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1 Quantum corrections to Tavis–Cummings model

2 Quantum corrections to Josephson problem
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Tavis-Cummings model: semiclassics

Tavis-Cummings model Hamiltonian:

H =
N∑
i

(
∆sz

i + g(s+
i ψ + s−i ψ

†)
)

Inverted state, |nphot = 0, ↑↑↑↑↑ . . .〉

⇔

[Bonifacio and Preparata, PRA 2 336 (1970)]
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Tavis-Cummings model: semiclassics

Semiclassical equations of motion:

i∂tψ =
N∑
i

gs−, i∂ts
−
i = ∆s−i − 2gsz

i ψ, i∂ts
z
i = g(s+

i ψ − s−i ψ
∗)

Can be solved for s in terms of
λ = N − (∆/2g)2

ψ̇2 = g2ψ2(λ− ψ2),

ψ(t) '
∑
m

√
λ

cosh[g
√
λ(t −mT )]

,

T = 2
ln(
√
λ)

g
√
λ
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[Andreev et al, PRL 93 130402 (2004), Barankov and Levitov, ibid 130403]:
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How good is semiclassics?

From eigenstates H|Ψq〉 = Eq|Ψq〉:
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Semiclassical approximation: WKB quantisation

Problem is one dimensional; nphot + Sz ≡ N/2, find Ψ(nphot):

(E + ∆n)Ψn = gn
√

N + 1− nΨn−1 + g(n + 1)
√

N − nΨn+1
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WKB wavefunction:

Ψn '
cos(EΦn + φ+ nπ/2)√
(n + 1/2)

√
N − n + 1/2

Φn '
1

g
√

N + 1
arcosh

[√
N + 1

n + 1/2

]

Find E , φ by matching assymptotics at n ' 0, n ' N.
Hard boundary at n = 0: breakdown of Bohr-Sommerfeld quantisation.

[Keeling PRA 79 053825; see also Babelon et al. J. Stat. Mech p.07011]
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Scaling with system size

Simple approximation: match WKB soln to eqn for Ψ0,Ψ1:

1 = − 2

π

√
N

E

g
tan

[
E

g

ln(
√

N)√
N

]
,

Eq = q
πg
√

N

ln(
√

N)
+ q3 Cg

√
N

[ln(
√

N)]4
Semiclassics controlled by 1/ ln(N).
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Josephson model

J

Spatially separted states:

H = U
(

Ψ†LΨL −Ψ†RΨR

)2
+J
(

Ψ†LΨR + Ψ†RΨL

)
Fixed # atoms, N = Ψ†LΨL + Ψ†RΨR

Classical dynamics of Z = 1
2

(
Ψ†LΨL −Ψ†RΨR

)
If 2NU > J, then:

I E < NJ untrapped oscillations
I E > NJ self-trapped

oscillations

If 2NU < J, untrapped
oscillations
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1D Quantum mechanics problem and WKB solution

(E − Un2)ψn =
J

2

[√
(N + n)(N − n + 2)ψn−2 +

√
(N − n)(N + n + 2)ψn+2

]
.

For z = n/N, allowed/forbidden
regions:

ψ(z) = b(z)

{
C+e iNW0+iW1 + . . .

C+eNΩ0+Ω1 + . . .

cos(2W ′
0) =

ε− uz2

√
1− z2

= cosh(2Ω′0)
-1

0

1
u

0 1

ε

z

u=1.2
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Level spacing and WKB result
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Exact diagonalisation
WKB: ε<1

WKB: ε=1+λ/N
WKB: ε>1

 0
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 0.96  1  1.04

ε < 1

∫ zo

−zo

dz [NW ′
0 + W ′

1] = mπ +
π

2

ε > 1

∫ zo
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0 + W ′

1] ' mπ +
π

2
± exp

(
−
∫ zi

−zi

dz [NΩ′0 + Ω′1]

)
ε ' 1 F [N(ε− 1) ln(N) . . .] = mπ +

π

2

[F.B.F. Nissen, JK, arXiv:0912:0189]
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Scaling vs system size
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Conclusions

Examples of logarithmic scaling in many-body QM problems

Tavis-Cummings model — significant corrections for frequently
studied initial conditions
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Tavis-Cumings — Critical level due to end point

Josephson model — Critical level due to bifurcation
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