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S1. PROOF OF THEOREM (5)

We consider the 2D substrate with the embedded scat-
tering interface, described by the Hamiltonian H(k,) =
Ho(ks) + Hy (kz). The scattering interface is assumed
to be concentrated to site y = 0, which could be a chain
of impurities. Alternatively, as explained in the main
text, if the interface has a larger width we can parti-
tion the y coordinates into supercells of the width of the
interface, such that integer y label the position of the
supercells, and the y dependence within each supercell
is taken into account as internal matrix index such as
spin or particle-hole degrees of freedom. For an inter-
face in the form of a chain, the supercell matches the
unit cell. Since Hy (k;) is restricted to y = 0 we can
write Hy (kz) = Hy (kz) ® Py—o, where P, projects onto
supercell y.

Let {|y)} form an orthonormal basis of 1D wavefunc-
tions localised at cell y such that (y| A(k.)|y') reduces
any operator A(k;) to a matrix of internal degrees of
freedom only. We restrict ourselves to substrates that
are fully translationally invariant, so (y| Ho(kz)|y) =
(y +n|Ho(ks) |y + n) for all y,y’,n. Consider a global
symmetry of the Hamiltonian A such that A~ (k,)A =
+H(£k, ), where the + are chosen depending on the type
of symmetry. As A is global, it acts site-wise [S1], i.e. the
symmetry is of the form A = A® 1,, where A is an opera-
tor that acts on the degrees of freedom within a supercell
and 1, is the identity acting on the y cell coordinate. The
action of the symmetry on the Hamiltonian gives

A [Ho(ky) + Hy (ko)A = £[Ho(£ks) + Hy (k)]
(S1)

As Hy is local to the interface, there exists a y* > 0
such that (y'| Hy (k) |y") = 0 for ||, |y"| > y*, but also
that (y/| A~ Hy (k.)A|y”) = 0 as A acts only locally.
Therefore for such 3/, "

(| A= [Ho(ke) + Hy (k)] Aly")

=+ (y'| [Ho(£ks) + Hy (£k2)] [v") (52)
reduces to

(| A Ho(ko)AlY") = = (/| Ho(£R) [y") . (S3)

Due to the translational invariance of Hg(k,) the latter
equality holds for any 3/, %", and it follows that

A Ho (ko)A = +Ho(£E). (S4)

This means that A is a symmetry for Ho(k,) separately
too. From Eq. (S1) it follows in turn that

A YHy (k) )A = £Hy (£k), (S5)

so that A is a symmetry also for Hy (kz). Tt follows fur-
ther that A is a symmetry of Hy (k).

Finally from Eq. (4) in the main text, we obtain that
if A is a symmetry of #(k,), then A is a symmetry of
g(w =0, kz,y).

To prove the converse let us assume that A is a sym-
metry of g(w =0, kz,y). Then A = A® 1, is a symmetry
of Ho(k,) for the translationally invariant substrate. If
furthermore A is a symmetry of Hy (k,), then A is a
symmetry of Hy (k;) = Hy (k;) ® Py=o. Therefore from
Eq. (S1), A is a symmetry of H(k,). This concludes the
proof of Theorem (5).

S2. WINDING NUMBER OF TOPOLOGICAL
HAMILTONIAN

The winding number can evaluated by writing the
Dyson equation for Green’s function [Eq. (1) in the main
text] as follows

G (0. ke yy') = 9(0, ke, y) T(0, k)9 (0, ko, =)
{1+ [9(0, ke, —y)] M [TO0, k)]
%90, ke )] 90 kg~ )} (S6)

where 1 is the identity operator, the y label supercells
as explained in Sec. S1, and the written G, g and T are
matrices in all internal degrees of freedom of a supercell.
The inversion of the substrate Green’s function and the
T-matrix is possible due to the assumption that both are
gapped apart from at phase boundaries. The topologi-
cal Hamiltonian [Eq. (3) in the main text] can then be
written as

H' (kg ) = {1+ [9(0, ko, )] [T(0,5)]

< (900, k)] 90, ke,0))
x[9(0, ks —9)] T [T0, k2)] " [9(0, k)] T

To simplify the notation we shall omit the index k, in
most of the following expressions.

(S7)



A. Casey=0

Let us consider y = 0 and set g = ¢(0,k,,0) and T =
T(0, k). The topological Hamiltonian then becomes

-1

HtOp(kw) — _(]1 +g_1T_1) g—lT 1 -1
[ (= )) g
=—HyT ¢ % (S8)

Theorem (5) guarantees that T', g and Hy, and there-
fore H'P are all chiral symmetric, admit a simultaneous
chiral decomposition, and can be written in the chiral
eigenbasis

0 hv _ 0 gfl
HV = (hi“/ 0 ) ) g t= (g—lT 0 )
4 (0 T ‘o 0 htor
T - (j"—lT 0 ) 3 H™P = htopT 0 ) (SQ)

where

hioP = —hy T~ Mg~" (S10)
The minus sign does not affect the winding number which
can then be evaluated as

1 s
Wiy=0)= ;5 / dky By, log|det(h'P)]

= 271” dk 2Ok, {log[det(hv)] + log[det(T~11)]

—i—log[det(g_l)]}. (S11)
Consider a general chiral symmetric operator A with
chiral decomposition a¢ and take a change of variable
z = det(a) such that the k, integration over the first
Brillouin zone becomes the z integration over the closed
contour Z = {z = det(a(ky))| ks € [-7,7)}. We can
then write the corresponding winding number in the form

WA:/ —ak log{det } 7{ rin

From this expression we see that if we take a — af,
det(a) — det(a)* then Z is inverted about the real
axis and the contour is traversed in the opposite direc-
tion. This gives an overall minus to the winding number.
Therefore the winding number of the topological Hamil-
tonian becomes

W(y = 0) = Wg—l — Wp-1 + Whg,,. (813)
A locally acting Hy has a zero winding number. But
general k, dependent Hy (k;) may lead to W, # 0, and
thus seemingly to a topological phase transition without
gap closure. However, in such a case the change in Wg,,
is compensated by a simultaneous change in Wy-1, so

that a gap closure still remains mandatory. To see this,

we should recall that —Wp-14+Wp,, represents the wind-
ing of HyT~! = 1 — Hy g, thus of det(1 — hyg'). This
means that the direct winding from Hy is undone but the
zeros of T—! are preserved. In case of doubt indeed the
foolproof expression to be used for the winding number
is (1 —hy g'), whereas the T-matrix arises naturally from
scattering theory and remains under normal conditions
the object of choice.

B. Casey#0

When y # 0, the chiral decomposition of the Hamilto-
nian is
-1

mery) = — {1+ [5(-)] T 5] 150}

x[g(~y)] T3],

where §(y) is the chiral decomposition of g(0, k;,y). The
winding number is then evaluated as before. We obtain

W= [ o

_x 2T

(S14)

<0 { ~ log[aet (1 -+ [5(-v)] T [3)] ~'3(0))]

+log[det([g(—y)] )] + log[det(T11)]
+1og[det([3(3)] )]},

which gives Eq. (10) in the main text. If we consider the
Lehmann representation of the Green’s function [S2]

|En ac n( I)|
=2 R

n(kz)
where F,, and |E,) are the eigenvalues and eigenmodes
of the Hamiltonian and w; = w + 407, the local Green’s
function can be written as

G(w, ks, y,y) = (Y| Glw, k) |y)

_ N W (ka)) (En(ka)ly)
- Z W4 — ETL(kl) .

(S15)

(S16)

(S17)

n

For a trivial substrate the in-gap wavefunctions are lo-
calised to the interface region and normalisable. There-
fore for such wavefunctions limy|_, o (Y| Ein—gap(kz)) =
0. Taking thus |y| — oo for generic V., ky, suppresses
any pole from the in-gap modes. The remaining poles
are from substrate and therefore gapped as the substrate
is trivial. This then means that W (|y| — oo) = 0 and

H*P(k,, |y| — oo) is trivial. Examining the form of the
winding number we obtain
T dky
Wp-1 = — lim =
|ly|—o0 27T’L
. R TSI
X Ok log{det [11 + 9=y T [3(y)] 9(0)} }



From the form of the Green’s function in Eq. (S6) we see
the term that gives the y dependent winding number does
not have any poles (as we have assumed the substrate is
trivial). As such any change in the winding number as y
is varied must be due to zeros in the determinant of this
term and so of G(w = 0, ks, y,y).

S3. PROOF OF THE EQUIVALENCE OF THE
WINDING NUMBERS OF H AND H®*?

In this section we prove that the winding numbers ob-
tained for the full Hamiltonian H and for the topological
Hamiltonian H°P are equal, up to a fixed sign between
them, and hence they are equivalent descriptions of the
topological properties of the system.

The substrate is assumed to be translationally in-
variant with a topologically trivial bulk Hamiltonian
Ho(kz, ky). As the scattering interface breaks the trans-
lational symmetry in the y direction we switch the de-
scription from k, to positions y and note that the sys-
tem then becomes one-dimensional with an effective unit
cell that contains all y labels. We shall denote the full
Hamiltonian in this description H (k) and the substrate
Hamiltonian Ho(k,). With the scattering included we
have H(ky) = Ho(ky) + Hy (kz) ® Py=o, where Py—¢ de-
notes the projection onto y = 0. The following proof
will rely on the assumption stated in the main text that
det[g(w = 0,k;,y = 0)] # 0, and on the the already
demonstrated property that Witp can only change when
a pole of the T-matrix passes through w = 0. The topol-
ogy will be characterised through the winding numbers
for the different k, dependent matrices from Hamiltoni-
ans or Green’s functions.

The proof of the required theorem is broken up into
several stages.

(a) Ho(kz) and [g(w = 0,k,,y = 0)]7! are topologically
trivial

We assume that the substrate is trivial, meaning that the
relevant 2D topological index of H(k,, k) is zero. This
means there is a continuous deformation of Ho(k,, ky) to
a trivial spectrally flat (k,, k, independent) Hamiltonian.
Such a deformation preserves the gap at all £, k, and as
such preserves the gap of the 1D Hamiltonian Hq(k).
This means that Ho(k;) is continuously connected to a
trivial spectrally flat phase and so the winding number
of Ho(ky) is zero.

The eigenvalues of Ho(k,) define the poles of g(lw =
0,kz,y = 0) and so the zeros of [g(w = 0,k,,y = 0)]7L.
Since the considered deformation does not produce a gap
closure of Ho(ks, ky), it does not produce a gap closure
of [g(w = 0,k,,y = 0)]7! either. Since we assume fur-
thermore that initially det[g(w = 0,ky,y = 0)] # 0 it
is possible to choose a deformation that does not cause
det[g(w = 0, k,,y = 0)] = 0 at any point, as this would
require for the assumed topologically trivial substrate a
fine tuning of the parameters that is avoidable. Hence

we can choose a deformation that continuously connects
Ho(kz, ky) to a k, independent Hamiltonian while main-
taining an invertible, finite g(w = 0, k;,y = 0) through-
out. Hence [g(w = 0,k,,y = 0]7! transforms continu-
ously to a k, independent matrix too, showing that it is
topologically trivial.

(b) H(kz) is trivial if and only if H'P(k,,y = 0) is triv-
1al

Let H(k,) be topologically trivial. Then it can be con-
tinuously deformed to the Hy = 0 limit (i.e. to the sub-
strate Hamiltonian), as we know it is topologically triv-
ial too. Such a deformation generates no gap closures
in H(k;) and so no poles of T(w = 0, k). Therefore the
winding number of H'*P(k,,y = 0) is preserved and equal
to winding number of H*P(k,,y = 0)|g, =0 = —[g(w =
0,kz,y = 0)]~1. From item (a) it follows that Witor = 0.
Conversely, if H!P(k,,y = 0) is topologically trivial it
can be deformed continuously to the Hy = 0 limit with-
out generation of any pole in T'(w = 0,k;). Therefore
H(k,) can be continuously connected to Ho(k,) which is
trivial, and consequently Wy = 0.

(C) |WH| = |WHtuP|

We shall show that the equality |Wy| = [Wgton| fol-
lows from the simultaneous fulfilment of the two inequal-
ities |[Wy| < |Whtoo| and |[Wyop| < |Wy|. We make
use of the fact that for any phase with a winding num-
ber of modulus |W| deformations of the system param-
eters to W = 0 require at least |W| gap closures, and
that there are deformations that pass through exactly
|W| gap closures. Let then |Wy| < [Wptor|. Then there
exists a deformation of H(k,) to the trivial Ho(k;) by
letting Hy — 0 that generates only |Wy| gap closures,
and as such exactly |Wy| poles of T(w = 0, k,). How-
ever, since |Wiytop| is strictly larger than this number
of gap closures, it is impossible that H'P(k,,y = 0)
could then connect to the topologically trivial Hy = 0
limit H*P(ky,y = 0) = —[g(w = 0,kz,y = 0)]7. We
must conclude therefore that |Wpytor| < |Wy|. The
converse is proven by swapping the roles of H(k,) and
H*P(k,,y = 0).

(d) Wy = £Whtor with a fized £+ sign through the phase
diagram

Consider a pair of Hamiltonians H;(k,) and Hz(k;) to-

gether with their associated topological Hamiltonians

H{°P(k,) and H3(k,). We assume first that Wy, =

—Wy, # 0. We have already proven that then \WHfop\ =

|WH;OP‘ but we wish to show furthermore that Wy er =

—Wtor. Let us assume that Wior = Wiytor instead.
2 1 2

Then there is a continuous deformation between H:% (k,)
and H3P(k,) that generates no gap closures and thus no
poles of T'(w = 0, k;). Consequently Hq(k;) and Ha(k,)
must be continuously connected too, which is a contra-
diction with the assumption Wy, = —Wpy,. Therefore



we must have WHmp = —Wpyor. The converse is proven

by the same logic as already apphed above, by switching
the role of H(k,) and H*P(k,). Note that we cannot say
anything about the sign between Wy and Wiytor, but
as this sign is global to the entire phase diagram it is
irrelevant.

As a consequence of items (a)—(d) the two winding
numbers Wy, and Wigtop are equivalent, if not equal.

S4. FOURIER TRANSFORM OF LATTICE
S-WAVE SUPERCONDUCTOR GREEN’S
FUNCTION

The partially Fourier transformed retarded Green’s
function of a square lattice s-wave superconductor is eval-
uated. The Hamiltonian of such a 2D superconductor, af-
ter taking the gauge transformation c;y)g — elkm"cl Yo
where k,, is the spiral wavevector of the magnetic impu-

rity interface, is given by

Ho ke, ky) = H'oT + Hbot, (S19)
where we define o™+ = (1 & ¢7)/2, for 0* the Pauli-z

matrix acting on the spin degrees of freedom and

H7 = €ryky, 0T +OATT, (S20)

where €, 1,0 = —2t(cos(ky + k) + cos(ky)) — u, the
7% are the Pauli matrices acting on the particle-hole de-
grees of freedom, ¢ is the hopping integral, p the chemical
potential, and A the superconductor pairing amplitude
chosen to be real and positive. The retarded Green’s

function of the superconductor is given by [S2]
g(w, kfm ky) = [w+ - Ho(k&w ky)]_l (821)

where w; = w + i0". The partial Fourier transform of
the retarded Green’s function is defined as [S3]

T dk, ;
soke) = [ GGk (522
_x 27
For the given Hamiltonian we obtain
g(w, ke, y) = g (w, ke, y)o ! 4 gH(w, ke, y)o* (S23)
with
- 1 (7 eFuY(wy + € o7 + T ATY)
e e o e
(S24)

We should notice that since g(w, ks, ky) = g(w, kg, —ky)
this integral is independent of the sign of y and we can
thus replace y — |y| We then change the integration
variable to z = e™*v, with dz = izdk,, such that the
integration is over the unit circle S' in the positive, an-
ticlockwise direction, and obtain

1
9% (W, kz,y) = — dzzlyl_lg(w,kw,z).

2
211 St (S 5)

4

As we focus on the in-gap states with |w| < A, the small
+i0" is of no importance we shall use w instead of w,
henceforth. Focusing on just the denominator in the in-
tegrand

Z(w2_€il,za’_A2)
o)
( ) 2[(2 +1)+Hk$2]2

zg{ 2(@? - A?) - [(22+1)+ﬂkm2]2}7 (526)

where we have defined fix, = i + 2cos(k, + oky,) and
introduced the dimensionless energies © = w/t, A = A/t,
and ft = p/t. The integral then becomes

9% (W, keyy) =
1 j{ dzz¥*1 g% (w, ky, 2)
It Jor (@2 — A7)~ [+ 1) + o

(S27)

The numerator is given by
g7 (w, ke, 2) =
t21vl [@z — (i, z + 22+ )77 + ZO'ATz} . (528)

All the poles are contained within the denominator and
we can safely proceed by solving

0=2%(@% =A%) — [ +1) + i, 2], (S29)

or
2(@? - A?) =

(2> + 1) +n,2]", (S30)

from which the square root leads to the two quadratic
equations

0=22+ 2(jix, + V&2 — A2) +1.

We thus obtain the four roots of the denominator
1 _
o L. 1 Va2 = 22
1
+ \/( fin, £1 V@ A2) — 4. (S32)

2

(S31)

Ry, 40 =

Then the integral is

97 (W, kz, y) =
-1 j{ 2vldz
2mit Jor (2 = 24,4)(z = 2— ) (2 — 24 - ) (2 — 2 )

X [d;z — (i, z + 22 +1)7% 4+ z0AT" (S33)
The total minus sign arises from the negative z* coeffi-
cient in the denominator. The integral can then be evalu-
ated using Cauchy’s residue theorem. In Fig. S1 we show
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FIG. S1. Modulus (black, solid) and phase (red, dashed) of
the poles obtained from Eq. (S31) for w = 0 and A = 0.1¢.
The black dotted line shows |z| = 1. One can verify that as
long as |w| < A, the two poles Zt sign(uy,) are within in the
unit circle.

the value of the poles for the example of w = 0 as a func-
tion of pg,. For [w| < A the poles 212 = 24 gign(u,) lie
within the unit circle, and the poles 234 = 24 _ gign(u)
are outside the unit circle. The Green’s function then
evaluates to

—E_ (@ + oATY) + i VA2 — 272

7 w, kwa =
9°( Y) T E—"
(S34)
where
ly|+1 ly|+1
€4 — 21 2 (S35)

(21— 23) (21— 21) (22— 23)(22 — 24)

We note that &, is real and £_ purely imaginary as z; =
z5 and z3 = zj. Consequently ¢° is real as expected for
a Green’s function when w lies in a range with vanishing
density of states. The {1 functions are non-singular as
long as A # 0. We emphasise that this is the exact
Green’s function of a square lattice tight binding s-wave
superconductor, and no low-energy approximation has
been made.

S5. PHASE DIAGRAM

With the explicit form of the Green’s function for the
impurity chain given by Eq. (1) in the main text, we can
solve for the conditions of a phase boundary by finding
poles of the T-matrix at w = 0,

det[T71(0,k;)] = 0. (S36)

This equation can be simplified by making use the
model’s chiral symmetry at w = 0. We can write the

T-matrix in the eigenbasis of the chiral symmetry, using
the unitary

1 O 1 O
v=plohoa) e
i 0 =i 0
written in the basis
(Chay=0,15 Chiyy=0,4 Cikw,yzom Cikz,y:0,¢)~ (S38)
This transforms the T-matrix to
UiTT'U = <T~01T T(;l> , (S39)
with the notation T'=T'(w = 0, k) and
det(T71) = | det(T~ )% (S40)

Defining the notation g; = [¢7(w = 0, ks, y = 0)];; and
using that at w = 0 we have g7, = —g3, and g7, = g5,

we obtain
Lt 1 ;
71— 912 — 911 ﬁ
- _ i PSR B
17 912 — 911

The condition for a phase transition is det(T~!) = 0,
which becomes

1
o (342)

m

e oo NN
0= 911971 — 912912 — 1(911912 + 911912) —

The bare Green’s function is real as the density of states
is zero at w = 0, and as noted earlier we can omit the
infinitesimal shifts §07. Then the real and imaginary
parts split into two equations. The imaginary part gives
9%1912 = *9119%2- (543)
If k,, # nm for n € Z, this has solutions for any set
of system parameters, but required k, = 0,7. This is
because the only differences between the two spin species
is the kinetic energy cos(k, + oky,) and the sign of the
pairing cA. At k, = 0,m, the dispersions are equal as
cos(ky + ok,,) = £cos(ok,,) = Ecos(k,,). Therefore
gIl = gfl and 912 = —9%2, and so the above equation is
satisfied. When k,,, = 0, 7, the above equation is satisfied
for any k., meaning the gap closes and stays closed rather
than opening up again.
The real part gives the conditions for the phase transi-

tion and along with the symmetry of the spin species at
k., = 0,7. We find

—1/2

e, = % ol k2 + g1 ()2} (s44)

giving Eq. (12) in the main text. As gap closures only
occur at k, = 0,7, the winding number is restricted to
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FIG. S2. Results of self-consistent calculations for N, = 101, Ap = 0.1t and kr = 0.65. Panel (a) Shows A(y) for k,, = kr
and various values of V,,. Although the scattering potential has a considerable effect at the impurity site at y = N, /2, the
renormalisation of A(y) almost immediately drops to below 10% independently of the scattering strength. Panels (b) and (c)
show a comparison of the band structure of the self-consistent solution (black lines) and lowest two eigenvalues of the non-self
consistent A(y) = Ap (blue circles) for k,,, = 0.63, and V,,, = 0.6 and 4.8 respectively. There is very little difference between the
two, particularly around the gap closures at k; = 0, 7. The insets confirm that there is little change in the electronic structure.
Panel (d) shows the phase diagram obtained from Eq. (S48) together with the analytically calculated phase boundaries from

Eq. (S44). There is almost perfect agreement.

W = 0,1, —1 and therefore it is sufficient to find its par-
ity. This can written as the sign of the product of the
determinants of the chiral decomposition at k, = 0,7

[S4]. Using the chiral decomposition above, this is given
by

(WO = T sign |(g],)? + (912)* = (Vin) 2]
ko=0,7

= H sign [(Vyr 1) 72 = (Vi) 7],

ky=0,7

(S45)

giving Eq. (13) in the main text.

S6. PHASE DIAGRAM OF SELF-CONSISTENT
SOLUTION

We describe a self-consistent solution to the supercon-
ducting gap equations in the presence of a magnetic in-
terface and show that it makes very little difference to the
overall phase diagram. The self-consistency condition is
the same that was used in Ref. [S3, S5]. We restrict
ourselves to just s-wave pairing as the triplet pairing is
extremely weak. We maintain translational invariance
along the z-direction. Then the self consistency condi-

tion is

Aly) = Ve <CL>y,TCI:7y7l> =Vp Z <C/T€m7y7TCf—kmy,J,> )
ks

(S46)

where (...) denotes the ground state average. The trans-
lational invariance along the z-direction means the pair-
ing is only a function of y. The pairing potential strength
Vp is chosen such that the pairing tends to the chosen
bulk pairing, Ap (i.e. the pairing at V,,, = 0)

Ap

Vp = (S47)

T T
ka <ckm,\y\%oo,chkm,|y|~>oo,\L>

Starting from the initial guess A(y) = Ap we calculate
<c£m,y,TCikx,y,J,> from direct diagonalisation of the tight-
binding matrix. With this result we update Vp through
Eq. (S47) to guarantee that A(y) tends to Ap at large
y. With this we reconstruct the Hamiltonian and iterate
until convergence. With the final solution of the tight-
binding model we calculate a topological invariant of the
bands. As it is computationally heavy to calculate the
winding number of a large matrix, we make use of the
inversion symmetry to calculate an equivalent invariant.
This is defined as

(S48)

vV ="ng— Nr,



where ny,, is the number of negative non-zero eigenvalues
of P(k,)ZP(k,) where Z is the inversion symmetry oper-
ator. This has been shown to be equal to the number of
¢ = 1/2 modes in the entanglement spectrum localised
to the edge of the system [S6].

The self consistent solution to the gap is shown in
Fig. S2(a) for various V;,,. We see that the gap is lowered
by around 20% around the magnetic impurity around
the critical scattering V7 _q ~ 0.63t. The residual er-
ror of this solution is on the order of 10~8A 5. We show
the band structure for two values of V,,, around the phase

boundaries in Fig. S2(b)—(c) and compare it to the in-gap
bands of the non-self-consistent solution. We again see
that around the bottom of the band very little difference
is made and the only visible deviations are around the
ky =~ 2kpr where the in-gap bands of the self-consistent
solution are slightly lower than the non-self-consistent
one. Finally, in Fig. S2(d) we show the phase diagram of
the invariant v defined above with the non-self-consistent
phase boundaries overlayed and again we see perfectly
agreement up to the pixel size. We conclude that self-
consistency has so little effect on all relevant results such
that it can be safely ignored.
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