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4. The product rule for differentiation

The rule for differentiating the product of two functions f(z) and g(z) is

% (f(z)g(z)) = f(z)g(z) + f(z)g'(z).

1. Differentiate each of the following with respect to z.

(a) z sinz (b) =% cos2z (c) z Wte i

(d) vz Indz (e) (z* —x)sinfz  (f) % (tan% — COS E)

2.  Find the following derivatives,

(a) (sinz In4z) (d) di (e =2 cos E)

d, . d, . - d
(sin# cosf) (b) E{sm?t tan 5t) (c)d 5

dg dz x

(e) ;—x(eﬁ: In 6z) (f) ;—ﬂ{cosﬂcosliﬂ) (g) %(lnt In 2t)

5. The quotient rule for differentiation

The rule for differentiating the quotient of two functions f(z) and g(z) is

d (f(:r)) _ 'z)g(z) - flz)g'(z)

dz \ g(z) (g(z))?
1. Differentiate each of the following with respect to z.
T x 2—x 3xt — 23 1+ +/x
() 1—z2 (b) l—= ©) 1+ 2z (d) 2z% + 3 (&) VI—x

2.  Find the following derivatives,

@ & (Si‘f) ®) & (:1:::2) © & (taf?ﬂ) OFs (S’E) © 4 (mm;x)

3. Find the following derivatives.

d /sin 2t d e d [ lInz d [In3x
(2 dt (sin at) (b) dz (tan :?:) (© dz (cosl%m) (d) dx (ln 4$)
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6. The chain rule for differentiation

The chain rule is used to differentiate a "function of a function”:

L (le@)) = (o) 9'(z).

1. Differentiate each of the following with respect to z.

(3) @+32)2  (b) (L—2*) © ﬁ (d) VIt a2
© -2 " e (@ oE )

2. Find the following derivatives. (Remember the notation for powers of trigono-
metric functions: “sin®z" means (sinz)?, etc.)

I

(a) ;—ﬂ(sinz ) (b) diﬂsin 6%) (c) %(sin(sinﬂ]) (d) ;—x[tan{3—4m])
d

1
cost

(e) %(cos' 5 () 5 (

) (9) 5sin(2—t—31))

T m

3. Find the following derivatives. (The notation “expz” is used rather than " e
where it is clearer.)

(a) % (EXP(—HEJ) (b) %(exp{cos 3z)) (c) %(cos{e‘“)] (d) %(m{sinm)
(e) ;—x(sin[lna@]) (f) %(ln(e”: —e ) (g) %(v’e“ - 3c053t)

7. Differentiation of functions defined implicitly

1. Find %E in terms of ¥y when = and y are related by the following equations. You

will need the formula % = 1/4¢,
dx diy

(@) z=y—1y° (b}x—y2+$ ()z=e'+e¥ (d)z=Inly—e¥)

2. Find %f in terms of z and/or y when x and y are related by the following
equations.
(a) cos2z = tany (b) z+9? =y —2? (c) y —siny = cosx

(d)ef—z=e¥+2y (e)z+e'=lnz+lny (y=(x—y)°
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8. Differentiation of functions defined parametrically

If z and y are both functions of a parameter ¢, then

dy _dy . dz
dz dt ~ dt
1. Find :ﬂ in terms of £ when x and y are related by the following pairs of parametric
equations.
, 1 2
(a) © =sint, y=cost (b}x_t—? y=1—1t

()x=e*+t, y=e'+t* (d)z=Imht+t, y=t—Int

2. Find j—; in terms of £ when & and ¥ are related by the following pairs of parametric
equations.

(@) z=3t+¢t*, y=2+¢ (b) z = cos2t, y=tan2t

9. Miscellaneous differentiation exercises

1. Find the following derivatives, each of which requires one of the techniques cov-
ered in previous sections. You have to decide which technigue is required for each

derivative!
(a) %(x‘? tan 4z) (b) %(tan'q’ 41) (c) :_:r (exp(3tandz)) (d) % (taiﬂdlﬂ)
© S-S (LFL) (@) e m ()
056 0geen 0L (s(5))

2. Find the following derivatives, which require both the product and quotient rules.
@u(Tae)  Onli)  ©u(Men)

3. Find the following derivatives, which require the chain rule as well as either the
product rule or the quotient rule.

@ SetnE+1) () S’ costsn) (€ - ((%) )
(¢) 15exp(0c0s) © g5 (wma)) ® 5 (o (52))

(9) ;y (yﬂv’y:rl? = 1)
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4. Find the following derivatives, which require use of the chain rule more than once.
(a) :—m(xfl —cos? z) (b) ;_:t: (exp ([z — zzjm)) (c) % (ln (tan %))

5. Find the following second derivatives.

d2 '\/'1—2 b d2 a dE P ﬂ d d2 1
(a) @{ + %) (b) @(Eﬂp{z (9 E(Sln ) (d) dz? m
1 1
6. Remembering that cosecz = sina seCT = cosa and cotx = :rfz' find the
following derivatives.
(a) < (cosec 22) b) 2 (sec?6) () L(vitocots)
dx d# dz '
(d) L(cosec20cot? ) (e) L(in(secz + tanz))  (F) - (tan(sech))
f dz ' dd



