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The Landau-Zener problem
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Many-body Landau-Zener generalisation

One body, many-level generalisations:

I Demkov-Osherov problem
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Here, instead many-body
I Time varying energy of single-particle states
I Automatic elevation to many-level problem
I Interference

Present two simple but striking examples.
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Overview

1 Introduction and Landau-Zener
Introduction

2 Two-level system/photon field
Setting up the many body problem
Collapse and revivals
Effects of decay

3 Localised fermion coupled to continuum
Relating one- and many-body problems
Cancellation and “clean electrons”
Arbitrary time dependence and noise
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Physical system
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Description

Hamiltonian: Ĥ = ω0 ψ̂
†ψ̂ + λt

2 σ̂z + g
(
ψ̂†σ̂− + ψ̂ σ̂+

)
,

Initial coherent state: |Ψ(−∞)〉 = e−|ψ|
2/2
∑

n
ψn
√

n!
|n, ↑〉

Each pair |n, ↑〉 ↔ |n + 1, ↓〉 undergoes LZ transition

Hn,n+1 =

(
λt/2 g

√
n + 1

g
√

n + 1 −λt/2

)
,

(
1
0

)
→
(

An+1

Bn+1

)

Final state:

|Ψ(+∞)〉 = e−|ψ|
2/2

∞∑
n=0

ψn

√
n!

[
An+1|n, ↑〉+ Bn+1|n + 1, ↓〉

]
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What to measure?

Detector

Adjustable delay
φ0

ψ

δ

After mixing: ψ̂ + φ̂0e
iδ Intensity:

I ∝
〈

(ψ̂† + φ̂†0e
−iδ)(ψ̂ + φ̂0e

iδ)
〉

=
〈
ψ̂†ψ̂

〉
+ φ2

0 + φ0

(〈
ψ†
〉

e iδ +
〈
ψ
〉

e−iδ
)

Measure 〈Ψ|ψ̂|Ψ〉
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Exact numerical result
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Explaining results

Adiabatic limit: z = g2/λ� 1

|Ψ(T )〉 = e−|ψ|
2/2

∞∑
n=0

ψn

√
n!

[
An+1|n, ↑〉+ Bn+1|n + 1, ↓〉

]
φn(z ,T ) = φ0 + nz ln

( nz

eλT 2

)
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Explaining results: field amplitude

〈Ψ|ψ|Ψ〉 = ψe−|ψ|
2
∑
n

|ψ|2n

n!

√
n + 2

n + 1
e i(φn+2−φn+1)

∆φn = z
[
(n + 1) ln(n + 1)− n ln n + ln

( z

eλT 2

) ]
∆φ|ψ|2+m ' ∆φ|ψ|2 +

zm

|ψ|2
− zm2

2|ψ|4

Revival at z = 2πN|ψ|2, fails at z & |ψ|3
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Explaining results: approximation

〈Ψ|ψ|Ψ〉 =
|ψ|

(1 + z2/|ψ|4)1/4

Nmax∑
N=0

exp

[
− (z − 2πN|ψ|2)2

2|ψ|2(1 + z2/|ψ|4)

]
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Revivals are not coherent states

Wigner function W (x , p) = 1
π

∫
dy Ψ∗(x + y)Ψ(x − y)e2ipy .

For a coherent state, W (x , p) = 1
π exp

[
−
(
x −
√

2ψ
)2 − p2

]
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Possible decay channels

γ

κ
g

∂t ρ̂ = −i
[
Ĥ, ρ̂

]
+ Lκ[ρ̂] + Lγ [ρ̂]

Lκ[ρ̂] = −κ
2

(
ψ̂†ψ̂ρ̂+ ρ̂ψ̂†ψ̂ − 2ψ̂ρ̂ψ̂†

)
Lγ [ρ̂] = −γ

2
(σ̂+σ̂−ρ̂+ ρ̂σ̂+σ̂− − 2σ̂−ρ̂σ̂+)

Naive estimate: (γt∗, κt∗)� 1, with t∗ ' g |ψ|/λ(
γ

g
,
κ

g

)
� λ

g2

1

|ψ|
' 1

2π|ψ|3
' 10−3
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Results including decay
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Understanding additional decay: adiabatic approx

Two−leve
l e

nergy, 
E=  t

Time

E
ne

rg
y

g  n√

λ |n,+〉 = cos θn|n, ↓〉+ sin θn|n − 1, ↑〉 Adiabatic if:

Ptrans =

∣∣∣〈n − 1,−|ψ̂|n,+〉
∣∣∣2

〈n,+|ψ̂†ψ̂|n,+〉
≤ 27

256n2
� 1

If adiabatic, Λn = ρn,n+1:

dΛn

dt
= i

[
d∆φn−1

dt

]
Λn − κ

[(
n − 1

2

)
Λn −

√
n(n + 1)An+1

]
When |t| ≤ g

√
n/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5
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Results including decay
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Physical problem
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Single particle problem

E(t)(t)φ

ψ1

ψ

ψ

(t)

(t)
(t)0

p

Regularly spaced continuum:

ψ(x , t) =
∑

ψp(t)e ipx

Thus, continuum equations:

[i∂t − E (t)]φ(t) = g

∫
dxψ(x , t)δ(x)

(i∂t + iv∂x)ψ(x , t) = gδ(x)φ(t)

Given: ψ(x < 0, t) = e−iε′t
√

2π
, find:

U(ε, ε′) =

∫
dtψ (x > 0, t)

e iεt

√
2π
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Solving Schrodinger equations

Equations:

[i∂t − E (t)]φ(t) = g

∫
dxψ(x , t)δ(x)

(i∂t + iv∂x)ψ(x , t) = gδ(x)φ(t)

Can solve for general E (t), writing:

ψ (x , t) = ψ0

(
t − x

v

)
− i

g

v
φ
(
t − x

v

)
Θ (x)

so:

[
i∂t − E (t) + i

g2

2v

]
φ(t) = gψ0 (t)

Introduce decay rate Γ = g2/v
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∫
dxψ(x , t)δ(x)

(i∂t + iv∂x)ψ(x , t) = gδ(x)φ(t)

Can solve for general E (t), writing:

ψ (x , t) = ψ0

(
t − x

v

)
− i

g

v
φ
(
t − x

v

)
Θ (x)

so:

[
i∂t − E (t) + i

g2

2v

]
φ(t) = gψ0 (t)

Introduce decay rate Γ = g2/v
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Scattering matrix for arbitrary times

Solution for φ(t) = g

∫ t

−∞
dt ′ψ0(t ′) exp

[
−Γ

2
(t − t ′) + i

∫ t

t′
E (τ)dτ

]
Then: ψ0(t ′) = 1√

2π
e−iε′t′ → φ(t)→ ψ(x , t)

U(ε, ε′) =
Γ

2π

∫ ∞
−∞

dt

∫ t

−∞
dt ′ exp

[
i(εt − ε′t ′)− Γ

2
(t − t ′) + i

∫ t

t′
E (τ)dτ

]

If E (t) = λt, elementary form:

U(ε, ε′) ∝ e−(Γ/λ)(ε−ε′)−(i/2λ)(ε2−ε′2)
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Elevating to many particle problem: linear time

ãε =
∑
ε′

〈ε|U|ε′〉aε′

For E = λt ,

〈ε|U|ε′〉 ∝ e−(Γ/λ)(ε−ε′)−(i/2λ)(ε2−ε′2)

= U1(ε)U2(ε′)

= c |φ+〉〈φ−|
P2 = Ua→a′Ub→b′ − Ua→b′Ub→a′

= 〈a′|φ+〉〈φ−|a〉〈b′|φ+〉〈φ−|b〉
− 〈a′|φ+〉〈φ−|b〉〈b′|φ+〉〈φ−|a〉 = 0.

Max number of particles transfered = rank of U.
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ãε =
∑
ε′

〈ε|U|ε′〉aε′

For E = λt ,

〈ε|U|ε′〉 ∝ e−(Γ/λ)(ε−ε′)−(i/2λ)(ε2−ε′2)

= U1(ε)U2(ε′)

= c |φ+〉〈φ−|

b’
a’

b
a

P2 = Ua→a′Ub→b′ − Ua→b′Ub→a′

= 〈a′|φ+〉〈φ−|a〉〈b′|φ+〉〈φ−|b〉
− 〈a′|φ+〉〈φ−|b〉〈b′|φ+〉〈φ−|a〉 = 0.

Max number of particles transfered = rank of U.

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 22 / 34



Elevating to many particle problem: linear time
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Linear timed dependence, exact state

Ψp ∝ e−(Γ/c)vp−(i/2λ)(vp)2

Spatial profile:

|ψ|2

x
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General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

T

T

T

1−T

1−T

1−T

EF

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉

Keeling, Levitov and Shytov Landau Zener processes in many body systems November 28, 2007 24 / 34



Noisy driving

Suppose E (t) = λt + η(t)
〈η(t)〉 = 0, 〈η(t)η(t ′)〉 = Γ2δ(t − t ′).

EF

E(t)

To find Nex, need: 〈|U(ε, ε′)|2〉
Integral log divergent: white noise limit

Infinite no. crossings of Fermi surface

Nex =

{
1 λ� ΓΓ2

Γ2

(Γ+Γ2)2 + 2ΓΓ2
πλ ln ω∗

Γ+Γ2
λ� ΓΓ2
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Conclusions

Exactly solvable many-body generalisations of LZ.
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Understanding additional decay: adiabatic approx

Two−leve
l e

nergy, 
E=  t

Time

E
ne

rg
y

g  n√

λ |n,+〉 = [cos(θn) |n, ↓〉+ sin(θn) |n − 1, ↑〉]
Adiabatic if:

Ptrans(θn(t)) =
|〈n − 1,−|a|n,+〉|2

〈n,+|a†a|n,+〉
� 1

At t → ±∞, Ptrans → 0.
At t ' 0,

Ptrans '
|
√

n −
√

n − 1|2

2(2n + 1)
' 1

16n2
' 1

16|ψ|4
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Understanding additional decay: Density matrix equation

If adiabatic, An = ρn,n+1:

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
When |t| ≤ g/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5

Keeling and Gurarie Landau Zener processes in many body systems November 28, 2007 28 / 34



Understanding additional decay: Density matrix equation

If adiabatic, An = ρn,n+1:

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
When |t| ≤ g/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5

Keeling and Gurarie Landau Zener processes in many body systems November 28, 2007 28 / 34



Understanding additional decay: Density matrix equation

If adiabatic, An = ρn,n+1:

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
When |t| ≤ g/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5

Keeling and Gurarie Landau Zener processes in many body systems November 28, 2007 28 / 34



Understanding additional decay: Density matrix equation

If adiabatic, An = ρn,n+1:

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
When |t| ≤ g/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5

Keeling and Gurarie Landau Zener processes in many body systems November 28, 2007 28 / 34



Understanding additional decay: Density matrix equation

If adiabatic, An = ρn,n+1:

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
When |t| ≤ g/λ, decay rate κn ' κ|ψ|2 � κ.

κ/g � 1/(2π|ψ|5) ' 5× 10−5

Keeling and Gurarie Landau Zener processes in many body systems November 28, 2007 28 / 34



Additional decay perturbatively

dAn

dt
= i

[
d∆φn−1

dt

]
An − κ

[(
n − 1

2

)
An −

√
n(n + 1)An+1

]
Gauge transform: An = Ãne

−i∆φn−1

dÃn

dt
= −κ

[(
n − 1

2

)
Ãn −

√
n(n + 1)Ãn+1e

i [∆φn−1−∆φn]

]

Ãn(T ) = Ãn(−T )

− κ
∫ T

−T
dt

[(
n − 1

2

)
Ãn −

√
n(n + 1)Ãn+1e

i [∆φn−1−∆φn]

]
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Ãn(T ) = Ãn(−T )
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Results of perturbative decay

Remove “naive decay”,

〈Ψ|ψ(κ, ψ0)|Ψ〉naive =
〈

Ψ|ψ(0, ψ0e
−κT/2)|Ψ

〉
e−κT/2

δ 〈Ψ|ψ|Ψ〉 = ψ(κ|ψ|2)
∑
n

Pn×[
Te i [∆φn−1(−T )−∆φn−1(T )] + Te i [∆φn(−T )−∆φn(T )]

−e i [∆φn(−T )−∆φn−1(T )]

∫ T

−T
e i [∆φn−1−∆φn]dt

]
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Results of perturbative decay

Explicit form in large n approx:

δ 〈Ψ|ψ|Ψ〉 = −ψ(κ|ψ|2)
∑
n

Pne
−iz ln(T 2/zn)+iz/2n

√
zn

λ

πz

2n
J1

( z

2n

)
At g2/λ = z = 2πN|ψ|2

|δ〈Ψ|ψ|Ψ〉 | ∝ ψ
[
κ

g
(2πN)3/2|ψ|5

]
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Noisy driving

Suppose E (t) = ct + η(t)
〈η(t)〉 = 0, 〈η(t)η(t ′)〉 = Γ2δ(t − t ′).

EF

E(t)

To find Nex, need: 〈|U(ε, ε′)|2〉thus:

Nex ∝
∫ ∞
−∞

dt

∫ t

−∞
dt ′
∫ ∞
−∞

ds

∫ t

−∞
ds ′ . . .× Fnoise(t, t ′, s, s ′)

Fnoise =

〈
exp

[
i

∫ t

t′
η(τ)dτ − i

∫ s

s′
η(σ)dσ

]〉
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∫ t

t′
η(τ)dτ − i

∫ s

s′
η(σ)dσ

]〉
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Noisy driving

Find Fnoise = exp [−Γ2 (|t − t ′|+ |s − s ′| − L(t, t ′, s, s ′))]

t’
ss’

t

L(t,t’,s,s’)

Can simplify to ∆ = t − s and Λ = t − t ′ = s − s ′

Nex =
−Γ2

2πc

∫ ∞
−∞

d∆

(∆− i0)2

∫ ∞
0

dΛe(ic∆−Γ−Γ2)Λ+Γ2L(∆,Λ)
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Noisy driving: results

Integral log divergent: white noise
limit

Infinite no. crossings of Fermi surface

Can extract logarithmic contribution

EF

E(t)

Nex =

{
1 c � ΓΓ2

Γ2

(Γ+Γ2)2 + 2ΓΓ2
πc ln ω∗

Γ+Γ2
c � ΓΓ2
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