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Non-equilibrium: Timescales

Photoy

Exciton

In—plane momentup

| Lifetime  Thermalisation |

Atoms 10s 10ms
Excitons? 50ns 0.2ns
Polaritons 5ps 0.5ps
Magnons? | 1us(?7) 100ns(?)

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium: Timescales
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| Lifetime Thermalisation |  Linewidth Temperature
Atoms 10s 10ms 25x 107 3meV 108K 10 meV
Excitons? 50ns 0.2ns 5 x 107°meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnons? | 1us(?7) 100ns(?) 2.5 x107%meV 300K 30meV

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Overview

@ Microscopic non-equilibrium model
@ Model and mean-field theory
@ Fluctuations and stability of normal state

© Macroscopic phenomenology
@ Gross Pitaevskii equation in an harmonic trap
@ Spontaneously rotating vortex lattice
@ Internal Josephson effect and spatial variation
@ Spin degree of fredom
@ Summary of two-mode model
@ Spin and spatial degrees of freedom
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

Energy

e Propagating (2D) photons

@ Exciton—photon coupling g.

Position
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons

@ Exciton—photon coupling g.
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath

-

— .
> = -

H = Hsys + Hsys,bath + Hbath
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

p,E avﬁ
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

p,E avﬁ

Bath correlations, (WTW), (ATA), (BTB) fixed:
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Non-equilibrium model: baths

System Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

p,E avﬁ

Bath correlations, (WTW), (ATA), (BTB) fixed:
WV bath is empty. Pumping bath thermal, ug, T:
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Non-equilibrium theory; mean-field

Look for mean-field solution, (r, t) = yge #st.
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Non-equilibrium theory; mean-field

Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(s — wo + ir) o = x(o, ps)tbo

Susceptibility:

_ +Fb V+(Fb—F)(iv+6a—lus)
X (%o, ps) ——g’Y Z / E.)? +?)[(v + Ea)? +722]

excitons
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Non-equilibrium theory; mean-field
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Non-equilibrium theory; mean-field

Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(s — wo + ir) o = x(o, ps)tbo

Susceptibility: E2 = ¢2 + g2\/z/)0\2 , Fap(v) = Flv ¥ L(us — ps)]
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Fluctuations — Stability, Luminescence, Absorption

Dra= Fif[£(t — )] <[w»¢*} _>

o)

Keldysh approach:
Dk
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Fluctuations — Stability, Luminescence, Absorption

Dr—Dpa= —i Tl
Keldysh approach: R A <[¢ v }—>

SN
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Fluctuations — Stability, Luminescence, Absorption
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Fluctuations — Stability, Luminescence, Absorption

Dr—Da= —i{ |,
Keldysh approach: R A <[¢ v }—>

D= =i {[.91], ) = @nlu) + 1)(Pe - D)
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Fluctuations — Stability, Luminescence, Absorption

Dr—Dpa= —i Tl
Keldysh approach: R A <[¢ v }—>

D= =i {[6.91], ) = @nlu) + 1)(Pr - Do)

_ —iC(w)
DK = By + AWP
Dr— D= 2B(w)
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Fluctuations — Stability, Luminescence, Absorption

Dr—Dp= —1i Tl
Keldysh approach: . / <[¢ v }—>

D= =i {[6.91], ) = @nlu) + 1)(Pr - Do)
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Fluctuations — Stability, Luminescence, Absorption

Dr—Dp= —1i Tl
Keldysh approach: . / <[¢ v }—>
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Fluctuations — Stability, Luminescence, Absorption

Keldysh approach: Proba=—i < [ﬂ)ﬂﬁq —>
D= =i {[5.91], ) = @nle) + 1)(Pr - D)
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Fluctuations — Stability, Luminescence, Absorption

Keldysh approach: Proba=—i < [ﬂ)ﬂﬁq —>
D= =i {[5.91], ) = @nle) + 1)(Pr - D)
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Linewidth, inverse Green's function and gap equation
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Linewidth, inverse Green's function and gap equation
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[DR]~! via Maxwell Bloch equations

Semiclassical EOM for: 1, P = n(—iab), N = n(b'b — a'a)

rl}gyrl\lo
g/ K

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 10 / 29



[DR]~! via Maxwell Bloch equations

Semiclassical EOM for: 1, P = n(—iab), N = n(b'b — a'a)

r "N
I}g} O = —iwky — K + gP
9/ K

A 0P =—2ieP—TP+gyN
0N =T (No — N) — 2g(v* P + P*9),
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[DR]~! via Maxwell Bloch equations

Semiclassical EOM for: 1, P = n(—iab), N = n(b'b — a'a)

r "N,
'g}fg} Orth = —iwkth — ki) + gP + Fe 't
K

A 0P =—2ieP—TP+gyN
0N =T (No — N) — 2g(v* P + P*9),

Response to weak force:

¥ = iDR(w)Fe ™, P =x(w)y,
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[DR]~! via Maxwell Bloch equations

Semiclassical EOM for: 1, P = n(—iab), N = n(b'b — a'a)

r "N,
'g}fg} Orth = —iwkth — ki) + gP + Fe 't
K

At 0.P = —2ieP — TP+ gy

Response to weak force:

¥ = iDR(w)Fe ™, P =x(w)y,
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[DR]~! via Maxwell Bloch equations

Semiclassical EOM for: 1, P = n(—iab), N = n(b'b — a'a)

r "N
Efgy Onp = —iwg) — ki + gP + Fe ™f
K

At 0.P = —2ieP — TP+ gy

Response to weak force:

¥ = iDR(w)Fe ™, P =x(w)y,
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Overview

© Macroscopic phenomenology

@ Gross Pitaevskii equation in an harmonic trap
@ Spontaneously rotating vortex lattice

@ Internal Josephson effect and spatial variation
@ Spin degree of fredom
@ Summary of two-mode model
@ Spin and spatial degrees of freedom
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit:
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Limits of gap equation

Gap equation:
(1s —wo + 1K) Y = x(¥, us)¥

@ Local density limit: Gross-Pitaevskii equation

12?2
 2m

(m0c+— vy = 5| ) 0t0) = 0wt )t

Nonlinear, complex susceptibility x(i(r, t))
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Limits of gap equation

Gap equation:
(1s —wo + 1K) Y = x(¥, us)¥

@ Local density limit: Gross-Pitaevskii equation

12?2
 2m

(mat . [vm ]) B(r) = x((r, )6 (r, 1)

Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

RO i = Ul*0
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

(mat i [vm - Wz]) 9(r) = X (r, 0)(r, 1)

2m
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

ihOe |y = Ul
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

(mat i [vm - Wz]) 9(r) = X (r, 0)(r, 1)

2m
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

h2V2
(ih&t + ik — [V(r) - D Y(r) = x((r, t))y(r, t)
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

im0 i = Ul [*y

h2v2
2m

O = |— + V() + Ul + i (ef(us) — k — T|?) | @

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 12 /29



Gross-Pitaevskii equation: Harmonic trap

2V2 mw? ,
T Trz + U + i (et — 5 — T|Y?) | ¥

EERE

[Keeling & Berloff, PRL, '08]
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Gross-Pitaevskii equation: Harmonic trap

R2V2  muw?

ihow = [_ 2m 2

EERE
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0

[Keeling & Berloff, PRL, '08]
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N
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Stability of Thomas-Fermi solution

EERR

1 1
EathrV-(pV) = ﬁ(%et —Tp)p
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

L4141

Unstable growth

1 1
EathrV-(pV) = %(’Yhet —Tp)p
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

SRR

Stabilised

1 1
E6tp—i—V-(pv) = ﬁ(’ynet@(fo—f)—rﬂ)[)
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

1 1
E6tp—i—V-(pv) = ﬁ(’ynet@(fo—f)—rﬂ)[)
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Time evolution:

[Keeling & Berloff, PRL, '08]
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Why vortices

Rotating solution: i0:¢) = (u — 2QL,)v

[Keeling & Berloff, PRL, '08]
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Why vortices
Rotating solution: i0:¢) = (u — 2QL,)v

— 'Ynet e(ro _ r)

v=Qxr, Q=uw, p:% r

[Keeling & Berloff, PRL, '08]
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Why vortices

Rotating solution: i0:¢) = (u — 2QL,)v

Q=w, p=

% = VFet@(ro —r)

2 Density profile
Thomas-Fermi in flattened trap ——
20
15
2
7]
% 10
a
5 . 1
[Keeling & Berloff, PRL, '08]
0
-15
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Why vortices

Rotating solution: i0:¢) = (u — 2QL,)v

1% et
Q=uw, p:U_ r@(o—r)
1l
5[ ]
7777777 unstable
30f ]
1
g }/ ]
1
20 /s 2: ]
157”””'””1” 3 ~ 4g 17 28 44 53 75 J
2 Density profile /é‘{
2 Thomas-Fermi in flattened trap —— 101 ]
15 5t ]
£
5 O Il L L L L
g 0 2 4 6 8 10 R
5 . )
[Keeling & Berloff, PRL, '08]
0
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Overview

© Macroscopic phenomenology

@ Internal Josephson effect and spatial variation
@ Spin degree of fredom
@ Summary of two-mode model
@ Spin and spatial degrees of freedom
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Polariton spin degree of freedom

@ Results so far do not involve polariton spin:
Left- and Right-circular polarised polaritons states.
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Polariton spin degree of freedom

@ Results so far do not involve polariton spin:
Left- and Right-circular polarised polaritons states.

@ For weakly-interacting dilute Bose gas model:

|V\|JL\2 |vay
2m 2m

H= 2 (w4 pwgP)”
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Polariton spin degree of freedom

@ Results so far do not involve polariton spin:
Left- and Right-circular polarised polaritons states.

@ For weakly-interacting dilute Bose gas model:

|V\|JL\2 |vay
\ \\
2m 2m (‘ ‘ —H R’ >

— 20y [V, PP Wl - 5 (\‘ULI — |V )

H =

@ Tendency to biexciton formation — U;. Magnetic field: A
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Polariton spin degree of freedom

@ Results so far do not involve polariton spin:
Left- and Right-circular polarised polaritons states.

@ For weakly-interacting dilute Bose gas model:
|V\|JL\2 |vay
2m 2m
—2U; [V [*|Wg|? - 5 (\‘UL! — [kl )

H = 2 (w4 pwgP)”
. i 2
+ o (WWe+He )+ (Wwe+ He)

@ Tendency to biexciton formation — U;. Magnetic field: A

o J» Circular Symmetry — Doy — two equivalent axes.
5 Dry — Gy — inequivalent axes.
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Equilibrium phase diagrams

h=Jh=0.
For Uy = 0.5, W, g decouple.

0.6 T T T T T T

0.5
0.4
0.3

Tl geg

0.2
0.1

0
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04
AlkgTgeq

Circular — Eliptical transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Equilibrium phase diagrams

S =4 =0. J1=0,4 #0.
For Uy = 0.5, W r decouple. Phase locking J> cos(2(6, — 6r)).

0.6 T T T T T T

0.5
0.4
0.3

Tl geg

0.2
0.1

0
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04
AlkgTgeq

Circular — Eliptical transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Equilibrium phase diagrams

b=, =0. J1=0,4 #0.
For Uy = 0.5, W r decouple. Phase locking J, cos(2(6, — 0r)).
i<l
. 04 %
E 0.3 g
02 Z
01
0 Magnetic field, A
-0.04 -0.03 -0.02 -0.01N I(BoT dego.01 002 003 0.04 Separate Ising/XY transitions.

Circular — Eliptical transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Equilibrium phase diagrams

S =4 =0. J1=0,4 #0.
For Uy = 0.5, W r decouple. Phase locking J> cos(2(6, — 6r)).

0.6 T T T T T T

neither

0.5
0.4
0.3

TIT, deg
Temperature

0.2
0.1

0
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 i .
Dkg Ty Separate Ising/XY transitions.

J1 # 0: Eqbm state locked.

Magnetic field, A

Circular — Eliptical transitions.

[Rubo et al Phys. Lett. A '06; Keeling, Phys. Rev. B '08]
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Non-equilibrium spinor system
Spinor Gross-Pitaevskii equation:

h?V?

A
5+ V(1) = 5 + Vol + (Uo — 2U1) g

2

+ i (ert(pB) — £ = TIWL?) | ¥ + hvr

10t = | —
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Non-equilibrium spinor system
Spinor Gross-Pitaevskii equation:

h?V?

A
5+ V(1) = 5 + Vol + (Uo — 2U1) g

2

+ i (vesr(pg) — & — L) | Yo + hr

10t = | —

@ J; — interconversion. How does this interact with currents.
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Non-equilibrium spinor system
Spinor Gross-Pitaevskii equation:

K22
2m

V() = 2t ol + (Up — 2Un) g[2

0 = | — >

+ i (vesr(pg) — & — L) | Yo + hr

@ J; — interconversion. How does this interact with currents.

e Two-mode case (neglect spatial variation): [Wouters PRB '08]
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Non-equilibrium spinor system
Spinor Gross-Pitaevskii equation:
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V() = 2t ol + (Up — 2Un) g[2

0 = | — >
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@ J; — interconversion. How does this interact with currents.
e Two-mode case (neglect spatial variation): [Wouters PRB '08]

@ To recap results write ¢, g = ,/vaRe’wi@p), pLrR=R=*Ez
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Non-equilibrium spinor system
Spinor Gross-Pitaevskii equation:

h?V?

A
5+ V(1) = 5 + Vol + (Uo — 2U1) g

2

+ i (vesr(pg) — & — L) | Yo + hr

10t = | —

@ J; — interconversion. How does this interact with currents.
e Two-mode case (neglect spatial variation): [Wouters PRB '08]
@ To recap results write ¢, g = ,/vaRe’wi@p), pLrR=R=*Ez

> _ Tnet 2 2 - J1z cos(0)
R_za(R =R —z) 0= A —4lhz +272

Z = 2(Vnet — 2IR)z — 21/ R? — 22 5sin(6)
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Two-mode system summary

5 Tnet 2 2

R_2U<R—r R z>

: 0

b= A — aUyz 4 222050)
R2 _ 2

z =2(Ynet — 2I'R)z — 2J1\/ R? — z25sin(6)
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Two-mode system summary

R:20<R$—R2—22>
0=—A—4Uz

z =2(Ynet — 2IR)z — 2J1\/ R? — z25sin(6)

Josephson regime J < U1 R
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Two-mode system summary

R:%(R@—RZ )

0=—-A—-4U;z

z=2(Ynet — 2FR)z — 21/ R? sin(0)

Josephson regime J < U1R & z < R.
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Two-mode system summary

R:20<R%§«—R2 )

0=—-A—-4U;z

z=2(Ynet — 2FR)z — 21/ R? sin(0)

Josephson regime J < U1R & z < R.
R = ’Vnet/r

0=—A—4Uz,
z= —2'ynetz — 2J1R0 sin(@)
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Two-mode system summary

R=20 <R$_R2 > $ 8U,J, $

QZ—A—4U12 et A\

z=2(Ynet — 2FR)z — 21/ R? sin(0)

Josephson regime J < U1R & z < R.
R = ’Vnet/r

0=—A—4Uz,
z= —2'ynetz — 2J1R0 sin(@)

Damped, driven pendulum
0 + 29net = 8U1J1 Ry sin(6) — 29net A
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Two-mode system summary

R=20 <R$_R2 > $ 8U,J, $

0=—-A—-4U;z

z=2(Ynet — 2FR)z — 21/ R? sin(0)

Josephson regime J < U1R & z < R.

net A

R = ’Vnet/r s
E Stable limit cycle
0=—-A—4Uyz, b
. i Bistable
z = —27netz — 2J1 Ry sin(0)
Stable fixed point
Damped, driven pendulum

1 .‘5 Yret

0 + 29net = 8U1J1 Ry sin(6) — 29net A
[e.g. Strogatz, Nonlinear dynamics and chaos]
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Two-mode model bistability

Yrnet A

1
Stable llimit cycle

1
.................. Feem-—as

Bistable A

Cc

' Stable fixed point

1 .‘5 Yrnet
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Two-mode model bistability

< ' | | |
2 Stable llimit cycle 4 f A=66] [ n=b8l I =T
Bistable A 0 r | \/‘\ \/\
' Stable fixed point 4 [ s I |
: | 4 r n=721 [ N=74] [ A=7.61
4
15 Yrnet T
5,41 1L 11 |
g°L /AN LA NN
R . . 4
-4 Iy 1 L4 |
4 A=78] | N=8.01 [ N=8.21
4 b % 4 L % 11 x ]
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Two-mode model bistability

Yrnet A

Stable limit cycle 4 F 0=6.61 [
Bistable A

' Stable fixed point -4 | 1t

: aF 7 n=i2] F

Yrnet

z[0d6/dt+A
o

14

AZ>Ac w~[In(A—A)]?!
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Homogenous case: stability at A < A,

Damped oscillations
Q’% == —8U1J1R0 COS(Q)

0
W—iK >~ —iVnet = 11/ Vnet — Q%

*2’.’Ynet

e
="

0 14 W2 34 mO0 T4 W2 3W4 T
0 Cl

If Q/% = Ynet degenerate modes:
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Homogenous case: stability at A < A,

Damped oscillations
Q’% == —8U1J1R0 COS(Q)

10
0 30 : 5 x
. . . 2 5 r \ q 0
W—IiK >~ < —iYnet = i/ Vnet — Qp 5
. 0=3m4 { 15
2 nes °| / 7 \:C :
30 5 x
— — -5
5 / 15
110 T " e=7m8 | 15
o | \\w’_ | / 7 s
-5 \\ 0 30 5 x
L — {5 oF | 0
0 WA T2 3WA MO WA T2 3WA T 5

6 o 0 05

[
o

20 05 1 15 2

=~ B
=~

If Q/% = Ynet degenerate modes:
w o k for spin wave.
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Trapped spinor system

Consider: V(r) = mw?r?/2 Ynet — Tnet©(ro — r)
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Trapped spinor system

Consider: V(r) = mw?r?/2 ypet — Ynet®(ro — r)
Track pp g = 0t (In9 R) vs A.
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Trapped spinor system

Consider: V/(r) = mw?r?/2 ynet — Ynet©(ro — r)
Track pp g = 0t (In9 R) vs A.

22 A
Simple case J1 = Ynet; o < r7F. o
20 o
/
18 “Rl
/
164 o o_ ®o
14 o
12 o x
10
01 2 3 4 5 6
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Trapped spinor system

Consider: V/(r) = mw?r?/2 ynet — Ynet©(ro — r)
Track pp g = 0t (In9 R) vs A.

22 -
Simple case Ji = Ypet; fo < rTF. <
20 o
Marginal case J1 = Ynet; fo S r7F- 18 u ,/
A causes L(R) to grow (shrink) 146& e e-ed
X
30 12 Mo o x
o 012 3 4586
20% & 2] A
\ @ “’R
15 é—®
‘X
X,
10 T

5
012345678910
A
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Trapped spinor system

Consider: V(r) = mw?r?/2 ypet — Ynet®(ro — r)
Track pp g = 0t (In9 R) vs A.
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Simple case Ji = Ypet; fo < rTF. <
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Trapped spinor system — phase portraits

b M " .
Simple” case not so simple

22 -
/@/
20 o
i
18 Mg/
/
16 o o_ &b
14 o
12 M x
10
0 1 2 3 4 5 6
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Trapped spinor system — phase portraits

b M " .
Simple” case not so simple

22 A
20 o
18 UR/I

16
14
12 My x
10

0 1 2 3 4 5 6
A

Examine phase portrait 90 vs 0
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Trapped spinor system — phase portraits

“Simple” case not so simple .

22 A ]
o

20 7 ;.

i
18 Mg/

16 / ] w v

A =3.20

14 3 -2 =T 0 T
12 M x
10

0 1 2 3 4 5 6
A

Examine phase portrait 90 vs 0
Retrograde motion; limit cycles
with winding 0,1,2; chaotic
behaviour (large J;, A)
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Trapped spinor system — phase portraits

b M " .
Simple” case not so simple

22 A
20 o

18 UR/I

16
14
12 My x
10

0 1 2 3 4 5 6
A

Examine phase portrait 90 vs 0
Retrograde motion; limit cycles
with winding 0,1,2; chaotic
behaviour (large J;, A)
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
Plot J; sin(@) vs r.
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
Plot J; sin(@) vs r.

#

6 4 2 0 2 4 6

A N o N A
N o

h=05rn>rmrA=06
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Spatial variation

Varieties of behaviour possible as 6(r), not § needed to define state.
Plot J; sin(@) vs r.

t=151.48

’ 2 20
-1 -
P T
1 .
1
e
0 5

-5

o

N

(=}

o

A

6 -4 -2 0 2 4 6
h=Lnn>rrFA=06

J1=05r0>rrF A=06 Counter-rotating.
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Vortex lattices, desynchronisation and spectrum

Vortex lattice — phase gradients; finite k, w.

S A M o N B o
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Conclusions

o Effects of pumping on mean-field theory

Pumping Bath

Bulk photon modes

N\

Instability of normal state
Translating: condensation < lasing

o
s
7
: \/\/\/\ %
iy,
] %%4 "y
-
Density
) . .
L ——
H
fr———— H
H
I :
H e —
o i

Modification to Thomas-Fermi profile
Spontaneous rotating vortex lattice

Spinor model.

Steady states & fluctuations.
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Extra slides

© Equilibrium results
@ Mean-field Keldysh theory
© Fluctuations of non-equilibrium condensate

© More on vortices
@ Instability of Thomas-Fermi
@ Stability of lattice
@ Observation

@ Spin and two-level systems
© Spinor equation of state
© Spin and dispersion

@ Superfluidity
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Blueshfit and experimental phase boundary

Blueshift:
10
_ Clean limit:
3 o1 §§ o T 0ELp ~ Ryxaxn + Qraxn
. 0'01/35/ Here: Qrag — Qr&2
0.001 =5.3meV, Blen=17K [PRB 77 235313]
10’ 1¢° 10° 104
n[cm’z]
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Blueshfit and experimental phase boundary

Blueshift:
10

Clean limit:
? 1 2 2
3 o1 23 0ELp ~ Ryxaxn + Qraxn
@ Lo
S 59
Y001 gs

Here: QRaf( — QR§2

0.001 =5.3meV, Blen=17K [PRB 77 235313]
10 10 10° 101
n [cm’z]
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Limits of gap equation

Gap equation:

N +Fby+(Fb—F>(w+ea—;ﬂs>
e & [0 = EP + 7200 + EaP 7]

excitons
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Limits of gap equation

Gap equation:

— dv (Fo— F2)(in )
w8 3 [ A B

excitons

@ Laser Limit Imaginary part: Gain vs Loss.
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Limits of gap equation

Gap equation:

in=—g* 3 /d’/ (Fb — Fa)(iy )

2 [(v = Ea)* +9?1[(v + Ea)? +77]

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fp(Es) — Fa(Ea
> [b(4E3%+47(2 )]

excitons
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Limits of gap equation

Gap equation:

_ av (Fb — Fa)(iv )
AP YN ko e e

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Ea ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons
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Limits of gap equation

Gap equation:

_ av (Fb — Fa)(ivy
AP YN ko e e

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Ea ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons

@ Equilibrium limit: finite T set by pumping, need Kk < ~.
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Limits of gap equation

Gap equation:

_ av (Fb — Fa)(ivy
AP YN ko e e

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Ea ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons

@ Equilibrium limit: finite T set by pumping, need Kk < ~.
Require: F, = Fp so us = ug
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Limits of gap equation

Gap equation:

+Fb v+
pe—wo 1= 8" ) / [(v — En)? + 72[(v + Ea)? + 7]

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Es ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons

@ Equilibrium limit: finite T set by pumping, need Kk < ~.
Require: F, = Fp so us = ug
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o Laser Limit Imaginary part: Gain vs Loss. If T > ~
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Zero temperature phase diagram
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Zero temperature phase diagram
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© Equilibrium results
@ Mean-field Keldysh theory
© Fluctuations of non-equilibrium condensate

Q More on vortices
@ Instability of Thomas-Fermi
@ Stability of lattice
@ Observation

@ Spin and two-level systems
© Spinor equation of state
© Spin and dispersion

@ Superfluidity
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Fluctuations above transition

When condensed

Det [G5'(w, k)] = w? — c?k?

Poles: momentum

w* = c|k| — Sound mode ™

frequency

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gr(w, k)] = (wtix)?+x2—c2k2 2
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gr(w, k)] = (wtix)?+x2—c2k2 2
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

Correlations (in 2D): (¢ (r, £)1(0, r')) == |1bo|? exp [~ Dy (t, r, r')]

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gr(w, k)] = (wtix)?+x2—c2k2 2
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

Correlations (in 2D): (¢ (r, £)1(0, r')) == |1bo|? exp [~ Dy (t, r, r')]

T B ) - In(r/€) r—oo,t~0
<1/1 (r, t)¢(0’0> =~ |to|” exp ! n {% In(c®t/x€2) re~ t — o0

—_

[Szymariska et al., PRL '06; PRB '07]
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Finite size effects: Single mode vs many mode

(01(r, )00, 7)) = [l exp [~ Dot . 7))
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Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dyt 1, ")
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
iwt)

L en(r)P(1 —e
D¢¢ t r, r Z/ (nA)2’2

2T |(w + ix)2 + x2 —
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Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dyt 1, ")
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
iwt)

L en(r)P(1 —e
D¢¢ t r, r Z/ (nA)2’2

2T |(w + ix)2 + x2 —

\X/I IEmax

HHHHHH Dy ~ 1+ In(Emaxr/t/X)

[ p— Energy

A< \/x/t < Epax UL
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Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dyt 1, ")
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
/wt)

S [en(r)|*(1 —
D¢¢ t r, r Z/ ~ (nA)2’2

27 |(w + ix)? + x2

\X/I IEmax
A< \/x/t < Emax L H‘\ [ \ LU Dyg ~ 1+ In(Emax/t/x)
A< Energy
\X/Il Emax

VX[t <€ A < Emax \‘

LLLLIIELLL - Do ~ (B ) (57)
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw  [ea(r)P(1 —e™")
27 |(w + ix)2 + x2 — (nA)2?

Dyo(t,r,r) o /

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Single mode spectrum:

dw [n(r)|?(1 — &)
21 |(w + ix)? + x2J°

D¢¢(t, r, r) O(/

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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D¢¢(t, r, r) O(/

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
Imy
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw [n(r)|?(1 — &)
21 |(w + ix)? + x2J°

D¢¢(t, r, r) O(/

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

Imy
drp = USN
O:0N = —TON + F(t), (F(t)F(t')) = Cé(t—t)
0 D)= [ 50 0u0-)
Rey
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:
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D¢¢(t, r, r) O(/

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

dw [n(r)|?(1 — &)
21 |(w + ix)? + x2J°

D¢¢(t, r, r) O(/

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

Imy
O:0N = —TON + F(t), (F(t)F(t')) = Cé(t—t)
dw iw cu?
Q = chcb(t):/%(l—e t)m
e 2
- % [rt 1+ e*”]
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Instability of Thomas-Fermi: details
V= /pe v="=Lve

1
5&/) + V- (pv) = (Ynet — Tp)p

mw2

2

Oev + V(Up+ 02 4 g\vﬁ) =0
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mw2

2

Oev + V(Up+ 02 4 g\vﬁ) =0
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Instability of Thomas-Fermi: details

V= /pe v="=Lve If Ynet, I' — 0, can find normal
modes in 2D trap:

1 __ _imf iwn,mt
500+ V- (pv) = (et = Tp)p Opnm(r,0,) = €™ hnm(r)e

> m Wnm = w2y/m(1+2n) +2n(n + 1)
r*+ E\v\z) =0

mw
2

owv + V(Up +

Consider p — p+ dp,v — v + dv.

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 39 / 47



Instability of Thomas-Fermi: details

V= /pe v="=Lve If Vnet, I' — 0, can find normal
modes in 2D trap:

1 __ _imf iwn,mt
Eatp + V- (pv) = (et — Tp)p Opnm(r.0,t) = €™ hnm(r)e

2 m Wn,m :w2\/m(1+2n)+2n(n+1)
2+ DvR) =0

mw

owv + V(Up + 3

Consider p — p+ dp,v — v + dv.
Add weak pumping/decay:

m(1 4+ 2n) +2n(n + 1)—m?

Wn,n = Wn,m + I Ynet 2m(1 T 2”) T 4”(” T 1) T m2

Instability
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Why vortices

Density profile
Thomas-Fermi in flattened trap ———

15
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Why vortices: chemical potential vs size

Unet
r

Thomas-Fermi : p o rg Vortex : p =

e

w

a1
T
I

T unstable

30f
L 1e ]
r / ]
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Observing vortices: fringe pattern

Sample
Beam
l Splitter : <—|>
: Tunable
ccd ey
Retrorefector

S
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Observing vortices: fringe pattern

t=45
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L), |R|), |LR)

[Marchetti et al PRB, '08]
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To include spin, replace 2 level system with 4 levels: |0), |L), |R|), |LR)

0 gd’L gq/)R 0
po_| &Yl ea—A-p 0 g,
“ gk 0 Ea+ A —p &g
0 gY; gVk 2(eq — 1) — Exx
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L), |R|), |LR)

0 gd’L gq/)R
h — gY] €a—A—p 0
@ gVr 0 Eat+ A —p
0 gY; gYr

@ Bi-exciton binding Exx <« U;
@ Mean-field: find polarisation
given Y, PR.

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L), |R|), |LR)

0 gd’L gq/)R 0
po_| &Yl ea—A-p 0 g,
“ gk 0 Ea+ A —p &g
0 gY; gVk 2(eq — 1) — Exx

@ Bi-exciton binding Exx <« U; ]
. . . %
@ Mean-field: find polarisation = - ]
. ——Nobinding |s- B

given 1, YR. 10F |- E,, =4meV 7 1

s E,y = 8meV ;“ ‘ ]

@ Exx has weak effect on T, | I
% 5x10° 1x10™ 2x10"° 2x10"°

nfcm’]

[Marchetti et al PRB, '08]
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Mathematical outline

@ 2D Single component equation of state: n(u, T) = Tf(x =p/T)

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 44 / 47



Mathematical outline

@ 2D Single component equation of state: n(u, T) = Tf(x =p/T)

@ For two components:

a7 (5) 1 (5)
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Mathematical outline

@ 2D Single component equation of state: n(u, T) = Tf(x =p/T)

@ For two components:

-t (5) ()

@ At critical point for one component:

2Q)
N
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Mathematical outline

2D Single component equation of state: n(u, T) = Tf(x =pu/T)

For two components:

-t (5) ()

At critical point for one component:

2Q)
N

no
T —
fC+f(Xc+¥)

@ Hence:
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2Q)
Graphical implementation of T = ng/ {fc +f (XC + —>]

=
4 Bogoliubov |

- ---Wg )/ /7

3 |—MonteCarlo, / P
|- HFP / .

002 "0 002 004 006
X=/T
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2Q)
Graphical implementation of T = ng/ {fc +f (XC + —>]
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Bogoliubov | /

---wg / .

3+ |—— Monte Carlo|/ d §
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2Q)
Graphical implementation of T = ng/ [fc +f (XC + —>]
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2Q)
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2Q)
Graphical implementation of T = ng/ [fc +f (XC + —>]
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—— Monte Carlo
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2Q)
Graphical implementation of T = ng/ {fc +f (XC + —)]
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Spatial freedom: Homgeneous case A < A,

0 + 27netd = 8U1 1Ry sin(6) — 2ypet A
@ Steady state condition: 8U;J1Rysin(0) = 2ynet A
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Spatial freedom: Homgeneous case A < A,

0 + 27netd = 8U1 1Ry sin(6) — 2ypet A
@ Steady state condition: 8U;J1Rysin(0) = 2ynet A

o Y p—e M (1/}? R+ upe krt(miw—r)t 4 Vikelk-rnt(lwfﬂ)f)
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Spatial freedom: Homgeneous case A < A,

0 + 29netd = 8U1 J1 Ry sin(0) — 2ypet A
@ Steady state condition: 8U;J1Rysin(0) = 2ynet A
o Y g — e—int (d’? s ulefik-rJr(fiwfn)t + Vikeik-r+(iw7n)t)

@ Define Q,% = —8U;/1Rycos(f). At k=0
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Spatial freedom: Homgeneous case A < A,

0 + 29netd = 8U1 J1 Ry sin(0) — 2ypet A
@ Steady state condition: 8U;J1Rysin(0) = 2ynet A
o Y g — e—int (d’? s ulefik-rJr(fiwfn)t + Vikeik-r+(iw7n)t)

@ Define Q,% = —8U;/1Rycos(f). At k=0

w—1ik=0,—-2iVnet 30 5

L 0

{5

-5

N

- ’.’Ynet +i Ynet — Q,%

0 W4 w2 3w4 mO0 W4 W2 34 T
S 0

Stability requires Q,% > 0. If Q/% < “Ynet Overdamped.
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Superfluidity

Superfluidity:

J=pv=VIirvV = |V]2V¢
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢ % %

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(9) <5ij = q;) +x1(q) qzj
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢ % %

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(9) <5ij = q;) +x1(q) qzj

Superfluid part,
ps o< lim (xL — x7).
q—0
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(9) <5ij = q;) +x1(q) qzj

Superfluid part, Axji(q) = ~r~rne—— e

Ps X IimO(X/_ - XT)- G(w=0.q)
q—

Ji(q) = (Wvi(q)v)
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(q) <5J - q;) +x1(q) q;

¥i(q,0)tbo 7v5(9,0)2b0

SuperHUid part, AX'J(q) = ~"~NAANnNNe—— A
ps X olliLnO(XL —XT). Glw i07q)
Ji(q) = (¥1yi(a)) = i(q)9r(w = 0,@)yj(q) + - -
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(q) <5J - q;) +x1(q) 7

¥i(q,0)tbo 7v5(9,0)2b0

Superfluid part, AXU(q) = ~"ANnN———— o
ps X olliLnO(XL - XT): Glw iOvQ)
Ha) = (hila)) “ gL

il---)q;

(w+ ix)? + x2 — cq?
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Superfluidity

Superfluidity:
J=pv=VIRvV = |V|°V¢

xij(w = 0,9 — 0) = (Ji(q)J;(a))

qiq; qiq;
= x1(q) <5J - q;) +x1(q) q;

¥i(q,0)tbo 7v5(9,0)2b0

Superfluid part, Ayxji(q) = ~~rl——
ps X olliLnO(XL - XT): Gw=0.4)
=; Orp(w = 0, G)vy; + ...
J(a) = (i()e) )R (=0, dy(a)
Static ps survies - qi(--)g —
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