Keldysh approach: [1’[} v }_

DK — i<[¢,¢TL> = (2n(w) + 1)(DR — DA)
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Fluctuations — Stability, Luminescence, Absorption
R_pA_ _ f

Keldysh approach: b b I<[¢’¢ }—3
0 = i ([0.0], ) = @nte) + (0" - 0

[DR(w)] ™ = Aw) + Bw)
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Fluctuations — Stability, Luminescenr>e, Absorption

DR — DA = — i< el
Keldysh approach: [1’[} v }_

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

[DR(w)] ™ = Aw) + B(w)
[DY(w)]" = iC(w),

1 1
DX =- [DR]1 (D71 [DA] 1
1 1

DN - D* = [DR]T ~ [DA] T
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Fluctuations — Stability, Luminescenr>e, Absorption

DR — DA = — i< el
Keldysh approach: [1’[} v }_

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

[DR(w)] ™ = Aw) + Bw)
[DY(w)]" = iC(w),

B —iC(w)
O = BT AWy
DR _ DA — 2B(w)

- B(w)? + A(w)?
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Fluctuations — Stability, Luminescenr>e, Absorption

DR — D* = —i< T
Keldysh approach: [1’[} v }_

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

—1 -15 -1 ‘-0‘.5‘ 9 ‘ 0‘.5 ‘ ."I. ‘
[DR(OJ)] = A(w) + iB(w), =AW
1,
(D7} (w)] = ic(w), f
e P
DK o —iC(w) = ‘—DmsityofstataZIm[DR]‘—
T B(w)? + A(w)? %27
2B(w) D
DR -DA= " gl
B(w)? + A(w)? £ |
95—

05 0 05
Energy (units of g)
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Fluctuations — Stablllty Lumlnescen Absorption
DR — DA = f r>
Keldysh approach: 7,/1 ¢
DK = < ¥, w* > +1)(DF - DY)
+
R 1 05 1
= 1 A "]
[D (w)] A(w) + iB(w), I _Bffii? 7
(D7 (w)] = iC(w), /<\<
0
a 1 | l L | : \l : | | |
DK _,'C(w) = ‘—DmstyofstataZlm[DR]‘
B(w)? + A(w)? < 2
2B(w) 7 |
DR -DA= - g I
B(w)? + A(w)? E
95 05 0 05
Energy (units of g)
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Fluctuations — Stability, Luminescenr>e, Absorption

DR — D* = —i< T
Keldysh approach: [1’[} v }_

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

1 15 1 05 0 05 1
[DR(OJ)] = A(w) + iB(w), T ]
1 C(w) N
[D_l(w)]K = iC(w), I /<\<
0
a 1 l n 1 n \l n 1 wl 1
K _ —iC(w) — —DmsitypfstataZIm[DR] E
D" = m g 2L — Occupation, n(w) B
DR — DA = L(OU) % 1-
B(w)? + A(w)? £ |
951 o5 0 05
Energy (units of g)
STy



Fluctuations — Stability, Luminescenr>e, Absorption

DR — D* = —i< T
Keldysh approach: [1’[} v }_

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

-1 -1.5 -1 —q.5 ‘ 9 ‘ 0‘_5 ‘ ."I. ‘
[DR(OJ)] = A(w) + iB(w), I :égz)); ]
1 K . 1 Cw) i
[D7Hw)]" = iC(w), | )
0
3 S = S
K _ —iC(w) -~ — Density of states, 2 Im[D"] 1
D= gy iAoy a2 | ||| [ommerne ™™
27
il 28&) F,
B(w)? + A(w)? £ |
—1 -G.|..5 -1 E—0.5 0_t . 05
[DR(W)} = (w — wy)+Hia(w — pefr) nergy (units of g)
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Linewidth, inverse Green's function and gap equation

‘l\ 1 n \l n 1 \| 1
v
T T T T

— Density of states, 2 Im[D]
— Occupation, n(w)

N
T

Intensity (a.u.)
T
|

P
o

-1 05 0 0.5
Energy (units of g)
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Linewidth, inverse Green's function and gap equation

Intensity (a.u.)

Jonathan Keeling Nonequilibrium quantum condensates

15 1 05 0 05 1
— A(w) ]
— B(w)

1 C%Q

. ) A

o 1 l n 1 n \l n 1 wl 1

9| T T T T T T T T T

— Density of states, 2 Im[D"]{

oL — Occupation, n(w)

l,

951 o5 0 05 1

Energy (units of g)

Energy of zero (units of g)

P
7
§
~
>~
L ~—_ i
~—_
| I=— Zero of Im ‘ ‘
0.6 -05 0.4 -03
Bath occupation, pg/g
ETH 20 /35



[DR]~! for a laser

8/ ol =i — ki + gP
A 9.P=—2ieP —TP+gyN

OtN =T(Ng — N) —2g (" P + P*y)

Maxwell-Bloch equations:

Energy of zero

2
g NO / N
w—2e+ il
”m‘ >~
— — Zeroof Im
-(2vig)*  (2yWig))

System inversion, N

[DR(w)} - W—wi+iK+
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Fluctuations above transition

When condensed
—Sound mode.—

Det [DR(w, k)} T w? — c%k?

Poles: momentum

frequency

w* = clk|

[Szymaniska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

-1 _Real i
Det [DR(% k)} = (w+ix)2+x2—c2kgg —Imaginary
Poles: g~ \momentum
w'= —ix+ v/ c?k? — x2 _/

[Szymaniska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

-1 _Real i
Det [DR(% k)} = (w+ix)2+x2—c2kgg —Imaginary
Poles: g~ \momentum
w'= —ix+ v/ c?k? — x2 _/

Correlations (in 2D): {(4T(r, t)¥(0, r')) = [ho|* exp [~ Dyy(t, r, )]

[Szymaniska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

-1 _Real i
Det [DR(wa k)} = (w+ix)2+x2—c2kgg —Imaginary
Poles: g~ \momentum
w'= —ix+ v/ c?k? — x2 _/

Correlations (in 2D): {(4T(r, t)¥(0, r')) = [ho|* exp [~ Dyy(t, r, )]

In(r/&) r—oo,t~0
Tin(c?t/x€?) re~t— o0

(wh(r, €)6(0,0) == [o[2exp [—77 {
[Szymaniska et al., PRL '06; PRB '07]
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Finite size effects: Single mode vs many mode

(67(r,£)6(0, 7)) == [0 exp [~ Dy (t, 1, )

o <& = E = Dac
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Finite size effects: Single mode vs many mode

(wi(r, y(0,7) ) = [l exp [~ Dyo(t, 1, )]

Dyg(t, r,r') from sum of phase modes. Study ct > r limit:

n
max 1— iwt
Dos(t, 1) Z/ lon(r)P(1 — %)

27 |(w + ix)2 + x2 — (nA)?]?
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Finite size effects: Single mode vs many mode

(wi(r, y(0,7) ) = [l exp [~ Dyo(t, 1, )]

Dyg(t, r,r') from sum of phase modes. Study ct > r limit:

n
max 1— iwt
Dos(t, 1) Z/ lon(r)P(1 — %)

27 |(w + ix)2 + x2 — (nA)?]?

Emaxl
AL \/X/t<<Emax ‘ ‘ ‘ ‘HMM_} D¢¢N1+|n(Emax\/ t/X)
A= nergy
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Finite size effects: Single mode vs many mode

(wi(r, y(0,7) ) = [l exp [~ Dyo(t, 1, )]

Dyg(t, r,r') from sum of phase modes. Study ct > r limit:

n
max 1— iwt
Dyo(t,r,r) o Z/ lon(r)[P(1 — e™*)

27 |(w + ix)2 + x2 — (nA)?]?

Emaxl
ALK \/m<<Emax ‘ || ‘HHM, D¢¢N1+|“(Emaxvt/x)
A= nergy
‘ max 7TC t
V€A B L L LLIE Do~ (36) ()
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Overview

e Macroscopic phenomenology
@ Gross Pitaevskii equation in an harmonic trap

@ Internal Josephson effect and spatial variation
@ Spin degree of freedom
@ Spin and spatial degrees of freedom
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Limits of gap equation
Gap equation:

(ns —wo + 1K) Y = X (¥, ps)¥
@ Local density limit:

o & = E = Dae
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

(ih@t + ik — [V(r) — h;ZZD Y(r) = x((r, t))(r, t)

Nonlinear, complex susceptibility x(u(r, t))
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

(ih@t + ik — [V(r) — h;ZZD Y(r) = x((r, t))(r, t)

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

im0 i = U2y
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

(ih@t + ik — [V(r) — h;ZZD Y(r) = x((r, t))(r, t)

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

MOy = U0
ihatwhoss = —IKy ihatqmgain = iVefF(MB)1/1
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

(ih@t + ik — [V(r) — h;ZZD Y(r) = x((r, t))(r, t)

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

ihO| i = U|1/1|2¢
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

(ih@t + ik — [V(r) - h;ZZD Y(r) = x((r, t))(r, t)

Nonlinear, complex susceptibility x[E(v(r,t))] , E2 = €2 + g2|1o|?

ihO| i = U|¢’2¢
O 0ss = —iKY MO gain = ivest(pB )t — iT|Y [0

12?2
2m

i) = |—

+ V(r) + U + i (ver(pg) — & — T[9%) | ¥
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Gross-Pitaevskii equation: Harmonic trap

V2 mu? _
om T sz + U+ i (e — 5 — T[0[?) | ¥

EERE

/h@ﬁ/} = |:—

[Keeling & Berloff, PRL, '08]
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Gross-Pitaevskii equation: Harmonic trap

P2 m? . )
m T T + Ul + i (yess — & — T[] )]w

EERE

/h@ﬁ/} = |:—

30 Density

TN

0 2 4 6 s Radius

[Keeling & Berloff, PRL, '08]
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Stability of Thomas-Fermi solution

1 1
500+V-(pv) = = (et = Tp)p

=] 5 = E = DA
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ eimdym

1 1
500+V-(pv) = = (et = Tp)p

o <& = E = Dac
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ eimdym

1 1
§8rp+V~(pv) = ;_i(f}’net@(ro_r)_rp)p

o <& = E = Dac
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ eimdym

1 1
§8rp+V~(pv) = ;_i(f}’net@(ro_r)_rp)p

o <& = E = Dac
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Time evolution:

[Keeling & Berloff, PRL, '08]
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Why vortices

3 Density profile
Thomas-Fermi in flattened trap ——
20
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Why vortices

Density profile
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Overview

0 Macroscopic phenomenology

@ Internal Josephson effect and spatial variation
@ Spin degree of freedom
@ Spin and spatial degrees of freedom
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

o & = E = Dae
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

@ Spinor Gross-Pitaevskii equation:

. V2 )
0t = | ===+ V(r) + ol |
2m

+ i (Ve — k£ — TL)?) | Y1
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.
@ Spinor Gross-Pitaevskii equation:
10 = | =5+ V(r) + Uolyr " + (Uo — 2Us) g

+i (e — £ — Tloc?) | ¥0

» Tendency to biexciton formation: U
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

@ Spinor Gross-Pitaevskii equation:

) V2 A
i0cpr = | =5+ V(r) + Uolyor | + (Uo — 2U1) [wr|* + 0

+i (e — £ — Tloc?) | ¥0

» Tendency to biexciton formation: U
» Magpnetic field: A
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

@ Spinor Gross-Pitaevskii equation:

) V2 A
i0cpr = | =5+ V(r) + Uolyor | + (Uo — 2U1) [wr|* + 0

+ i (Ve — £ — TL)?) | Y + SR

» Tendency to biexciton formation: U;
» Magpnetic field: A
» Broken rotation symmetry: J;
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.
@ Spinor Gross-Pitaevskii equation:
V2 A

i0cpr = | =5+ V(r) + Uolyor | + (Uo — 2U1) [wr|* + 0

+ i (Ve — £ — TL)?) | Y + SR

» Tendency to biexciton formation: U;
» Magpnetic field: A
» Broken rotation symmetry: J;

@ Two-mode case (neglect spatial variation): [Wouters PRB '08]

@ Many modes — interaction of J; and currents.
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Non-equilibrium spinor system: two-mode model

Write:
= mei¢+i0/z7 R = VR = zei¢=i0/2

Josephson regime: J;1 < U1R, z < R,

0=—-A—4Uz,

2= —Dynerz — 2 %rd sin(6)
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Non-equilibrium spinor system: two-mode model

Write:
= mei¢+i0/27 R = VR = zei¢=i0/2

Josephson regime: J;1 < U1R, z < R,

0=—-A—4Uz,

2= —Dynerz — 2 7"r6t sin(6)

Damped, driven pendulum
6+ 2ynetd = 8Us V"Fet sin(0) — 2ynet A
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Non-equilibrium spinor system: two-mode model

Write:
= mei¢+i0/27 R = VR = zei¢=i0/2

Josephson regime: J;1 < U1R, z < R,

0=—-A—4Uz,

2= —Dynerz — 2 7"r6t sin(6)

Damped, driven pendulum
6+ 2ynetd = 8Us V"Fet sin(0) — 2ynet A
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Trapped spinor system

V(r) = m?Z, yue(®) =TO(r — 1)
Plot HLR = aﬂb + 8,:9/2 vs A.

o <& = E = Dac
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Trapped spinor system

V(r) = m?Z, yue(®) =TO(r — 1)
Plot HLR = aﬂb + 8,:9/2 vs A.

QZ—A—4U12:0

o <& = E = Dac
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Trapped spinor system — phase portraits
“Simple” case not so simple

o & = E = Dae
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Trapped spinor system — phase portraits
“Simple” case not so simple

Examine phase portrait 9:6 vs 0

o = = = = Dae
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Trapped spinor system — phase portraits

“Simple” case not so simple
Examine phase portrait 9:6 vs 0
Retrograde motion; limit cycles
with winding 0,1,2; chaotic
behaviour (large Ji, A) vortices/spin/phPortJ1A0R330MB_20_
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Trapped spinor system — phase portraits

“Simple” case not so simple
Examine phase portrait 9:6 vs 0
Retrograde motion; limit cycles
with winding 0,1,2; chaotic

behaviour (large Ji, A) vortices/spin/phPortJ1/0R330RB_20_

vorti ces/spin/phPort J1/OB33(R3_25_
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Conclusions

o Effects of pumping on mean-field theory

Bulk photon modes

Ny

Pumping Bath

Bath Temperature
:&&\

Instability of normal state
Translating: condensation < lasing

\
Enegy of 20

Encrgy of zeo uitsof o)

3 I
Bathocaupsion g

t=22

Modification to Thomas-Fermi profile
Spontaneous rotating vortex lattice

Spinor model.
Steady states & fluctuations.

vortices/spin/phPortJ1_OR
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Extra slides

@ Equilibrium results
@ Mean-field Keldysh theory
© Condensate lineshape

© More on vortices
@ Instability of Thomas-Fermi
@ Stability of lattice
@ Observation

@ Spinor problem
@ Two level systems; phase diagram
@ Two model model,dispersion

@ Superfluidity
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Fluctuation corrections to phase boundary
Fluctuation corrections to density

p—po+ Y (59Tow)
q
In 2D system: modified critical condition:

2m?
Ps = P — Pnormal = #7 ke T
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Fluctuation corrections to phase boundary
Fluctuation corrections to density
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q

In 2D system: modified critical condition:
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Fluctuation corrections to phase boundary
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Fluctuation corrections to phase boundary
Fluctuation corrections to density
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Fluctuation corrections to phase boundary
Fluctuation corrections to density

p—po+ Y (59Tow)
q

Energy

In 2D system: modified critical condition:
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Fluctuation corrections to phase boundary
Fluctuation corrections to density

p—po+ Y (59Tow)
q

Energy

In 2D system: modified critical condition:

2m?
Ps = P — Pnormal = #7 ke T

40 T T

non-condensed

condensed

Second BCS crossover at
na%, ~1

101

0 1x10° 2x10°
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Blueshfit and experimental phase boundary

Blueshift:
10 . .
T Clean limit:
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Blueshfit and experimental phase boundary

Blueshift:

10

_ Clean limit:

1 m*“',—""
: ‘ 2 2
5 o1l 28 f 0ELp =~ Ryxaxn + Qraxn
2 gg
; O'OI/V' Here: Qra% — Qr&2

0.001 5=5.3meV, kTe=17K [PRB 77 235313]
10/ 16 10° 10'°
nem?

Phase diagram:
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Zero temperature phase diagram

dv ( F+Fb1/+(Fb—F)(€a+i’7)
“°"“‘g”z/2w[u— P2+ 20 + B2 7

o o o
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Pump bath coupling y/g
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Zero temperature phase diagram

dv (F,+ F u+(Fb—F)(€a+i7)
“’“’“‘g”zfzm— P2+ 20+ B2 7

1 :
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D08/ 1 R
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8 //
e
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o 7/ |
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw  pa(r)P(1 - ™)
27 |(w + ix)2 + x2 — (nA)2|2

Dyy(t,r,r) o< /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw |n(r)P(1 — ™)
27 |(w + ix)2 + x2|?

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw |pn(r)]?(1 — ™)
27 |(w + ix)? + x2|?

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw |pn(r)]?(1 — ™)
27 |(w + ix)? + x2|?

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
Imy
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw |pn(r)]?(1 — ™)
27 |(w + ix)? + x2|?

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw |pn(r)]?(1 — ™)
27 |(w + ix)? + x2|?

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

Imy
drp = USN
00N = —TON + F(t), (F(t)F(t')) = Coé(t—t)
dw ot CU?
0 Dyy(t) = / oo (1—e® )m
Rey
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw [en(N)[?(L — e™*)
27 |(w + )2 + X2

Dyy(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

Imy
86 = USN
00N = —TON + F(t), (F(t)F(t')) = Coé(t—t)
dw it CU?
[0) Dy (t) :/5(1 —e )m
Rey 2
= % {I’t -1+ e_rt]
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Instability of Thomas-Fermi: details

Y= /pe v=1Lvp

1
§8tp + V- (pv) = (Ynet — Tp)p
2

O +V(Up+ o1 + Zu2) =0

[m] = = =

Jonathan Keeling Nonequilibrium quantum condensates

Do



Instability of Thomas-Fermi: details

Y= /pe’ v=1~Lvg¢

1
5@0 + V- (pv) = (Ynet — Tp)p
2

dev + V(Up + ”’T“’r2 + §|v|2) =0

Consider p = p+ 6p,v — v + dv.
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Instability of Thomas-Fermi: details

= \/ﬁeid’ v = %V(p If Ynet, I — 0, can find normal
modes in 2D trap:

%atp + \E (,OV) = ('Ynet - rp)p 5pn,m(r7 ‘97 t) == eimehnym(r)eiw"”"t
2 an:w2\/m(1—|—2n)—|—2n(n+]_)
owv + V(Up + Tr +§|V| )=0

Consider p = p+ 6p,v — v + dv.
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Instability of Thomas-Fermi: details

= \/ﬁeid’ v = %V(p If Ynet, I — 0, can find normal
modes in 2D trap:
im0 iWn.m
%@p +V-(ov) = (et — Tp)p OPmm(r,0,8) = €™ hn m(r)etn
2 Wnm = w2/ m(1 +2n) +2n(n + 1)
mw® , m_ o )
Ov + V(Up + TI’ + §|V| )=0

Consider p = p+ 6p,v — v + dv.
Add weak pumping/decay:

m(L +2n) +2n(n + 1)—m?

o .
Wnn = Wmm 7+ et 2m(1 4 2n) + 4n(n+ 1) + m?

Instability
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Why vortices
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Why vortices

Density profile
Thomas-Fermi in flattened trap ——
20
15
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% 10
o
5
q15 -10 10 15

-5 0 5
Cross Section

Rotating solution: i0:) = (u — 2QL,)v

V2. /p

B= + Up — 5 VP
m,/p

v=Qxr Q—w p=e(y -t
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Why vortices: chemical potential vs size

Thomas-Fermi : = f(rp) Vortex: pu =

Vet
—r

o & = E = Dae
Jonathan Keeling Nonequilibrium quantum condensates



Observing vortices: fringe pattern

Sample

Beam

l Splitter : <—|>
: Tunable

CCD Delay

Retroreflector

SIS
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Observing vortices: fringe pattern




Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

[Marchetti et al PRB, '08]
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@ Bi-exciton binding Exx < U
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L),|R]|),|LR)

0 glh g¥p 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gY; gvg 2(eq — 1) — Exx

@ Bi-exciton binding Exx < U
@ Mean-field: find polarisation
given 9, YR.

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 glh gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

@ Bi-exciton binding Exx < U

. . . %
@ Mean-field: find polarisation = - ]
. —Nobinding |5 E

given ¥, YR. 10F |- - - By =4 meV 7 ]

o Eyx =8meV i ]

@ Exx has weak effect on T, | A
% 5x10° 1x10°,  2x10°  2x10

nfcm

[Marchetti et al PRB, '08]
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Equilibrium phase diagrams

h =4, =0.
For U; = 0.5, ¥ r decouple.
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Circular — Eliptical transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Equilibrium phase diagrams

J=4h=0. J1=0,h #0.
For Uy = 0.5, ¥ g decouple. Phase locking J> cos(2(6, — 6r)).
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Equilibrium phase diagrams

J=h=0

For U; = 0.5, ¥ r decouple.
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AkgTeg

Circular — Eliptical transitions.

Temperature

J1=0,h #0.
Phase locking J> cos(2(6, — 6r)).

Magnetic field, A

Separate Ising/XY transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Equilibrium phase diagrams

J=4h=0. J1=0,h #0.
For Uy = 0.5, ¥ g decouple. Phase locking J> cos(2(6, — 6r)).
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04
g
03
s

Temperature

0.2
0.1

0
-0.04 003 002 -001 0 001 0.02 003 004 Magnetic field, A
Mg T geg

_ o o Separate Ising/XY transitions.
Circular — Eliptical transitions. Jy # 0: Eqbm state locked.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Mathematical outline

@ 2D Single component equation of state: n(u, T) = Tf(x = u/T)

o & = E = Dae
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Mathematical outline

2D Single component equation of state: n(u, T) = Tf(x = u/T)

For two components:

= (558) ()

At critical point for one component:

w7 (e )]

no
T —
fc+f(xc+¥)

@ Hence:

Jonathan Keeling Nonequilibrium quantum condensates ETH 48 / 53



2Q
Graphical implementation of T = ng/ {fc +f (XC + ?>]
4

Bogoliubov /o
' |—— Monte Carlo
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2Q
Graphical implementation of T = ng/ {fc + f (XC + ?>]

Bogoliubov
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Two-mode model bistability

o & = E = Dae
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Two-mode model bistability

o & = E = Dae
Jonathan Keeling Nonequilibrium quantum condensates



Two-mode model bistability

AZ>Ac w~[In(A—A)]!

o & = E = Dae
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Spatial freedom: Homgeneous case A < A,

0 + 27netd = 8U1J1 Ry sin(6) — 29net A
@ Steady state condition: 8U;JiRysin(0) = 2ynet A
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Spatial freedom: Homgeneous case A < A,
0 + 27netd = 8U1J1 Ry sin(6) — 29net A

@ Steady state condition: 8U;JiRysin(0) = 2ynet A

° ¢L,R N e—i,ut (wg’R + ule—ik~r+(—iw—n)t + Vike,'k.r_i_(,'w_n)t)
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Spatial freedom: Homgeneous case A < A,

0 + 2Ynetd = 8U1 J1 Ry sin(0) — 2ynet A
@ Steady state condition: 8U;JiRysin(0) = 2ynet A
o YLg— o—int <¢2,R 4 e kerH(iw—r)t 4 Vikeik~r+(iw—n)t)

@ Define Q,% = —8U;/1Rycos(f). At k=0
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Spatial freedom: Homgeneous case A < A,

0 + 2Ynetd = 8U1 J1 Ry sin(0) — 2ynet A
@ Steady state condition: 8U;JiRysin(0) = 2ynet A
o YLg— o—int <¢E,R 4 e kerH(iw—r)t 4 Vikeik~r+(iw—n)t)

@ Define Q,% = —8U;/1Rycos(f). At k=0

w—1IKk =0, —2iVnet

- i’Ynet £ Ynet — 9,23

Stability requires Q,% > 0. If Q,% < “Ynet Overdamped.

Jonathan Keeling Nonequilibrium quantum condensates ETH

51 /53



Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.

o & = E = Dae
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
Plot J;sin(6) vs r.

Jonathan Keeling Nonequilibrium quantum condensates ETH 52 /53



Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
Plot J;sin(6) vs r.

h=Lrnn>rrE,A=6

J1 =050 > rrF A =6 Counter-rotating.
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Superfluidity

Superfluidity:

J=pv=Vlrvv = [V2Ve

=] 5 = E = DA
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Superfluidity

Superfluidity:

J=pv=VIrvV = |V|°V¢

xjj(w = 0,9 — 0) = (Ji(q)J;(a))

aiqj qiqj
—crla) (- %2 )+ ula) 22
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Superfluidity

Superfluidity:
J=pv=VIrvV = |V|°V¢

xjj(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qidq;
=x71(q) <5ij - #) + XL(Q)#

Superfluid part,
li — :
ps X q[po(m XT)
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Superfluidity

Superfluidity:
J=pv=VIrvV = |V|°V¢

xjj(w = 0,9 — 0) = (Ji(q)J;(a))

aiqj qiqj
—crla) (- %2 )+ ula) 22

. 7i(9,0) %0 7vj(9,0)tp0
Superfluid part, AXU(q) = Ane——— e

ps o< lim(xr — x1)- G(w=0,4q)
qg—0

Ji(q) = (Wi(q))
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Superfluidity

Superfluidity:
J=pv=VIrvV = |V|°V¢

xjj(w = 0,9 — 0) = (Ji(q)J;(a))

aiqj qiqj
—crla) (- %2 )+ ula) 22

Superfluid part, AXU(q) = ~"ANNnnNe——— N
ps o lim (xe = x7)- G(w = 0.q)

=i =0,9)v;
Ji(a) = (¥1yi(q)y) 7i(@)9r(w = 0,d)y(q) +
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Superfluidity

Superfluidity:
J=pv=VIrvV = |V|°V¢

xij(w = 0,q = 0) = (Ji(a)Jj(a))

qiq; qidq;
=x71(q) <5ij - c;;) + xc(q) c"zj

7i(9,0) %0 7vj(9,0)tp0

Superfluid part, AXU(q) = AnNne———— o~
ps o lim (xe = x7)- G(w=0.q)
=i = 0’ q / -
Ji(a) = (Wi(q)y) il (q)gf;@(" )q.q)%(q) +
il---)q;

(w+ ix)%2 4+ x2 — c2q?
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Superfluidity

Superfluidity:
J=pv=VIrvV = |V|°V¢

xij(w = 0,q = 0) = (Ji(a)Jj(a))

qiq; qidq;
= x1(9q) <5ij - c;;) + x(q) c"zj

7i(q,0)%0 75 (a,0)%0

Superfluid part, AXij(CI) = AANe——— o
ps X ;@O(XL - XT): Glw=04q)
=i Or(w = 0, g)y; + ...
Ji(q) = (WHi(q)e) 7i(q)Gr( a)i(q)
Static ps survies x gi(---)q —
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