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Aims

@ Non-equilibrium diagram (Keldysh)
approach.
@ Modelling system with particle flux.
@ Show connection between:
» Equilibrium BEC: chemical potential

w—0.
» Simple LASER: round-trip gain '
exceeds loss.
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Overview

© Non-equilibrium Green's functions
@ Definitions of Green's function
@ Diagrammatic approach
@ Example: decaying photons

© Polariton condensation and lasing
@ Self energy for the Dicke model
@ Analytic properties of Green's functions
@ Normal state instability

© Summary
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Need for multiple Green’s functions

@ Consider definitions:

iD<(t,r) = (¥1(0,0)(t,r)),  iD7(t,r) = (w(t,r)¥(0,0)),
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Need for multiple Green’s functions

@ Consider definitions:

iD<(t,r) = (¥1(0,0)(t,r)),  iD7(t,r) = (w(t,r)¥(0,0)),

@ Fourier transform:

iD<(w, k) = ng(w)p(w, k), iD” (w, k) = [ng(w) + 1]p(w, k).
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Need for multiple Green’s functions

@ Consider definitions:

iD<(t,r) = (¥1(0,0)(t,r)),  iD7(t,r) = (w(t,r)¥(0,0)),

@ Fourier transform:

iD<(w, k) = ng(w)p(w, k), iD” (w, k) = [ng(w) + 1]p(w, k).

1

@ In equilibrium, ng(w) = ]
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Need for multiple Green’s functions

@ Consider definitions:

iD<(t,r) = (¥1(0,0)(t,r)),  iD7(t,r) = (w(t,r)¥(0,0)),

@ Fourier transform:
iD= (w, k) = np(@)p(w, k), D> (w, k) = [n(w) + Lp(w, k).
1

efw — 1
Out of equilibrium, need (at least) two Green's functions.

In equilibrium, ng(w) =
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Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t, r) = —io(e) ([(t, 1), 67(0,0)]), DA(t,r) = [DR(~t,—)]"
DR(tr) = i {[v(t, 1), w1(0,0)]: ).
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Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t, r) = —io(e) ([(t, 1), 67(0,0)]), DA(t,r) = [DR(~t,—)]"
DR(tr) = i {[v(t, 1), w1(0,0)]: ).

o For free flelds

> w t r Zdj e—/wkt /kr
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Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t, r) = —io(e) ([(t, 1), 67(0,0)]), DA(t,r) = [DR(~t,—)]"
DR(tr) = i {[v(t, 1), w1(0,0)]: ).

o For free fields:
> 'l/)tr Zdj e—/wkt /kr
» Hence:

DR t _ 9 —jwit— lkr DR k) =
r) i Ze (w, k) PR
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Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t,r) = —i0(t) ([U(t.r), v1(0,0)]) . DA(t,r) = [DF(~t,~n)
DR(tr) = ~i ([(t, 1), w10, 0)] )
@ For free flelds
> (t,r) Zzp e otk

» Hence:

1
DR _ —jwit—ik- r DR k) =
t,r) i0(t E e (w, k) PR
DKX(w, k) = (27r/)5(w — wk)(2ng(wk) + 1).

Jonathan Keeling Non-equilibrium polariton condensation Maratea 5 /30



Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t,r) = —i6(e) ([(t, ). ¥1(0,0)]) . DA(t,r) = [DR(~t,—r)]
DR(tr) = ~i ([(t, 1), w10, 0)] )

@ For free ﬁelds

> w t r Zdj e—/wkt /kr

» Hence:

DR t _ 9 —jwit— lkr DR k) =
r) i Ze (w, k) PR

DKX(w, k) = (27r/)5(w — wi)(2ng(wk) +1).
> Density of states:

D k) = D) = — (2 — ).
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Retarded and Keldysh Green's functions

@ In fact, consider:
DR(t, r) = —io(e) ([(t, 1), 67(0,0)]), DA(t,r) = [DR(~t,—)]"
DR(tr) = i {[v(t, 1), w1(0,0)]: ).

o For free fields: ‘ ’
>t r) =) e
K

» Hence:

DR t _ 9 —jwit— lkr DR k) =
r) i Ze (w, k) PR

DKX(w, k) = (27r/)5(w — wi)(2ng(wk) +1).
> Density of states:

DR(w, k) — D*(w, k) = —(271)d(w — wi),
» Can rewrite Keldysh Green's function:

D¥(w, k) = [DR(w, k) — DA(w, k)](2ng(wk) + 1)
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Constructing diagrammatic expansion

o Need Heisenberg picture 1(t):
b(t) = eMpe™ M = U (1) (1) U(t)

Interaction picture: H = Hy + Hint O(t) = etotype=iHot,
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Constructing diagrammatic expansion

o Need Heisenberg picture 1(t):
b(t) = eMpe™ M = U (1) (1) U(t)

Interaction picture: H = Hy + Hine  0(t) = e0tipe=Hot,
o Gives equation for U(t):

. . t ~
U = —ieMot Hy e~ Moty U(t) = T exp [—i/ H;nt(t’)dt’] .
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Constructing diagrammatic expansion

o Need Heisenberg picture 1(t):
b(t) = eMpe™ M = U (1) (1) U(t)

Interaction picture: H = Hy + Hine  0(t) = e0tipe=Hot,
o Gives equation for U(t):

. . t ~
U = —ieMot Hy e~ Moty U(t) = T exp [—i/ H;nt(t’)dt’] .

@ Aim: Green's function as time-ordered expectation

(A()B(t)) t>1t

<T[A(t)8(t/)]>:{(B(t’)A(t)> fo v
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Constructing diagrammatic expansion

o Need Heisenberg picture 1(t):
U(t) = eMye M = U () d(1) (1)
Interaction picture: H = Hy + Hine  0(t) = e0tipe=Hot,
o Gives equation for U(t):

. ) t
0U = —ie e U, U(0) = Texp i [ Fru(e)o |

@ Aim: Green's function as time-ordered expectation

(A()B(t)) t>1t

<T[A(t)8(t/)]>:{(B(t’)A(t)> fo v

o In time ordered product: D = (T [A(t)B(t')]) = < [74 B(t’)U]>
Collapse time orderings: U = exp [ f H.nt T)dT]
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Keldysh contour

@ To produce multiple Green's functions, use:

b

-<

=
f

Ordering T: (t,b) > (t',f) for all t,t'.
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Keldysh contour

@ To produce multiple Green's functions, use:

b
= =
Ordering T¢: (t,b) > (t',f) for all t,t'.
o Hence: D (t) = —i{w(£)61(0)) = —i ( Te (w(e, b)i'(0, 1)) ).
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Keldysh contour and Green's functions

b
= =)
f
o Define s (t) = é ((t, F) £ (t, b))
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Keldysh contour and Green's functions

b
= >)
f
e Define 91(t) = 1 (¥(t, f) = 4(t, b)),

V2

@ Gives matrix of Green's functions:

o= (5 §)=oln(24)) (o o)
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Keldysh contour and Green's functions
b

<
e

f
o Define s (t) = 2 ((t, F) £ (t, b))

@ Gives matrix of Green's functions:

o= (5 §)=oln(24)) (o o)

@ For example:
i

DR = 2 (Te[(v (.0 +u(e. ) (v1(0.F) —47(0.5))])

_ i Lot — ot (e)1(0) — w1 (0)0(r) t>0
2<w(t)¢(o) wHO)(t) + {W D) — GO t<0>
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Non-equilibrium diagrammatic theory: Summary

YA
Y
o/

(50 7)== (R [(56) o o))

@ Propagator:
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lllustration: coupling to a decay bath

System Bulk photon modes

— 2
K=3( b
Cavity mode

Pumping Bath 2
- y=2I7

== - = E;CitOFS
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lllustration: coupling to a decay bath
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lllustration: coupling to a decay bath

System

k=503

Cavity mode

o Coupling: Hine = ZCk,p (%Z);T(‘Vp + W,Tﬂ/)k>
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lllustration: coupling to a decay bath

System

k=503

Cavity mode

o Coupling: Hine = ZCk,p (%Z)Z‘Vp + W,W’k)

k,P

@ To find propagator need:

/C Froe(t) = > Chp / [whwp’_ +f W, +Hc|.
k,P —©
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lllustration: coupling to a decay bath

System Bulk photon modes

— 2
K=2;
Cavity mode

o Coupling: Hint = Chp (@w,a n wj,q/)k>
k,P
@ To find propagator need:

/C Froe(t) = > Chp / [zﬂ#wp’_ +f W, +Hc.
k,P —©

@ Want to resum perturbation series:
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lllustration: coupling to a decay bath

System Bulk photon modes

— 2
K=2;
Cavity mode

o Coupling: Hint = Chp (@w,a n wj,q/)k>
k,P
@ To find propagator need:

/C Froe(t) = > Chp / [zﬂ#wp’_ +f W, +Hc.
k,P —©

@ Want to resum perturbation series:

=~ A~ D RAA

@ To resum, use
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lllustration: coupling to a decay bath

System Bulk photon modes

— 2
K=2;
Cavity mode

o Coupling: Hint = Chp (@w,a n wj,q/)k>
k,P
@ To find propagator need:

/C Froe(t) = > Chp / [zﬂ#wp’_ ol W, +Hel.
k,P —©

@ Want to resum perturbation series:

+ "~ DRAN

D = Dy + DyED, D'=D;t %

@ To resum, use
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Dyson equation, self energy

@ Inverse Green's function

11 0 w—wk—i0 ) 0 xR
b =Dy Z_<w—wk+i0 i0... A K )
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Dyson equation, self energy

@ Inverse Green's function

_ _ 0 w—wyi — 0 0 xR
D1:D01—Z:< >_<ZA sK

w — wyi + 10 i0...

@ To solve, use:
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Dyson equation, self energy

@ Inverse Green's function
11 0 w—wk—i0 ) 0 xR
b =Dy Z_<w—wk+i0 i0... A K )

@ To solve, use:
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.
I S S
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Self energy and Markov approximation

/ int ( Z Ck»P/ [Q/)k +Wp -+ ¢k

@ e.g, Retarded self energy m®m C... .6~
wa(‘“’ k) = zwfw(w k)
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy m®m C... .6~

R
Thip(w, k) =Z (. k) = chDw, p)
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy m®m C... .6~

R
T p(w, k) = Zw:ﬂwk chDw, p)

P

w — wp—i—/O
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy m®m C... .6~

R
T p(w, k) = Zw:ﬂwk chDw, p)

—Z = —/WZCE,,MS(W—W,C;)
p

w — wp—i—/O
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy «,\,@W C... .6~

R
T p(w, k) = Zzﬁ;}wk chDw, p)

P

= —iﬂZC&k(S(w - wg) = —iK
p

w — wp—i—/O
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy «,\,@W C... .6~

gw(‘“’ k) = Zw::zz w, k) ZCP kaw )

o Similarly Keldysh seIf energy:

ZQ’ZM/;(W?k) ww, ZCp ij;_T—i_w )

>

= —iﬂZC&k(S(w - wg) = —iK
p

w — wp—i—/O
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy «,\,@W C... .6~

R
Zyrylw; k) = Zw::zz w, k) ZCP kaw )

o Similarly Keldysh seIf energy:

ZQ’ZM/;(WJ() ww, ZCp kD\uT\u . P)

- Z ¢ il —27r/)6(w — w$)(2ny(ws) + 1)

= —iﬂZC&k(S(w - wg) = —iK
p

w — wp—i—/O
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Self energy and Markov approximation

/.nt ch,p/ (VLYo + 0l W, +HC.

@ e.g, Retarded self energy «,\,@W C... .6~

R
Zyrylw; k) = Zw::zz w, k) ZCP kaw )

o Similarly Keldysh seIf energy:

ZQ’ZM/;(WJ() ww, ZCp kD\uT\u . P)

=>4l —27r/)(5(w — wS)(2ny(ws) + 1) = —2ik(2ny(w) + 1)

= —iﬂZC&k(S(w - wg) = —iK
p

w — wp—i—/O
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Decaying Green's functions

System Bulk photon modes

— 2
K=3( b
Cavity mode

@ Inverse Green's functions:

0 [DA]_I _< 0 w—wk —IK >
[DR]fl (D] K7\ w—wk+ix 2ik(2ny +1)
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Decaying Green's functions

System Bulk photon modes

— 2
K=3( b
Cavity mode

@ Inverse Green's functions:
0 [DA] -t _ 0 w—wk —IK
[DR] -1 [D-1] K7\ w—wi+irn 2is(2ny +1)

@ Green's functions
1
w—wg+ ik’

2iK
K —
Pk =

DR(w, k) =
(2ny(w) +1))

@ Lorentzian broadening; population set by bath.
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Overview

© Polariton condensation and lasing
@ Self energy for the Dicke model
@ Analytic properties of Green's functions
@ Normal state instability
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Two-level system model of polaritons

System Bulk photon modes

— 2
K=2( 5
Cavity mode

Pumping Bath

- y=3I2

e

> = -
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Two-level system model of polaritons

System

Pumping Bath

- y=3I2

e

> = -

Cavity mode
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Two-level system model of polaritons

System
Pumping Bath 2
N = y=2l7
- = = = Cavity mode
@ » Disorder-localised excitons
&
> Treat sites as two-level system g
(exciton/no-exciton)
» Propagating (2D) photons
. . Position
» Exciton—photon coupling g.
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Two-level system model of polaritons

System

Pumping Bath

- y=3r2

Cavity mode

Disorder-localised excitons

()
v

Treat sites as two-level system
(exciton/no-exciton)

v
Energy

» Propagating (2D) photons

. . Position
» Exciton—photon coupling g.
@ Two-level system Hamiltonian

H=Y wlvy+ > e (b6 —ala) +> g (vlafb, +He).
k i

ik
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Polariton self energy

@ Include repeated exciton < photon interconversion use

W:erwm@%-

@ Split free/interaction parts:

H= wilv,+ > e (b~ ala) + > g (vlalb, +He).
k i

ik
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Polariton self energy

@ Include repeated exciton < photon interconversion use

W:erwm@%-

@ Split free/interaction parts:

H= wilv,+ > e (b~ ala) + > g (vlalb, +He).
P i ik

e Add (f,b) — (+,—) labels to operators
/ dt Fe = / dt— L (¢) (B,T +(t)a,._(t)+z”a,T_(t)z;,.+(t))
B-(e) (Bl (093, (6) + BL_(8)3,_(1)) + Hee ]

Surviving terms all have odd number “-" terms.
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Polariton retarded self energy

b

o Retarded self energy 21;;; = «MQ%

a
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Polariton retarded self energy

b b
@ Retarded self energy S, = «M@%—» + «M®i>~
a a

Jonathan Keeling Non-equilibrium polariton condensation Maratea 17 / 30



Polariton retarded self energy

b b
o Retarded self energy Eww «M@i»-» + «M®i>~
a a

@ Using fermion Green's functions G:

mi-i1(5) 52 [emegero

+ G Ta( )Glﬁb(l/ +w) :

a
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Polariton retarded self energy

b b
o Retarded self energy Eww «M@i»-» + «M®i>~
a a

@ Using fermion Green's functions G:

mi-i1(5) 52 [emegero

+ GG (v +w)] .

@ Fermions coupled to pumping bath:

2/fytanh[ (V:tMB)]
(v Fei)2+92

1
) GK = -
VTFe+ l’}/ btb,ata

)

R _
GbTb,aTa -

0, upg describe pumping bath.

Jonathan Keeling Non-equilibrium polariton condensation Maratea 17 / 30



Inverse polariton Green's function

[DR(w, k)} o w—wk + ik

tanh {g(y—i—w MB)]
+gn’y/27r [(y+w—e,)2 i|(l/+€,‘*l.’)/)

tanh [ (1/—1—/;5)}
e ,W/27T(V+w—e,-+i'y) [(V—Fe;)z—k'yz}’
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Inverse polariton Green's function

[DR(w, k)} o w—wk + ik

tanh {g(y—i—w MB)]
+gn’y/27r [(y+w—e,)2 i|(l/+€,‘*l.’)/)

tanh [ (v+ ug)}
e ”’Y/ 2T (1 + w — € + i7) [(V—Fe;)z—k'yz}’
= A(w) + iB(w)
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).

A(w) — iB(w)

o Find DR(w) = AP T ) Mw) = AR+ B)
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).

—iC(w)
A(w)? + B(w)?’

A(w) — iB(w)
A(w)? + B(w)?

@ Physical Luminescence:

o Find DR(w) = DX (w) =

iD<() = 5 |DM() = (Pf(w) - DA(w)) | = 2[5\EZ;2_+2g(w)2]'
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).

—iC(w)
A(w)? + B(w)?’

A(w) — iB(w)
A(w)? 4+ B(w)?

@ Physical Luminescence:

e Find DR(w) = DK (w) =

iD<(w) = é [DK(w) - (DR(W) - DA(W))] - 2[%3212?&;2]'

e Divide into DoS x Occupation: iD<(w) = pefr(w)nefr(w)
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).

A(w) — iB(w)
A(w)? 4+ B(w)?

@ Physical Luminescence:

e Find DR(w) =
i I C(w)—2B
D% (w) = 3 D)~ (DF(w) - DAw))] = 2[AEw;2 +B(w)?]’

e Divide into DoS x Occupation: iD<(w) = pefr(w)nefr(w)

2B(w)
pa) = = (DR() = D)) = o o
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Meaning of poles of Green's functions

o Write: [DR(w)]*l AW+ BW) D W) = icw).

—iC(w)
A(w)? + B(w)?’

A(w) — iB(w)
A(w)? 4+ B(w)?

@ Physical Luminescence:

e Find DR(w) = DK (w) =

iD<(w) = é [DK(w) - (DR(W) - DA(W))] - 2[5\&;212?32]'

e Divide into DoS x Occupation: iD<(w) = pefr(w)nefr(w)

2B(w)
pa) = = (DR() = D)) = o o

nefr(w) = % [2%};;)) - 1] :
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Meaning of poles of Green's functions

o Write: [DF(w)] " = AW) +B(w)  [D7'(w)])" = iC().

@ Summary:

2B(w 1] C(w
pefi(w) = /4((,0)2—+-(B)(w)2’ nesr(w) = 5 { () — 1} .
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Meaning of poles of Green's functions

o Write: [DF(w)] " = AW)+Bw)  [DHw)]" = iC(w)

@ Summary:

2B(w) 1] C(w)
e = A7 N0 . pl N\ e = 3 —1f.
rei(@) = 2y By @) =3 {25(&))
@ For decaying photons:
Alw) = w — wi Describes location of normal modes
B(w) =& Describes linewidths of these modes
C(w) =2kr(2ng(w) + 1) Describes their occupation
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Meaning of poles of Green's functions

o Write: [DF(w)] " = AW)+Bw)  [DHw)]" = iC(w)

@ Summary:

2B(w) 1] C(w)
e = A7 N0 . pl N\ e = 3 —1f.
rei(@) = 2y By @) =3 {25(&))
@ For decaying photons:
Alw) = w — wi Describes location of normal modes
B(w) =& Describes linewidths of these modes
C(w) =2kr(2ng(w) + 1) Describes their occupation

e With coupling to pumped excitons B(w) can vary (and vanish) —
effective chemical potential.
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Inverse polariton Green's functions

Intensity (a.u.)

Jonathan Keeling
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Inverse polariton Green's functions
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Inverse polariton Green's functions

Intensity (a.u.)

Jonathan Keeling
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Inverse polariton Green's functions

15 -1 056 0 05 1

I ;A<w) ‘ "\ | ,
— B(w)
! C(m
0
] | | | . \M | .
3 T ‘ r— &
~ — Density of states, 2 Im[D"]| -
c:sc; oL — Occupation, n(w) |
< — Luminescence
>
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E
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Evolution with pumping

From before:
Jy tanh [g (v+w-— MB)] — tanh [g (v + ,uB)}

B(w):/{+g2n72/2ﬂ

[(V +w — 6,')2 + ’72] [(l/ + 6,')2 + ’72}
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Evolution with pumping

From before:
Jy tanh [% (v+w-— MB)] — tanh [g (v + ,uB)}

B(w):m+g2n72/2ﬂ

[(V +w — 6,')2 + ’72] [(l/ + 6,')2 + ’72]

— Zero of Re
—Zeroof Im

Energy of zero (units of g)
iR

"0 05 04 03
Bath chemical potential, pi,/g
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Zeros of A(w), B(w) and stability

o Near critical pp:

Consider w near simultaneous
Zeros:

Energy of zero (units of g)
N

DR M w) = (w—&)+ia(w—petr) =51

06 05 04 03
Bath chemical potential, pi5/9
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Zeros of A(w), B(w) and stability

o Near critical pp:

Consider w near simultaneous
Zeros:

Energy of zero (units of g)
N

DR M w) = (w—&)+ia(w—petr) =51

06 05 04 03
Bath chemical potential, pi5/9

@ Can write this as:

DR Y(w) = (1 +ia) (w - W) =(1+ia)(w—w")
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Zeros of A(w), B(w) and stability

o Near critical pp:

Consider w near simultaneous
Zeros:

Energy of zero (units of g)
N

DR M w) = (w—&)+ia(w—petr) =51

06 05 04 03
Bath chemical potential, pi5/9

@ Can write this as:

DR (w) = (1 + i) (w - m> — (14 ia)(w — )

o Thus, DR(t) ~ e=™“"t: neeed J[w*] < 0 for stability, but:

Lt (& + @Ppier) + ia(pess — €)
14 a? '
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Evolution with pumping

B(w )_F&—i-gnfy /;/:tanh[ (V—i—w—uB)]—tanh [[23)(1/_1-”5)}

[(u—i—w — ;) +’y2] [(V—Fe

P ]

o

Energy of zero (units of g)
[ -

“I [—Zero of Re|
— Zero of Im|

08 05 04 03
Bath chemical potential, pg/g
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Evolution with pumping

) thanh[ (V+w—MB)]—ta”h [g(”+”5)}
Bw)=r+g°m /277 [(u+w—€i)2+’72] [(V+E)

P ]

o

Weak pumping B(w) always positive — no
zero.

Energy of zero (units of g)
i

2 [—ZeoolRel
— Zeroof Im)

08 05 04 03
Bath chemical potential, pg/g
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Evolution with pumping

) thanh[ (V+w—MB)]—ta”h [g(”+”5)}
Bw)=r+g°m /277 [(u+w—€i)2+’72] [(V+E)

P ]

o

Weak pumping B(w) always positive — no
zero.

Energy of zero (units of g)
i

Subcritical Zero at piefr exists, but peff < & so
S(w*) < 0.

2 —ZeooRel
—Zeroof Im)

08 05 04 03
Bath chemical potential, pg/g
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Evolution with pumping

) thanh[ (V+w—MB)]—ta”h [g(”+”5)}
Bw)=r+g°m /277 [(u+w—€i)2+’72] [(V+E)

P ]

o

Weak pumping B(w) always positive — no
zero.

Energy of zero (units of g)
[ -

Subcritical Zero at piefr exists, but peff < & so
S(w*) < 0.

“I [—Zero of Re|
— Zero of Im|

08 05 04 03
Bath chemical potential, pg/g

Critical pumping Sufficient range of positive B(w) s.t. e = & — real,
non-decaying pole of Green's function. Diverging
Luminescence (at A(w*) = B(w*) = 0).
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Evolution with pumping

) thanh[ (V+w—MB)]—ta”h [g(”+”5)}
Bw)=r+g°m /277 [(u+w—€i)2+’72] [(V+E)

P ]

o

Weak pumping B(w) always positive — no
zero.

Energy of zero (units of g)
i

Subcritical Zero at piefr exists, but peff < & so
S(w*) < 0.

2 —ZeooRel
— Zero of Im|

08 05 04 03
Bath chemical potential, pg/g

Critical pumping Sufficient range of positive B(w) s.t. e = & — real,
non-decaying pole of Green's function. Diverging
Luminescence (at A(w*) = B(w*) = 0).

Supercritical Non-condensed state unstable as piefr > &.
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Overview

@ Polariton condensation and lasing

@ Normal state instability
@ Maxwell Bloch equations
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Maxwell Bloch equations

System Bulk photon modes

Pumping Bath

[+

t
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Maxwell Bloch equations

System Bulk photon modes

Pumping Bath

=T =z = = Excitons i \W

H= Zwkdjlwk + Ze,- (bjbi — a,Ta,-> + Zg (zbia;rbi + H.c.) .
k i

ik

)

Semiclassical equations for: field v, polarisation P = n<—iaTb>, inversion
N = n(b'b — ata)
rl}g N,
-7
qf K 5 4
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Maxwell Bloch equations

System Bulk photon modes

— 2
K=2( 5
Cavity mode

= Zwk¢17/)k + Zﬁi (b:’rbi - a,Ta,-> Z (¢13Tb +H. C)
p ik

i

Pumping Bath 2
~ y=3I1

o

-

— -

Excitons

_—

o

t

Semiclassical equations for: field v, polarisation P = n<—iaTb>, inversion
N = n(b'b — ata)
l} )FNO
Oetp = —iwonh — kb + gP gfg
9P = —2ieP — TP + gi)N Kly
OtN =T(Ng — N) — 2g (" P + P*v),
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Maxwell-Bloch inverse Green's function

Op = —iwip — Ktp + gP
0P = —2ieP — TP + gipN
9N = T(Ng — N) — 2g(¢)* P + P*4p),

@ Green's function: response to driving field:
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Maxwell-Bloch inverse Green's function

o) = —iwgth — kep + gP + Fe 't
OtP = —2ieP — TP+ gyN
OtN =T(Ng — N) —2g(¢*P + P*y),

@ Green's function: response to driving field:
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Maxwell-Bloch inverse Green's function

o) = —iwgth — kep + gP + Fe 't
OtP = —2ieP — TP+ gyN
OtN =T(Ng — N) —2g(¢*P + P*y),

@ Green's function: response to driving field:

Y = iDRW)Fe™™, P =x(w),
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Maxwell-Bloch inverse Green's function

Oeth) = —iw) — kip + gP + Fe 't
0P = —2ieP — TP+ gyN
OtN =T(Ng — N) —2g(¢*P + P*y),
@ Green's function: response to driving field:
Y =iDR(w)Fe ™, P=x(w),

@ Substituting gives:

iDR(w) [~iw + iwk + & — gx(w)] =1
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Maxwell-Bloch inverse Green's function

Oeth) = —iw) — kip + gP + Fe 't
0P = —2ieP — TP+ gyN
OtN =T(Ng — N) —2g(¢*P + P*y),
@ Green's function: response to driving field:
Y =iDR(w)Fe ™, P=x(w),

@ Substituting gives:

iDR(w) [~iw + iwk + Kk — gx(w)] =1
X(w)(—iw + 2ie +T) = gNp.
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Maxwell-Bloch inverse Green's function

Orh = —iwgh — ki + gP + Fe 't
0P = —2ieP — TP+ gyN
OtN =T(Ng — N) —2g(¢*P + P*y),
@ Green's function: response to driving field:
v =iDRw)Fe ™, P=x(w),
@ Substituting gives:
iDR(W) [—iw + iwk + k — gx(W)] =1
X(w)(—iw + 2ie +T) = gNp.

g2No

~1
. [pR _ - o, e, &
@ Hence: {D (w)} = A(w) + iB(w) =w —wi + ik + w—2e+il
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Maxwell-Bloch: Zeros of inverse Green's function

g2No [(w — 2¢) — il]
(w—2€)2+T72

Alw) +iB(w) =w — wk + ik +
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Maxwell-Bloch: Zeros of inverse Green's function

g2No [(w — 2¢) — il]

Aw) + iBw) = w — wy + ik + (- 202412

For zero B(w) need Ny > 0. For
zero A(w) No > 0 kills splitting.

T

Energy of zero

Zero of Re

Zeroof Im ——
gy (yeig?)
System inversion, N
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Maxwell-Bloch: Zeros of inverse Green's function

g2No [(w — 2¢) — il]
(w—2€)2+T72

Alw) +iB(w) =w — wk + ik +

For zero B(w) need Np > 0. For

zero A(w) No > 0 kills splitting. |
For illustration, wy = 2e: % \
o
)
2

g~ No z

Aw) = (w—2¢) [1+ —2=-2|g
(@) = (w=2¢) | 1+ (w—2€)>+ I'Q}Lu .

Zero of Re

Zeroof Im ——
gy (yeig?)
System inversion, N
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Comparing non-equilibrium condensate & LASER

o

il

Energy of zero

N
T

Energy of zero (units of g)
i

— Zeroof Im

| [Zero of Re T
: - i Zeroof Im ——
06
Bath chemlcal potentlal uB/g -(vig)® (ywg?)
System inversion, N

— Zero of Re|

w

g2Nol'

Blw)=r- G2y 12

Jy tanh [ (v+w-— MB)] — tanh [% (v+ MB)}

2 [(V +w—e€)+ 72] [(l/ +e) + 72]

B(w) = r + g°ny /
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Relating Keldysh & Maxwell-Bloch

@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 'yz} {(y +e) + 72}
— g2n 2Nbath
’y(w —2€)2 + 4+2

Jonathan Keeling Non-equilibrium polariton condensation Maratea 29 / 30



Relating Keldysh & Maxwell-Bloch

@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 'yz} {(y +e) + 72}
=Kk —g°n 2Noatn WK — gl
’y(w —2€)2 + 4+2 (w—2€)2 41172
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Relating Keldysh & Maxwell-Bloch

@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 72} {(y +e) + 72}
=Kk —g°n 2Noatn WK — gl
’y(w —2€)? + 442 (w—2€)2 4172

@ Non-equilibrium diagram approach illustates continuum:
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Relating Keldysh & Maxwell-Bloch

@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 72} {(y +e) + 72}
=Kk —g°n 2Noatn WK — gl
’y(w —2€)? + 442 (w—2€)2 4172

@ Non-equilibrium diagram approach illustates continuum:
» LASER: transition when gain exceeds loss; requires inversion.
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Relating Keldysh & Maxwell-Bloch

@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 72} {(y +e) + 72}
=Kk —g°n 2Noatn WK — gl
’y(w —2€)? + 442 (w—2€)2 4172

@ Non-equilibrium diagram approach illustates continuum:

» LASER: transition when gain exceeds loss; requires inversion.
» Non-equilibrium polariton condensate — gain exceeds loss at polariton
modes.
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Relating Keldysh & Maxwell-Bloch
@ Heisenberg-Langevin correspond to:
g p
tanh E(V—Fw—ug) — tanh E(V+MB) — —2Nbath

@ B(w) reduces to:

dv —2N
B(w) :/£+g2n'y/2 ; bath’y ;
T [(V +w—¢€) + 72} {(y +e) + 72}
=k —g°%ny 2Noatn WK — gl
(W — 2€)2 + 4~2 (w—2€)2 4172

@ Non-equilibrium diagram approach illustates continuum:
» LASER: transition when gain exceeds loss; requires inversion.
» Non-equilibrium polariton condensate — gain exceeds loss at polariton
modes.
» Equilibrium condensate — transition when g reaches bottom of band.
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Summary

@ Introduce non-equilibrium diagram approach
b

f
@ Applied this to modelling system with particle flux .
@ Discussed physical content of Green's functions

@ Show connection between equilibrium condensate — non-equilibrium
condensate — LASER.

Clermont 4 PhD position, October 2010 — Non-equilibrium phase
transitions in 2D system. jmjk2@cam.ac.uk
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Summary

@ Introduce non-equilibrium diagram approach
b

f
@ Applied this to modelling system with particle flux .
@ Discussed physical content of Green's functions

@ Show connection between equilibrium condensate — non-equilibrium
condensate — LASER.

Clermont 4 PhD position, October 2010 — Non-equilibrium phase
transitions in 2D system. jmjk2@cam.ac.uk
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Overview

@ Comparison to other non-equilibrium approaches
@ Boltzmann equation
@ Heisenberg-Langevin equations
@ Density matrix equations
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

@ Can relate to Keldysh GF: [DR}il DK + [D_I}K DA =0,

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

-1
@ Can relate to Keldysh GF: [DR} DK + [D_I}K DA =0,
Use parmaterisation: DX (w, k) = DR(w, k)F(w) — F(w)DA(w, k)

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

-1
@ Can relate to Keldysh GF: [DR} DK + [D_I}K DA =0,
Use parmaterisation: DX (w, k) = DR(w, k)F(w) — F(w)DA(w, k)

@ Rewrite equation as: [DR} o DX [DA} o [D_I]K

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

-1
@ Can relate to Keldysh GF: [DR} DK + [D_I}K DA =0,
Use parmaterisation: DX (w, k) = DR(w, k)F(w) — F(w)DA(w, k)

® Rewrite equation as: | DF | 7K 0] = [py¥
Separate [DF]™ = i0; — V?/2m

FLIDE™| = 2K = (2FF - Fx)

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Quantum Kinetic (Boltzmann) equation

@ Decsribes rate of scattering into & out of states.

-1
@ Can relate to Keldysh GF: [DR} DK + [D_I}K DA =0,
Use parmaterisation: DX (w, k) = DR(w, k)F(w) — F(w)DA(w, k)

® Rewrite equation as: | DF | 7K 0] = [py¥
Separate [DF]™ = i0; — V?/2m
FLIDE™| = 2K = (2FF - Fx)

S+ P VE = o on(F)
m

[See, e.g. Lifshitz and Pitaevskii Phyiscal Kinetics Butterworth-Heinemann].
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Heisenberg-Langevin equations

o Consider photon-bath coupling: Hiy: = ZC"’P (wi\lfp + \Ili,q/)k) ,
k,P

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Heisenberg-Langevin equations

o Consider photon-bath coupling: Hiy: = ZC"’P (wi\lfp + \Ili,q/)k) ,
k,P

@ Heisenberg equation: i0;WV, = (i p¥i + willlp

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Heisenberg-Langevin equations

o Consider photon-bath coupling: Hiy: = ZC"’P (wi\lfp + \Ili,q/)k) ,
k,P
@ Heisenberg equation: i0;WV, = (i p¥i + willlp

t H /
@ Solution: W,(t) = W,(0)e e iwht — iCp K / dt’¢k(t’)e—’w5(f—t)

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Heisenberg-Langevin equations

Consider photon-bath coupling: Hi, = ZC"’P (wi\lfp + \Ili,q/)k) ,
k,P

Heisenberg equation: i0;V, = (x p¥k + willlp

t [ /
Solution: W,(t) = W,(0)e —iwgt — iCpk / dtl¢k(t/)e_""f§(t_t)

@ Substitute in: i0: = ZCp,kWp + ...
P
In Markov approximation, Zgﬁ,ke”wﬁ(f*f’) =2rd(t —t)

p,k
(cf bath retarded Green's function).

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Heisenberg-Langevin equations

Consider photon-bath coupling: Hi, = ZC"’P (wi\lfp + \Ili,q/)k) ,
k,P

Heisenberg equation: i0;V, = (x p¥k + willlp

t [ /
Solution: W,(t) = W,(0)e —iwgt — iCpk / dtl¢k(t/)e_""f§(t_t)

@ Substitute in: i0: = ZCp,kWp + ...
P
In Markov approximation, Zgﬁ,ke”wﬁ(f*f’) =2rd(t —t)
p;k

(cf bath retarded Green's function).
o Gives result: 10y = Ny — iKY + ...
(Correlations (773,77“) — bath Keldysh Green's function.)

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Density matrix equation of motion

@ Markov approximation allows:

d . .
Epsys = —I [Hsy57 psys] — iTrpath {[Hintv Psys @ pbath]} s

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Density matrix equation of motion

@ Markov approximation allows:

d . .
Epsys = —I [Hsy57 psys] — iTrpath {[Hintv Psys @ pbath]} s

=—i [Hsy57 psys] - g (wTwpsys - 2¢psysz + Psysw“p)

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Density matrix equation of motion

@ Markov approximation allows:

d . .
Epsys = —I [Hsy57 psys] — iTrpath {[Hintv Psys @ pbath]} s

=—i [Hsy57 psys] - g (wTwpsys - 2¢Psy51/1T + Psysw“p)

o Different focus

Non-equilibrium diagrams Non-equal time one particle correlations.
Many particles require extra diagrams.

Density matrix Equal time multiparticle correlations.
Multi-time correlations requires “Quantum regression
theorem.”

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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Density matrix equation of motion

@ Markov approximation allows:

d . .
Epsys = —I [Hsy57 psys] — iTrpath {[Hintv Psys @ pbath]} s

=—i [Hsy57 psys] - g (wTwpsys - 2¢psys"/}]L + Psysw“p)

o Different focus

Non-equilibrium diagrams Non-equal time one particle correlations.
Many particles require extra diagrams.

Density matrix Equal time multiparticle correlations.
Multi-time correlations requires “Quantum regression
theorem.”

@ Solve numerically by mapping p to quasiprobability (positive function)
Find evolution of probability by sampling stochastic paths.

[See, e.g. Gardiner and Zoller Quantum Noise, Springer 2004].
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