Physics 2A Maths Revision - MathCentre: Calculus Refresher (part 3)

10. Integrals of basic functions

Try to find all the integrals in this section without referring to a table of integrals.
The integrals of these functions occur so frequently that you should try to memorise
the appropriate rules. If you are really stuck, consult the Tables on page 4.

1. Integrate each of the following with respect to .

(a) * (b) z” (c) &'/ da” (v (Hz* (9

M5 0 6) o

(m) 2~ (n) '/

1 1
k) — N —
©Wz 0z
2. Integrate each of the following with respect to .

(a) cosbzx (b) sin 2z (c) sinjz (d) cosg (e) é (f) %

(g) e (h) /3 (i) 5 ), eim (k) e% (1) cos(—Tzx)

11. Linearity in integration

The linearity rules enable us to integrate sums (and differences) of functions, and
constant multiples of functions. Specifically

JU@ £g@)aa= [ f@)dot [g@)de,  [Ei@)dz=Fk [ f(z)de

1. Integrate each of the following with respect to x.

(@) 7zt (b) —4a7  (Q) 2242 (d) 1720 (&) Vo — —— () ot >
N x
1 1 . L 11 2
@2+ ) -5 () 05  W2->  O7-11
2. Integrate each of the following with respect to x.
(a) 3z + cosdx (b) 4 + sin 3z (c) g+sing (d) 4e‘”+cos§
—2z 2 . . 1 4
(e)e ™ te (f) 3sin2z + 2sin3z  (g) s k constant (h) —1 — -
(i) 1+ z+ 22 () % —7 (k) 3 coszz (1) 322 — 32712

3. Simplify each of the following expressions first and then integrate them with
respect to z.

3 2
@6+l O E+DE-2) (O S (@ (E+IVa-3)
3x _ .2z 2
(@) (e —e) () @ Wi
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12. Evaluating definite integrals

1. Evaluate each of the following definite integrals.

(a) fol Tztdz (b) /32 —4t"dt  (c) f12($1/2+$1/3)dm (d) [21 17344
@ [osraias @ [ pae @ [@von @) [Tz
0 [ w0

2. For the function f(z) = z* + 3z — 2 verify that

/ da:—i—/ d:z:—/ flz)dz

-1
3.  For the function f(z) = 422 — Tz verify that f_ f@)de = - [1 f(z)dz.

(k) foﬂ/4{2)\+sin)\)d)\ () fo (6 +e)da

13. Integration by parts

Integration by parts is a technique which can often be used to integrate products of
functions. If w and v are both functions of = then

/u—dx—uv—fv—dm

When dealing with definite integrals the relevant formula is

b b
uj—zdw— [uv}b ) Eiiz:

1. Integrate each of the followmg with respect to z.

(a) ze® (b) 5zcosz  (c) zsinz (d) zcos2z (e) zlnz (f) 2:68111%
2. Evaluate the following definite integrals.

w2 2 1 3
(a)f zeoszdr (b)[ dze”dx (c)[ Ste~2tdt (d)/ rinzdz
0 1 -1 1

3. In the following exercises it may be necessary to apply the integration by parts
formula more than once. Integrate each of the following with respect to z.

(a) z%e” (b) 5z cos (c) z(Inz)? (d) e (e) 2* sing
4. Evaluate the following definite integrals.
/2 1 1
(a) / z?cosz dz (b) / Tze®dz (c) / t2e"2dt
0 0 -1
5. By writing Inz as 1 x Inz find /ln:cdfs.

: Int o )
6. Let I stand for the integral /ant. Using integration by parts show that

I=(lnt)>—1T ( plus a constant of integration )

Hence deduce that I = 1(Int)* +¢
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7. Let I stand for the integral ]et sintdt. Using integration by parts twice show

that
I =¢lsint —etcost — I

Hence deduce that /e* sintdt = °

t(sint — cost)

( plus a constant of integration )

5 +c

14. Integration by substitution

1. Find each of the following integrals using the given substitution.

(a) /cos(:c —3)dz, u=z-3

(c) /cos(wt +@)dt, u=wt+ o

(e) /:B(3$2 +8)%dz, wu=32"4+38
1

(g)fMd:c, u=2x—2

(i) /we’“’zdm, u = —x?

u=1+1¢

t
0 ]

(b) fsin(2:z: +4)dz, u=2z+4

(d) /ega”7d$, u=9z—7

(f)/$\/4w—3d$, uw=4r —3
1

(h)f{g_t)&dt, u=3—t

() [sin:c cos*rdr, u=cosx

T
) / 2z 110

u=2cr+1

2. Find each of the following integrals using the given substitution.

z=vVr—3

xr
@ | Vo 3%

u=xr—2>5

(b) [(z—5)'(z+3)ds,

3. Evaluate each of the following definite integrals using the given substitution.

/4
(a) f cos(z —m)de, z=z—m
0

9
(b)[s(x—B)‘r’(erl)gdw, u=z—8

3
(c) f tv/t —2dt, by letting u =t — 2, and also by letting w = v/t — 2
2

2 w4
(d) [ tt* +5)%dt, u=t2+5 (e) / tanz sec’zdz, w=tanz
1 0

? siny/z 2 gVt
f dr, wu= f——ﬂt = VA
()w2/4\/5$ uﬁ (g)lx/% u\/_
4. By means of the substitution u = 4z% — 7z + 2 show that
8x -7 9
mdiﬂ=1ﬂl4$ *7$+2|‘|‘C

5. The result of the previous exercise is a particular case of a more general rule
with which you should become familiar: when the integrand takes the form
derivative of denominator
denominator

the integral is the logarithm of the denominator. Use this rule to find the following
integrals, checking each example by making an appropriate substitution.

1 1 3 2
(a)/w—i—ldm (b)fa:—3dm (C}f3x+4dm (d)/2m+1dm
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6. Use the technique of Question 5 together with a linearity rule to find the following

integrals. For example, to find dz we note that the numerator can be made

2 —
equal to the derivative of the denominator as follows:
2:c 1 9
/F 2f —fln\w -7 +e.
T sin 36 3e2e
(a)/w2+1dw ()fl+c0536‘d9 (),[l—i- 2z

15. Integration using partial fractions

1. By expressing the integrand as the sum of its partial fractions, find the following
integrals.

23:—{—1 3z+1 brx+6
()f (b)fx2+$d$ (c)/w2+8m+2 o
SE—I—]_ 9z + 25
(d)/(l—ﬂ:)(:g gz (e )fm2+10$+9d$ ()/m2+10$+9
15z + 51 . ds
4—$2 (h)f$2+7$+10d$ (')]SLL

2. By expressing the integrand as the sum of its partial fractions, find the following
definite integrals.

228z a:c—|—7 T —11
(@) 2?42z de ()/ :c—|—2)d )f m2—3:c+2

3. By expressing the integrand as the sum of its partial fractions, find the following
integrals.

T 4z 4+ 6 Tr —23
(a)fwg—Qerldx (b)[($+l)2d$ )f:c? 6:‘c+9

4. By expressing the integrand as the sum of its partial fractions, find the following
definite integrals.

T+ 8 2¢ +19 2 8
)f R ()f ZilRz el " (C)fo “Fromri®
5. Fin df 92 +6$+32 .
6. Fmdf 5$ “"*34 dz.
3)(z+4)

—1lz—4
7. Find f 2 -z dz.

2+ 1)(z+1)(3—2)
8. In this example note that the degree of the numerator is greater than the degree

3
T
f the d ‘t.F'df—d
of the denominator. Fin @+ @+2) z

10
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223 +1 . .
9. Show that ————————— can be written in the form
(z+1)(x+2)?
1 15 9

_:c+l+(:c+2)2_:c—|—2

223 + 1

Hence find fm

42% 4+ 10z + 4
Find f + + dz by expressing the integrand in partial fractions.

16. Integration using trigonometrical identities

Trigonometrical identities can often be used to write an integrand in an alternative
form which can then be integrated. Some identities which are particularly useful for
integration are given in the table below.

Table of trigonometric identities

sin A sin B = ; (cos(A — B) — cos(A + B))
cos A cos B = § (cos(A B) + cos(A + B))
sin A cos B = ; (sin(A+ B) +sin(A — B))

sin A cos A=281n2A

cos®? A = (1 + cos24)

sin? A = (1 — cos 24)

sinA+cos?A=1
tan? A =sec? A —1

1. In preparation for what follows find each of the following integrals.

(a) /Sin3:r:d$ (b) /cosS:cda: (c) /sin?tdt (d) fcosﬁfsd:r:
2. Use the identity sin? A = (1 — cos 2A) to find f sin? z dz.

3. Use the identity sin A cos A = %sin 2A to find /sintcostdt.

4. Find (a)/2sin7tc093tdt (b)/&cosgxcosélscd:c (c)/sints'm?tdt

5. Find / tan? ¢ dt.

(Hint: use one of the identities and note that the derivative of tant is sec?t).

6. Find /cos“tdt. (Hint: square an identity for cos? A).
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7. (a) Use the substitution u = cos z to show that

/sin zeos" zdr = — cos" x4+ ¢

n+1

(b) In this question you are required to find the integral fsin"’tdt. Start by writing

the integrand as sin*¢ sint. Take the identity sin?¢ = 1 — cos®¢ and square it to
produce an identity for sin*t. Finally use the result in part (2) to find the required

integral, f sin® ¢t dt.

17. Miscellaneous integration exercises

To find the integrals in this section you will need to select an appropriate technique
from any of the earlier techniques.

1. Find f(gw— 2)%de.

2, Findfﬂl+1dt.

3. Find ft4 In ¢ dt.

4. Find f(5\/5—3t3+2)dt.
5. Find /(c033t+351nt)dt.

6. By taking logarithms to base e show that a® can be written as e*!»¢ Hence find
/a”’ dz where a is a constant.

7. Find fzei"m“ dz.

T

. 2
8. Find [ TR

9. Find fta,nesec:? 6.do.

/2
10. Find f sinz dz.
0
11. Using the substitution = = sin @ find /\/l — z2dz.

12. Find /exsiand:z:.

12
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) r—9
13. Find fw(:vfl)(:c%) da.
14. Find [& 120 1029
) / (z —3)(z + 3) '

15. Let I, stand for the integral /m”egxd:c. Using integration by parts show that

z"e®  n . . . ‘
I, = 5~ 51”_1' This result is known as a reduction formula. Use it repeatedly

to find I, that is /$4e2”’dsc.

o . _
16. Fmdfg (1= gyt by ltting £ = 2sind.

13



