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© Quantum corrections to Tavis—Cummings model

© Quantum corrections to Josephson problem
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Tavis-Cummings model: semiclassics

Tavis-Cummings model Hamiltonian:

H = ENZ (a5 +g(s7v+s70h)

[Bonifacio and Preparata, PRA 2 336 (1970)]
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Tavis-Cummings model: semiclassics

Tavis-Cummings model Hamiltonian:
N
H=Y" (asi+gls v +s7v0)
i

Inverted state, |nppor =0, 11117 ...)
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[Bonifacio and Preparata, PRA 2 336 (1970)]
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Tavis-Cummings model: semiclassics

Semiclassical equations of motion:

N
i0) =) gs, 0 = As; — 25, idesf = g(ste — 5 U7
i

[Andreev et al, PRL 93 130402 (2004), Barankov and Levitov, ibid 130403]:
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Tavis-Cummings model: semiclassics
Semiclassical equations of motion:
N
iOnp = gs~, ides; =Ds; —2gstp, idst = g(s Y — s ¥Y)
i

Can be solved for s in terms of
A=N-—(A/2g)

V? =g (A - 9?),

[Andreev et al, PRL 93 130402 (2004), Barankov and Levitov, ibid 130403]:
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Tavis-Cummings model: semiclassics
Semiclassical equations of motion:
N
10 = ng_’ i0is; = As; —2gstep,  i0:sf = g(S,*w —s; )
i

Can be solved for s in terms of

A= N—(A/2g)? 1o ([r=2nemy.
. 1200
VP = g P (A — ¢, .
\F/\ S s
W(t) ~ Z , 600 |
— cosh[gVA(t — mT)] 400 1
200
In(VA) LN T
T=2 0 01 02 03 04 05 06 07 08
g\/X Time

[Andreev et al, PRL 93 130402 (2004), Barankov and Levitov, ibid 130403]:
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How good is semiclassics?

From eigenstates H|W,) = E4|V,):
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How good is semiclassics?
If periodic,

AE; =q¢Q2, Q= ﬂgﬂ
In(v/N)
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How good is semiclassics?
If periodic,

AE; =q¢Q2, Q= Wgﬂ
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Anharmonicity: AE; — gAE;
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Semiclassical approximation: WKB quantisation

Problem is one dimensional; nppot + S, = N/2, find W(nppot):

(E+AnV,=gnVN+1—nV, 1 +g(n+1)VN—nV,

[Keeling PRA 79 053825; see also Babelon et al. J. Stat. Mech p.07011]
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Semiclassical approximation: WKB quantisation

Problem is one dimensional; nppot + S, = N/2, find W(nppot):

(E+AnV,=gnVN+1—nV, 1 +g(n+1)VN—nV,

WKB wavefunction:

V.~ cos(E®, + ¢ + nm/2)
\/(n—|—1/2) N—n+1/2

N+1
n+1/2

[Keeling PRA 79 053825; see also Babelon et al. J. Stat. Mech p.07011]
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Find E, ¢ by matcrﬂng assymptotics at n >~ 0,n ~ N.
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Semiclassical approximation: WKB quantisation

Problem is one dimensional; nppot + S, = N/2, find W(nppot):

(E+AnV,=gnVN+1—nV, 1 +g(n+1)VN—nV,

WKB wavefunction:

V.~ cos(E®, + ¢ + nm/2)
\/(n—|—1/2) N—n+1/2

N+1
n+1/2
Find E, ¢ by matcrﬂng assymptotics at n~0,n~ N.

Hard boundary at n = 0: breakdown of Bohr-Sommerfeld quantisation
[Keeling PRA 79 053825; see also Babelon et al. J. Stat. Mech p.07011]
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Scaling with system size

Simple approximation: match WKB soln to eqn for Vg, Wy:

1= _ng tan [Eln(m)

™ g |g VN

9
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Scaling with system size

Simple approximation: match WKB soln to eqn for Vg, Wy:

1= _ng tan [Eln(m)

™ g |g VN
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Scaling with system size

Simple approximation: match WKB soln to eqn for Vg, Wy:

1= —g\/NEtan [Eln(m)

™ g |g VN

9

£ _ ngVN = CgV'N
" Invm) " (VA

Semiclassics controlled by 1/ In(N).
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Scaling with system size

Simple approximation: match WKB soln to eqn for Vg, Wy:

2 —FE E In(v/N)
\/N— tan [gm

9

£ _ ngVN = CgV'N
" Invm) " (VA

Semiclassics controlled by 1/ In(N).
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Josephson model
Spatially separted states:
2
J H=u (v, - wiwe )+ (vjwe+ v, )

Fixed # atoms, N = WIw, + whw,
Classical dynamics of Z = % (IIJTL\UL — \IJI-\,\IJR>

o If 2NU > J, then: 06
» E < NJ untrapped oscillations 04

» E > NJ self-trapped 02
oscillations g 0

o If 2NU < J, untrapped -0.2
oscillations -0.4

-0.6
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time: t/J
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1D Quantum mechanics problem and WKB solution

(E - Unz)wn -

N«

[VINE RN =05 22+ /(N = )N+ 1+ 2]
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1D Quantum mechanics problem and WKB solution

(E— UnYo = 3 [VIN T W)V — 15 2ty 2 + N = )W T 75 Do)

For z = n/N, allowed /forbidden
regions:

C,eMWo+iWi |

¥(z) = b(z) {Qemﬁm L

€ — uz?

cos(2Wp) = \/%

= cosh(2€)
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1D Quantum mechanics problem and WKB solution

(E— UnYo = 3 [VIN T W)V — 15 2ty 2 + N = )W T 75 Do)

For z = n/N, allowed /forbidden
regions:
CyeMWotivh 4
/‘/}(Z) = b(Z) { " NQy+Q @
C+e 0 L4 ...
cos(2W}) = ¢z _ cosh(29)
/12 0
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Level spacing and WKB result

[F.B.F. Nissen, JK, arXiv:0912:0189]
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Level spacing and WKB result

4

Zo
°ec<l1 /dz[NWé—l—Wll]:mﬂ—i-g

[F.B.F. Nissen, JK, arXiv:0912:0189]
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Level spacing and WKB result

4

Zo
°ec<l1 /dz[NWé—l—Wll]:mﬂ—i-g

—Zo

o e>1 | d[NWG+ Wil = mr+ 7 +exp (— dz[NQ + Q’1]>

Zj —Zj

[F.B.F. Nissen, JK, arXiv:0912:0189]
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Level spacing and WKB result

4

Zo
°ec<l1 /dz[NWé—l—Wll]:mﬂ—i-g

o e>1 | d[NWG+ Wil = mr+ 7 +exp (— dz[NQ + Q’1]>

ee~1 F[N(e—1)In(N)...]=mm+

_z
T

2

[F.B.F. Nissen, JK, arXiv:0912:0189]
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Level spacing and WKB result

0.01 Exact diagonalisation
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[F.B.F. Nissen, JK, arXiv:0912:0189]
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Scaling vs system size
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Conclusions

@ Examples of logarithmic scaling in many-body QM problems
@ Tavis-Cummings model — significant corrections for frequently
studied initial condltlons
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[JK, PRA 79 053825]
@ Tavis-Cumings — Ciritical level due to end point
@ Josephson model — Crltlcal level due to bifurcation
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[F.B.F. lesen JK, arXiv:0912:0189]
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